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INTRODUCTION
About the book, the project

Equilibrium Between Phases of Matter — Phenomenology and Thermodynamics
is a textbook, in which the phenomenology, the thermodynamic theory, and the
practical use of phase diagrams are presented in three levels that diverge in
nature — in particular as regards the role of thermodynamics. The book has been
written from a chemical and geological teaching background. Each of the three
levels of the book is representative of a particular course in a curriculum.

Level 0: an introduction to phase diagrams

The philosophy behind the ground level is that most of the characteristics of
equilibrium between phases can be understood without the use of
thermodynamics, realizing that, in a common-sense manner, the experimental
observations on equilibria and spontaneous changes, and elementary notions
about interactions, indicate the way to go. In spite of all this, the central figure in
level zero, right from the beginning, is the chemical potential — a concept firmly
rooted in thermodynamics. Equilibrium conditions in terms of chemical potentials,
and the variables necessary to define a system in equilibrium are, are the basic
elements of the system formulation.

The first three sections deal with the characteristics of a system in equilibrium;
the variables necessary to define the system; the conditions for equilibrium and
the rules — the phase rule and the lever rule. Pure substances and their forms are
the subject of the fourth section. In the fifth section the phenomenology of binary
phase diagrams is developed in terms of the nature of the interaction between
the entities of the components; and, subsequently ternary phase diagrams are
developed from the diagrams of the binary subsystems. Much of the use of binary
phase diagrams is based on the fact that phases in equilibrium have different
compositions — sixth section. The last section is devoted to homogeneous and
heterogeneous chemical equilibria.

Level 1: an introduction to thermodynamics and phase theory

The intermediate level is an introduction to classical thermodynamics -
culminating in the Gibbs energy as the arbiter in equilibrium matters - followed by
the thermodynamic treatment of equilibrium between phases for a number of
elementary cases.

The thermodynamics part starts with differential expressions; work, heat, and
energy; heat capacity and enthalpy. After the ideal gas and its expansion and
compression; and a section on chemical energy; entropy and Gibbs energy make
their appearance — in particular their role in spontaneous changes and matters of
equilibrium. In the last sections the principles of equilibrium are applied to pure
substances — where molar Gibbs energy has the status of chemical potential —
and to homogeneous and heterogeneous chemical equilibria.
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Level 2: phase theory: the thermodynamics of equilibrium between phases

In the upper level the step is made to mixtures with their ‘puzzling’ partial molar
properties, revealing the identity between chemical potential and partial Gibbs
energy. After the introduction of ideal mixtures, a ‘magic formula’ for the Gibbs
energy of mixing is used to explain the phenomenon of demixing, and to derive
the properties of the ideal dilute solution. Ideality and non-ideality, in a certain
sense, give rise to the existence of two sub-levels. In the first sub-level the
function recipes of the chemical potentials are such that explicit relationships can
be formulated for systems where the phases are pure substances and/or ideal
mixtures or ideal dilute solutions. The second sub-level, the last part of the work
is devoted to systems where the phases are non-ideal mixtures, whether or not,
in combination with phases of fixed composition — and where the leading role of
partial Gibbs energy, read the chemical potential, is taken over by the integral
Gibbs energy.

A priori and a posteriori

To assist the reader in assessing her/his own level of understanding the ins and
outs of equilibrium between phases, each of the sections is provided with an a
priori, in which the subject is introduced, and an a posteriori, in which the main
conclusions are summarized.

Besides, owing to the level structure of the work, there is a certain, small overlap
between parts of different levels. Or, in other terms, some overlap has not been
kept out of the authors their way.

Exercises

Exercises are given at the end of each section, and the solutions of most of them
at the end of the book. Their main function, of course, is to interest and stimulate
the reader or a group of students in the class room. Occasionally, exercises are
used as a vehicle to introduce issues that are not treated in the main text.

Follow-up

Equilibrium Between Phases of Matter — Phenomenology and Thermodynamics,
is the first volume of a two-volume project. The second volume, by M.H.G.
Jacobs and H.AJ. Oonk, Equilibrium Between Phases of Matter -
Thermodynamic Analysis and Prediction, more than the first, has a postgraduate
and professional character — and is written from a research background in
materials science and geophysics.

In terms of thermodynamic properties, the distinction between the two volumes is
in the role of the temperature and pressure derivatives of the Gibbs energy. In the
first volume a dominating role is played by the Gibbs energy itself and its first
derivatives, which are entropy and volume. The three together account for most
of the phenomenology of equilibrium between phases — but not all of it; and one
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can think of retrograde phenomena. And when it comes to the real
thermophysical properties of a given system, and the prediction of its behaviour
under circumstances far from ambient temperature and pressure, one is
completely lost without the incorporation/availability of the second and higher-
order derivatives.

About languages

Writing a text in a foreign language is a delicate undertaking — in the sense that
one cannot express oneself as clearly and linguistically correctly as one would
like to. It is also extra time-consuming: the time needed to consult dictionaries
and books of synonyms is commensurate with the time needed for the real work.
The manuscript of the senior author's 1981 book Phase Theory was read and
corrected by Dr Philip Spencer, who was rather satisfied with the English. On the
other hand, an American reviewer of the book, found the English somewhat
clumsy.

The authors of this book have been working together for more than twenty years
as participants in the REALM (Réseau Européen sur les Alliages Moléculaires) —
a European network on molecular alloys, as may be clear. French is the
REALM'’s official language — in the family circle one of the authors speaks
Catalan, and the other Dutch.

Anyhow, dear reader, the message is clear. Please, enjoy the science and wink
at the linguistic shortcomings.

Not only communication in terms of real languages, but also the communication
between thermodynamicists from different branches of materials science has its
typical difficulties. Just to give an idea, in certain fields a prominent role is played
by activities and fugacities, whereas in other fields these terms virtually are non-
existent.

And, of course, the relationship a physical chemist has with thermodynamics is
quite different from the one built up by a geologist. A chemist creates his own
systems out of pure chemicals, and having the phases of his own choice. The
geologist, on the other hand, focuses his attention to stones created by nature
and often having a multitude of phases, which, sometimes, reflect the history of
the material.

The first volume of Equilibrium Between Phases of Matter has been written in the
tradition of the Dutch School - in the footsteps of Josiah Willard Gibbs’s disciples
J.D. van der Waals, H.W. Bakhuis Roozeboom, F.A.H. Schreinemakers, J.J. van
Laar, J.L. Meijering, and others. In this tradition a prominent role is given to
chemical potentials — and, when it comes to deal with deviation from ideal
behaviour, the use of activities and fugacities is avoided.
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List of frequently used symbols

variable in general; mole fraction of third component
variable in general; general for thermodynamic quantity like energy
and entropy

cubic expansion coefficient

denote phases

pressure coefficient

activity coefficient

operator for difference and change

operator for virtual change, except for special use in § 212
class- or system-dependent temperature parameter of ABO model
compressibility

chemical potential

stoichiometric coefficient

osmotic pressure

density

osmotic coefficient

interaction parameter in magic formula

parameter in excess Gibbs energy

partial differential coefficient

refers to excess quantity

refers to ideal-mixing behaviour

to refer to phases

for liquid

for solid

for vapour

for standard state; for transition temperature and equilibrium
pressure of pure component in a binary or ternary system
for a pure-substance quantity like entropy

for property of substance/component in system

for critical point

to refer to equilibrium

for formation from the elements, attached to A

for formation from the oxides, attached to A

for molar quantity; from § 203 on the subscript is dropped: only
molar quantities are being used
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AN INTRODUCTION TO PHASE DIAGRAMS



§ 001 EQUILIBRIUM

Three simple experiments are examined to find out what the characteristics are of
equilibrium between phases.

first experiment

Two identical vessels made of copper and having a square cross-section are

filled with water. One of the vessels is filled with water from the cold tap; the other
with water from the hot tap. The vessels are put against one another; inside a box
made of polystyrene foam, see Figure 1.
By reading the thermometers it is observed that, when time goes by, the
temperatures of the two parts of the set-up become equal and remain equal. Inside
the box, then, there is a uniform temperature: the whole inside the box is in a state
of thermal equilibrium.

hot cold

FIG.1. On the way to thermal equilibrium. Thermal equilibrium is
characterized by equality of temperature, equality of thermal
potential

In learned terms: when two bodies with different temperatures are put into
thermal contact, there will be a flow of heat - from the body with the higher to the
body with the lower temperature - such that the temperatures of the two become
equal. Obviously the flow of heat comes to a stop when the temperatures have
become equal - when the thermal potentials, so to say, have become equal.

second experiment

| TR
L : J — L - :E'-.‘SJJ

FIG.2. On the way to mechanical equilibrium. Mechanical equilibrium is
characterized by equality of pressure, equality of mechanical
potential

§(001)
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In Figure 2 the features of the second experiment are sketched. A horizontal
cylinder with two compartments separated by a piston and at both sides provided
with a manometer is immersed in a thermostat. The thermostat - a water bath with
heating and cooling facilities - guarantees thermal equilibrium at a selected
temperature. The two compartments contain equal amounts of air.

In the left-hand situation the piston is locked; the manometers indicate different
pressures. When it is set free, the piston moves to the right - to the middle of the
cylinder. In that situation, represented by the right-hand side of Figure 2, the
manometers indicate the same pressure.

In this case there is a flow of space, from the right-hand to the left-hand
compartment. The flow is stopped when the mechanical potentials, the pressures
of the two compartments have become equal. Thereafter there is mechanical
equilibrium.

third experiment

For the third experiment we start from the situation represented by the left-
hand side of Figure 3. A cube of 1 kg of ice having a temperature of -5 °C is placed
aside and in thermal contact with a container with 5 kg of water, which by careful
experimentation has been cooled to -5 °C. The two parts of the whole, i.e. ice and
water, are in thermal equilibrium. There is also mechanical equilibrium inasmuch as
ice and water experience the same pressure, the pressure exerted by the
atmosphere.

P =1 atm 0°C

-5°C ]lO"C
-5°C

._
-— |
<)

o * ]

water

FIG. 3. On the way to equilibrium between the solid and liquid forms of the
substance water. The equilibrium is characterized by equality of
chemical potential. Under 1 atm pressure the chemical potentials of
the substance water in the solid and liquid forms are equal at 0 °C

(only)

In spite of the equality of temperature and the equality of pressure, the
investigator will observe changes when the cube of ice is transferred to the water in
the container; right-hand side of Figure 3. It is observed that the temperatures of
both ice and water rise, and come to a stop at 0 °C. In that situation there will be no
more changes: the temperatures of ice and water remain at 0 °C.

§(001)
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We might ask ourselves if there is, again, a flow of something from one part
of the system to the other. In order to answer this question, let's assume that during
the whole experiment there is no flow of heat to and from the system as a whole -
accounted for by thermal insulation. In that case then, the heat needed to increase
the temperature of both ice and water from -5 °C to 0 °C has to come from the
system itself. Knowing that heat is needed to melt ice, we may conclude that heat
will be produced when an amount of water is transferred from the liquid to the solid
form - and that is exactly what is going to happen when the cube of ice is
transferred to the water.

In terms of potentials and by analogy with the first two experiments we may
make the following observations. First, there is - apparently - a potential for the
fransfer of a given substance. That potential is the chemical potential, and its
symbol u has to be extended with a subscript to indicate the substance; in the case
of the substance water: Hry0 - Next, the properties of the substance water are such
that at 1 atm and -5 °C the chemical potential of H,O in the solid form is not equal
to the chemical potential of H,O in the liquid form:

#;g’om atm, -5 °C) = yﬁgo (1atm, -5 °C). (1)

As a result of this inequality there will be a flow of matter - the substance H,O - until
the chemical potentials of the solid and liquid parts of the system have become
equal. At 1 atm pressure this is at 0 °C:

Hipo(1atm,0 °C) = s, (1atm, 0 °C). (2)

In fact, as we will see later on (—108), there is a flow of matter form the part of the
system where the potential is higher to the part of the system where the potential is
lower, see Figure 4. Above 0 °C the situation is the other way round: if it were
possible to repeat the third experiment with water and ice initially having a
temperature of +5 °C, one would observe a fall of the temperature to 0 °C and an
increase of the amount of liquid (water) at the expense of the amount of solid (ice).

Hy,0

SOl

skH————

-5°

—— temperature
FIG.4. The chemical potentials of solid and liquid water in the vicinity
of 0 °C and under a pressure of 1 atm

§(001)
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The equilibrium between ice and water is an example of heterogeneous
equilibrium where different and distinguishable homogeneous parts coexist with
one another. The two different homogeneous parts are (referred to as) phases, a
solid phase and a liquid phase. By the way, when several cubes of ice are floating
in water there is still only one solid phase.

equilibrium between two phases - both containing alcohol and water

In the situation sketched by Figure 5, a vessel provided with a manometer
and containing alcohol and water is immersed in a thermostat. There is an amount
of liquid; and the space above the liquid is occupied by vapour. In this case there is
equilibrium between a liquid phase, which is a mixture of alcohol and water, and a
vapour phase, which is also a mixture of alcohol and water.

VAP
Aand B

LIQ
Aand B

thermostat

FIG. 5. Isothermal equilibrium between a liquid and a vapour phase. Each
of the two phases is a mixture of two substances A and B, such as
alcohol and water

In this situation of equilibrium there is no net transfer of alcohol form the liquid
to the vapour phase: the potentials, of the substance in the two phases are equal:

lig _ vap
:ualcohol - :ualcohol' (3)
On the same lines of reasoning, for the substance water,
lig _ vap
,uwater - :uwater' (4)

NB: the potential of water in the liquid mixture differs from the potential of pure
liquid water under the same circumstances of temperature and pressure!

§(001)
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generalizing

For a system in equilibrium, such that the substances A, B, C... are present in
the phases a, B, v...,

o there is a uniform temperature and a uniform pressure;

o for each substance there is uniformity of its chemical potential
throughout the system:

Ha = #§= J7/
He = Hp = Hp . (5)
He = He =

These facts are the characteristics of equilibrium and at the same time they
are a set of conditions for equilibrium: without uniformity of temperature, pressure
and chemical potentials there is no equilibrium.

In what follows, the conditions of uniformity of temperature and uniformity of
pressure will be referred to as the a priori equilibrium conditions.

the first phase diagram

In general terms, and returning to the equilibrium between ice and water, the
chemical potentials yﬁ,‘;’o and ,u,/_'go are functions of T and P and, when these two
functions are subjected to the condition

o (T, P) = wlio (T, P), (6)

an equation appears in the variables T and P. The solution of this equation
corresponds to a curve in the PT plane, see Figure 6. In other words, when a
condition, Equation (6), is imposed on the two variables T and P, one of the two will
get the status of dependent variable. If the investigator wants to fix the pressure to
a certain value, say 10 atm, (s)he has to know that the system will adapt the
temperature such that Equation (6) is satisfied.

On the same lines of reasoning, it is obvious that there will be another curve
in the PT plane - in the PT phase diagram - representing the equilibrium between
liquid and vapour, i.e. representing the solution of

milo (T P) = % (T, P). (7)

The intersection of the curve - the boiling curve - with the solid-liquid equilibrium
curve - the melting curve - is a point in the PT plane (at about 0.006 atm and +0.01
°C), which is called triple point.

§(001)
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At the PT conditions of the triple point, three phases - solid, liquid and vapour -
coexist, are in equilibrium with one another. It is obvious that at the triple point the
chemical potentials of water in the solid and vapour forms are equal:

Wi = W3 ®

and from this observation it naturally follows that from the triple point a curve goes
out that represents the equilibrium between solid and vapour: the curve which is the
solution of the equation

oo (T, P) = % (T, P). 9)

Finally, the three two-phase equilibrium curves divide the PT plane into three fields,
three stability fields, marked by the capitals S, L, and V. For PT conditions of the S
field the solid form ice never will change spontaneously into liquid or vapour. The
other way round, for conditions of the S field, vapour and liquid change
spontaneously into solid (be it that they sometimes take their time to do so - which
enables us to use liquid water of -5 °C for the third experiment).

e v

T

FIG.6. Schematic drawing of the phase diagram of the substance H,O
around the triple point

§(001)
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The three experiments, which have been considered, correspond to spontaneous
changes, which proceed all by themselves and lead to a state of equilibrium.
Equilibrium between phases is characterized by equality - uniformity - of
temperature, of pressure and of chemical potentials.

EXERCISES
1.  vessels with water in thermal contact

A vessel containing 10 kg of water having a temperature of 50 °C and another vessel
containing 5 kg of water of 25 °C are put into thermal contact and then thermally
isolated from the surroundings.
e What will be the temperature of the water in the vessels when thermal
equilibrium has been reached?
NB The heat involved in changing the temperature of the vessels when empty may
be neglected.

2.  sulphuric acid and water in thermal contact

A vessel containing 10 kg of water having a temperature of 50 °C and another vessel
containing 5 kg of sulphuric acid of 25 °C are put into thermal contact and then
thermally isolated from the surroundings. From a certain moment on the
thermometers in the two liquids indicate the same temperature, which is 46.4 °C.

e What is the significance of this observation?
NB see foregoing exercise.

3. sulphuric acid poured into water

In the experiments considered in the foregoing two exercises, two vessels with liquids
having different temperatures are put into thermal contact as a result of which a
uniform temperature is reached.

e Will, in each of the two cases, the same final temperature be obtained - i.e.
41.67 °C and 46.4 °C - if the liquids are poured into one another (sulphuric
acid into water and not the other way round!) instead of just put into thermal
contact?

§(001)



§ 002 VARIABLES

It is examined what kind of, and which variables are needed to characterize the
state of a system where phases are in equilibrium.

intensive variables

Let's suppose that you are invited to investigate the characteristics of a
system in equilibrium - defined as to its chemical composition and the number and
nature of the phases - and to write a report on the results. Obviously, and before
you are going to start the experiments, you must have a clear idea of the actions
you must take, and can take - given the experimental set-up and its dimensions
and the restrictions imposed by the definition of the system.

As an example let's take the equilibrium between liquid and vapour in a binary
system, i.e. a system composed of two substances A and B. The experimental set-
up, which you are going to use, is sketched in Figure 1.

In your report, of course, you give the dimensions of the vessel, a description of the
thermostat, the characteristics and the degree of perfection of the manometer and
thermometer and you mention the provenance of the chemicals and their purities.
Next, you state clearly how the experiment is carried out, you mention the amounts
of A and B needed and you carefully indicate how the phases are analyzed after
equilibrium has been ascertained.

FIG. 1. Sketch of set-up for studying the equilibrium between liquid (L)
and vapour (V). a. thermostat bath; b. passage; T. thermometer;
M. manometer

§(002)
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In your quality as experimentalist, and as follows from Figure 1, you have command
over the temperature of the thermostat and the amounts and relative amounts of A
and B in the vessel. The absolute amounts of A and B you need - at a selected
temperature - depend on the dimensions of the vessel. For example, if your vessel
has a volume of 400 cm® and you need 10 drops of liquid A to saturate the space
with vapour of A (the 11th remaining liquid) then you know that if the volume were
800 cm? you would need 20 drops to saturate the space. And if you use 20 drops in
the case of 400 cm®, you increase the amount of the liquid phase. Clearly, in all of
the three situations the concentration of the vapour in the vessel is the same, and
thereby the pressure indicated by the manometer. By changing the relative
amounts of A and B you can change the overall percentages of the two
components in the system. The division of the components over the two phases,
after your choice of the amounts of A and B, is a spontaneous event, dictated by
the intrinsic properties of the system.

In summarizing, the experimentalist has the freedom to set the temperature of
the thermostat and to make his own choice of the contents of the vessel.
Thereafter, the system dictates the pressure and also the compositions of the two
phases in terms of percentages. What is left for the experimentalist, is to read the
manometer and to analyze the phases as to their composition.

As a result, an equilibrium system can be characterized or rather is
characterized by a set of intensive variables, i.e. variables that are independent of
the extension of the system. These variables are temperature, pressure and the
smallest set of variables necessary to define the chemical composition of each of
the phases. The important consequence of this observation: what is found in the
laboratory can be realized on the scale of an industrial plant.

temperature and temperature scales

The temperature scales that generally are used are the thermodynamic
temperature scale, or absolute temperature scale, and the Celsius temperature
scale, named after Anders Celsius (1701-1744).

Both scales make use of fixed points - and equilibria between phases are used in
both cases to define the fixed points. The zero point of the Celsius scale is the
normal freezing point of water: the temperature at which the solid and the liquid
forms of the substance water are in equilibrium at a pressure of 1 atm (see below
for atm).

The degree Celsius (°C) is 0.01 times the temperature difference between the
normal boiling point and the normal freezing point of water. In other words 100 °C -
the second fixed point of the Celsius scale - is the temperature at which the liquid
and gaseous forms of the substance water are in equilibrium at 1 atm. It may be
remarked that, from a point of view of careful calibration, the two fixed points have
the disadvantage that they need the adjustment of pressure (a disadvantage which
is absent for the triple point («<-001)).

After Celsius's time the existence was discovered of a natural zero point of
temperature: the lowest value temperature can have.

§ (002)
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The absolute zero of temperature is at about —273.15 °C. The existence of a
natural zero point implies that just one fixed point is needed to define the unit of
temperature. The unit of thermodynamic temperature is the kelvin (symbol K) and
the fixed point is the triple point of water (about +0.01 on the Celsius scale). The
unit kelvin, therefore, has been defined as

triple point temperature of water
27316 '

1K = @)

With this definition the kelvin is virtually equal to the original degree Celsius. The
modern degree Celsius (°C) is exactly equal to the kelvin; and the modern zero
point of the Celsius scale is laid at 273.15 K exactly. As a result, the modern
Celsius temperature (f) and the thermodynamic temperature can be converted into
one another by means of

t_ T 97315, 3)
°C K

The thermodynamic temperature concept is based on the second law of
thermodynamics, which goes back to 1824 to the work of Sadi Carnot (1796-1832)
and the concept of entropy (—106). Entropy was exactly defined in 1851 by William
Thompson, to whom was conferred the title of Lord Kelvin (1824-1907).
The thermodynamic temperature is equal to the ideal-gas temperature, which is
defined by the ideal-gas equation

P-V=nRT. 4)

According to this equation the product of pressure (P) and volume (V) of a given
amount (n) of ideal gas is proportional to its thermodynamic temperature (7). The
value of the constant R, the gas constant, which is used throughout this text, is the
value recommended by CODATA, the International Committee on Data for Science
and Technology:

R=8.314472 kg  m? s? K" mol™. (5)

The ideal-gas temperature and the ideal-gas thermometer have played an
important part in thermometry. In modern thermometry use is made of a number of
fixed points that define the International Temperature Scale (ITS). The ITS is
adjusted from time to time (apart of course from the triple point temperature of
water). Just to mention a few fixed points of The International Temperature Scale
of 1990 (ITS-90): the triple point of e-H, (hydrogen at the equilibrium composition of
the ortho- and para-molecular forms) at 13.8033 K; the triple point of Ar at 83.8058
K; the triple point of Hg at 234.3156 K; the normal freezing points of In at 429.7485
K, and Cu at 1084.62 K (Preston-Thomas 1990).

§(002)
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SI units

The units appearing in Equation (5) are the units of five of the seven basic
physical quantities of the International System of Units (Sl), agreed in 1960 by the
11th "Conférence Générale des Poids et Mesures" as extension and perfection of
the Metric System. The complete set of basic physical quantities and their units is
displayed in Table 1.

Some special attention has to be given to amount of substance and its unit mole.
One mole is the amount of substance of a system which contains as many as
elementary entities as there are carbon atoms in 0.012 kg of carbon-12. The
number of carbon atoms in 0.012 kg of carbon-12 is referred to as the Avogadro
constant, named after Amadeo Avogadro (1776-1856), and of which the CODATA
value is

Ny, = 6.0221415 x 10%° mol™ . (6)

Table 1: The Sl basic physical quantities and their units

physical quantity Sl unit symbol for unit
length metre m

mass kilogram kg

time second S
electric current ampere A
thermodynamic temperature kelvin K
luminous intensity candela cd
amount of substance mole mol

It must be realized that the concept of elementary entity may give rise to
some confusion: elementary entity is not necessarily synonymous with physically
existing particle. For a system which is oxygen gas at low pressure, it is obvious to
take an O, molecule as the elementary entity, so that one mole of the substance
has a mass of 0.031999 kg. Moreover, one can be rather sure that the physically
existing particles are indeed O, molecules. For a system which is liquid silica one
has every right to say that its elementary entity is represented by the formula SiO,
and that, as a consequence, one mole has a mass of 0.060085 kg. In reality liquid
SiO, does not contain separate SiO, molecules: it has a polymeric nature with
rather undefined particles.

In the following, one mole of a given substance is defined by its chemical
formula and, in order to avoid confusion, eventually with the corresponding mass.
As an example, let's take the mineral dolomite. If we are going to represent it by the
formula CaMg(COg3),, then one mole of the substance has a mass of
0.184403 kg. If, on the other hand, we are going to represent it by CagsMgosCO3
(e.g. to compare its properties with calcite, CaCOs;, and magnesite, MgCOs), then
we will be dealing with a molar mass of 0.092202 kg-mol ™.
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pressure and its units

The physical quantity pressure is a derived quantity: it is force divided by

area. Force and area are derived quantities by themselves and their units,
accordingly, are derived units: newton (N = kg'm's?) and square meter (m?),
respectively. Therefore, the Sl unit of pressure is Kg-m‘1-s'2; its name is pascal and
its symbol Pa. Other units that will be used are the bar, the atmosphere and the torr
and their exact (modern) definitions are given in Table 2.
The torr is named after Evangelista Torricelli (1608-1647) who in 1643 showed that
the pressure exerted by the atmosphere of the earth corresponds to the pressure
exerted by a vertical column of mercury having a length of 760 mm. Torricelli
predicted that the length of the column of mercury, read the pressure of the air,
would be lower at higher altitudes. This prediction was experimentally verified in
1648 by Blaise Pascal (1623-1662) who, to that end, assisted by his brother-in-law
Périer, brought his barometer into action at the top of the Puy de Déme, near
Clermont-Ferrand, in France.

Table 2: Survey of pressure units used in this text
name of unit symbol for unit definition of unit
pascal Pa Kgm™'s?
bar bar 10° Pa
atmosphere atm 101325 Pa
torr Torr (101325/760) Pa

barometric formula

The pressure exerted by the air at altitude h is given by the barometric
formula
P:Po e—M'g'h/RT (7)

where M stands for the (mean) molar mass of the air and g for the acceleration of
free fall (whose value is about 9.81 m-s).
Obviously, the change of pressure with altitude has to do with gravity - just as the
pressure exerted by a vertical column of liquid (Torricelli's tube with mercury) which
is given by

P=p-g-h, (8)

and referred to as hydrostatic pressure. In this equation the symbol p represents
the density of the liquid, g again the acceleration of free fall and h the height of the
column.

Strictly speaking, equality of pressure to denote (mechanical) equilibrium is
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only true inside a horizontal plane. This fact, which is the principal law of
hydrostatics, goes back to Simon Stevin (1548-1620).

In our treatment of equilibria between phases we will neglect the change of
pressure within a system-in-equilibrium due to gravity. In other terms, the systems
are considered to be so small that the influence of gravity is negligible.

composition variables

The most unambiguous way to state the composition of a mixture of two or
more substances is by means of weight percentages or weight fractions (or mass
percentages and mass fractions, if you like): there is conservation of mass - the
masses of the substances do not change on mixing, and neither with temperature
or pressure. From a thermodynamic point of view, however, a composition
description in terms of molecular entities is preferred; and for that reason we, will
make use of mole fractions (in spite of the observations made above as to the
possible difference between elementary, read molecular entity and physically
existing particles).

In the case of a mixture of two substances A and B we proceed as follows. First we
(we ourselves) define the molar masses M, and Mg of A and B. Next, for a mixture
in which A has a mass m, and B a mass mjg, we define the mole fraction of B by

m mg
Ma  Ms
MA MB

The mole fraction of A, X,, is defined on the same lines, and obviously the sum of
the two has to satisfy the equality

X, + Xg= 1. (10)

For a mixture of two substances, therefore, only one mole fraction quantity is
needed to specify its (relative) composition. We invariably will use the mole fraction
of the second component, the mole fraction of the substance B as the
(independent) composition variable; and use for it the symbol X. In graphical
representations the mole fraction axis is a line of unit length. Usually the mole
fraction axis is the horizontal axis. If so, the vertical axis X = 0 displays a property or
properties of the first component, substance A, and the vertical axis X = 1 has the
same function for the second component. An example is given by Figure 2; the
pure component property on the two vertical axes is the equilibrium vapour
pressure over the pure liquid.
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water ethanol

500

Torr

FIG.2. Liquid + vapour equilibrium in the system water + ethanol at
60 °C. Filled circles represent liquid phase; open circles vapour
phase

Generally, for a mixture of the number ¢ of components one has for the i-th

component
n.

= < (11)
S

i=1

X.

where n; is the number of moles of the i-th component in the mixture. There are
(c — 1) independent mole fractions, because

X =1, (12)

i=1

In other words, for a mixture of ¢ components there are (¢ -1) mole fraction values
needed to define its composition.

the example of liquid + vapour equilibrium

In conclusion, and returning to the example of the liquid + vapour equilibrium
in the system A + B, the state of the system in equilibrium is fully described by its
temperature (T), pressure (P), B's mole fraction in the liquid phase (X™) and B's
mole fraction in the vapour phase (X**). Therefore, if you are invited to write a
report on the experimental determination of the (liquid + vapour) equilibrium for a
combination of two substances, then the essential part of it is a table with the
experimental data quartets [T, P, X", X**]. A concrete example is Table 3 for the
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system water + ethanol.

Table 3: Liquid + vapour equilibrium data for the system {(1-X) water + X
ethanol}, (Schuberth 1980)

TIK P [Torr X XV
333.15 1494 0.000 0.000
333.15 2125 0.050 0.328
333.15 249.9 0.100 0.449
333.15 287.7 0.200 0.547
333.15 305.6 0.300 0.593
333.15 317.4 0.400 0.628
333.15 327.3 0.500 0.664
333.15 336.1 0.600 0.707
333.15 343.6 0.700 0.760
333.15 349.0 0.800 0.824
333.15 351.7 0.900 0.903
333.15 351.8 0.950 0.949
333.15 351.0 1.000 1.000

Note that all data quartets displayed in Table 3 are for the same temperature and
that, as a result, the data set is an isothermal section of the equilibrium system
considered. The isothermal section is represented by Figure 2, the phase diagram
such that the horizontal mole fraction axis is used for X" as well as for X"

The state of a system in equilibrium is defined by a set of intensive variables.
These variables are temperature, pressure and the number of mole fractions
necessary and sufficient to define the composition of each of the phases.

EXERCISES
1. the air's pressure at the Puy de Déme
What are the pressures indicated by barometers in the center of Clermont-Ferrand
(altitude 401 m) and at the top of the Puy de Déme (altitude 1465 m) when the

pressure at sea level is 760 Torr and the temperature 15 °C?.
Take 29 g-mole'1 for the air's molar mass.
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pressure at top and bottom

An amount of argon (Ar, molar mass = 39.95 g-mole™) is contained in a vertical
cylinder, with a piston at the upper side and 25 cm above the bottom of the vessel.
The pressure exerted by the argon molecules on the piston is exactly 101325 Pa.
e  Calculate the pressure exerted by the argon molecules on the bottom of the
vessel; the temperature is 25 °C.

Fahrenheit’s temperature scale

The temperature scale named after Daniel Gabriel Fahrenheit (1686-1736) was

based on the two fixed points

i. the temperature of the cryogen mixture of water, ice and common salt (0 °F);

ii. the temperature of the human body (96 °F)

The Fahrenheit temperatures of the normal freezing point and the normal boiling point

of water are 32 °F and 212 °F, respectively.

e Give the formula for the interconversion of Celsius and Fahrenheit

temperatures and calculate the Celsius temperatures of Fahrenheit's fixed
points.

two phases and their amounts of two substances

C and A are substances that are liquid at room temperature. When added together
they give rise to two layers of liquid - a state of equilibrium between two liquid phases
Lyand L.
In an experiment 10 mol A and 10 mol C are added together and it is established that
L, is composed of 6 mol A and 2 mol C and that, consequently, L, is composed of 4
mol A and 8 mol C.

e  Complete the table for three other experiments with other amounts of C and

A, all expressed in mole.

added together in phase L, in phase L
n(A)  n(C) n(A)  n(C) n(A) n(C)
10 10 6 2 4 8
5 5
6 4
2 8

ethanol and water saturate a space

Assess the amounts of ethanol and water needed to saturate at 60 °C a space
having a volume of 50 dm?® such that the pressure exerted by the vapour - which is
a mixture of ethanol and water - is 300 Torr.

It may be assumed that the vapour obeys the ideal-gas equation («—Table 3;
Figure 2).
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Obviously one cannot give an arbitrary value to each of the variables necessary to
define the state of a system in equilibrium. It is examined how the number of
independent variables can be found, once the equilibrium system has been
defined.

independent and dependent variables

In the foregoing section we considered the equilibrium between liquid and
vapour in a system of two substances. The state of the system in equilibrium, as we
found, is fully defined by four variables, four intensive properties, which are
temperature and pressure and for each of the two phases one composition
variable. For the latter we took the mole fraction of the second component: X" for
the liquid phase and X'® for the vapour phase. At the end of the section we
observed that, at constant temperature, the mole fractions of the liquid phase in
equilibrium with vapour are represented by a curve in the PX plane. In other words,
the mole fraction of a liquid phase in equilibrium with vapour can be represented as
a function of pressure

X" = X" (P)y  Tconst. . (1)

Similarly, there is a relation between pressure and the mole fraction of the vapour
phase:

X" = X" (P) Tconst. . (2)
Moreover, if one likes, one can replace the first of these expressions by
P = P(X™) Tconst. , (3)

saying that the pressure indicated by the manometer is a function of the mole
fraction of the liquid phase. And substitution of Equation (3) into Equation (2) gives
rise to

X' = XY (X"™) Tconst. . (4)

The important observation we can make is, that for the equilibrium case
considered, out of the three variables P, X and X** only one can be freely chosen
and that, thereafter, the remaining two are fixed. We are free to say that we want to
realize that system such that X = 0.2. Then we should know that in the case of
Figure 002:2 the pressure can only have the value of 287.7 Torr and the mole
fraction of the vapour phase the value of 0.547.
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Generally, that is to say taking into account the influence of temperature as well,
one can write

X" = X" (T, P) (5)

XV = X (T, P) (6)
or, if one likes

P=P(T, X" (7)

XV = XV (T, X"). (8)

Out of the four variables (T, P, X", X‘P), two variables, say T and X can be
chosen - by the investigator - and after that choice, the remaining two are adjusted
by the system itself.

In order to find out what really is going on with the variables involved in the
liquid-vapour equilibrium, let's start again. Start again by taking a liquid mixture of
the two substances, and, separated from it, a vapour mixture. The liquid mixture
and the vapour mixture can be given different compositions and temperatures and
put under different pressures: two times three variables that can be freely chosen. If
we, next, bring the two together such that there will be equilibrium between a liquid
and a vapour phase, we will observe that things are going to happen with the 2 x 3
= 6 values selected for the variables. First of all the a priori equilibrium conditions
come into action, as a result of which the two phases will have a uniform
temperature and a uniform pressure. At this ‘moment’ the number of variables
involved has become four: four variables are needed to define the state of the
system in equilibrium. These four variables constitute - what we are going to call -
the set M of variables:

M=M [T, P, X", xva”]. 9)

Next, there is a set of (other) conditions that come into action: the conditions of
uniform chemical potentials - the chemical potential of A in the liquid has to be
equal to the chemical potential of A in the vapour, and the same holds true for B's
potentials. The equilibrium conditions in terms of chemical potentials constitute the
set N of thermodynamic equilibrium conditions:

N =Nl =l = ] (10)

The influence of the two conditions is such - and that is purely mathematical - that
four minus two variables remain as independent variables. In other terms and in
harmony with the observations made above, in the equilibrium situation the values
of X" and X** are fixed after the choice of T and P.

In the following we will use the symbols M and N, not only to refer to the two
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sets, but also for the numbers of elements in the two sets M and N, respectively.
The number of independent variables of the system in equilibrium is found as

f=M[T,P, X", X" |- N[ 1= ;= |=4-2=2. (1)

The number f of independent variables is called the number of degrees of freedom
or the variance of the equilibrium system. The equilibrium between liquid and
vapour in a system of two substances is bivariant: has two degrees of freedom. If
for these two degrees of freedom temperature and pressure are taken, then the
type of mathematical solution of the set of N equations is

{Xﬁq - XA } (12)

X' = X" (T, P)

It means that the solution of the set of N equations corresponds to two surfaces in
PTX space which bear a certain relation to one another. One of the two surfaces
represents the liquid phases and the other the vapour phases. Each pair of phases
in equilibrium is represented by a point on the liquidus surface and a point on the
vaporus surface, such that the line connecting the two points is parallel to the X
axis. Figure 002:2 is an isothermal section of the two surfaces.

Generally, the chemical potentials figuring in the set N of thermodynamic
equilibrium conditions are functions of the variables figuring in the M set. Therefore,
in order to be able to solve the set of equations, one has to know - from case to
case! - how the chemical potentials depend on the variables. One has to know, in
other words what the function recipes are of the chemical potentials.

At this place it may be right to say a few words about the philosophy behind the
construction of this work, in particular in relation to thermodynamics, the theoretical
language of equilibria between phases. In level 1, the next part of the work, a start
is made with thermo: to the extent that equilibria can be treated in which all phases
are pure substances. In level 2 the thermodynamics of mixtures is introduced. In
the first part of level 2, equilibria are considered for idealized cases such that the
set of equilibrium equations can be solved in an analytical manner, read, such that
explicit formulae can be derived for the M-f dependent variables in terms of the f
independent variables. In the last three chapters of level 2, the systems considered
are non-ideal, and, in order not to lose clarity, the complications related to the use
of chemical potentials will be circumvented as much as possible. For the time
being, that is to say in level 0, the approach will be of a phenomenological nature:
without the use of thermodynamics; however, invariably starting from the thermo
oriented sets M and N. The approach of this level is visualized in Scheme 1; again
the binary liquid + vapour equilibrium and this time once more under isothermal
conditions. An important role is reserved for expressions like the one represented
by Equation (11) - for these expressions we will use the term system formulation.
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The system
substances: A, B
equilibrium: A(liq) = A(vap); B(liq) =B(vap)
constraints: T is constant
the variables: M= M [P, X X
the conditions: N =N [1/7= 4®; 1= 1]

the variance f=M-N=3-2=1

type of solution {

X" = X" (T,P): curvein PX plane
X"¥ = X"® (T, P): curvein PX plane

SCHEME 1.  The isothermal binary liquid + vapour equilibrium

the phase rule

For the general equilibrium case of ¢ components (substances) divided over the
number p of phases, the number of degrees of freedom is, simply, given by

f=c-p + 2.

(13)

This relation, the so-called Phase Rule, is named after Josiah Willard Gibbs (1839-

1903), the father of Phase Theory.

The phase rule can be derived, in a straightforward manner, by means of the

M minus N approach - Scheme 2 may be of help.

phases - 1
components o
2
1 A X
2 B X
3 C X
c number of mole fractions: (c-1)

x
X
x
(c-1)

X
X
X
(c-1)

1

number of conditions

SCHEME 2. On the derivation of the Phase Rule
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In each phase there are (¢ — 1) independent mole fractions, as a result, for p
phases,

M=M(T, P and p times (¢ — 1) mole fractions] . (14)

Next, the chemical potential of the substance A in phase a has to be equal to A's
potential in each of the (p — 1) other phases. The number of independent
equilibrium conditions, the number of signs of equality is (p — 1)

S = il = g = e _ s | 5)

As a result for all ¢ substances
N = NJc times (p — 1) signs of equality] . (16)
The number of degrees of freedom now follows as
f=M-N=2+p(c-1)-c(p-1)=c+p-2. 17)
isothermal and/or isobaric conditions
Most generally, the liquid + vapour equilibrium in the system A + B has two degrees
of freedom, as is shown by the (M - N) equation, Equation (11), and in agreement,

of course, with the phase rule

f=c-p+2=2-2+2=2. (18)

In practice liquid+vapour equilibria are mostly studied either under isothermal or
under isobaric conditions, which means that one of the two conditions has been
consumed ‘a priori’. If one likes one can say that for isobaric or isothermal
conditions the phase rule reduces to

f=c—-p+1 (T or Pconstant). (19)
And similarly for both isothermal and isobaric conditions

f=c—p (T and P constant). (20)

It is not unlikely that the three different equations will give rise to some confusion.
At any rate it is clear that the system formulation

F=M[P, X", X" | N[ ) = i p’ = g | =1 (21)

for the isothermal binary (¢ = 2) liquid + vapour equilibrium, does not give rise to
any guesswork whatsoever.
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the lever rule

It may be emphasized that in the treatment as it is presented above it
invariably is assumed that the equilibrium system has been realized and that, for
that situation, the variables M and the conditions N are defined and the number of
degrees of freedom are found. This is quite easy and quite straightforward. In
practice, on the other hand, a series of obstacles has to be removed. The first of
these is related to the amount of substance to be used.

It is clear that 1 drop of water is not enough to realize, say at 60 °C, the equilibrium
between liquid and vapour in a space of 1 m®.

It is also clear that it is impossible to realize the equilibrium between a vapour
phase of (water + ethanol) having an ethanol mole fraction of 0.40 and a liquid
phase of the two substances having an ethanol mole fraction of 0.08 by bringing
equal amounts of the two substances in the experimental space. Indeed, that
equilibrium can only be realized if the overall mole fraction of ethanol (X°) is
between 0.08 and 0.40, i.e. if 0.08 < X° < 0.40.

Generally, when (1 — X°) mol A and X° mol B divide themselves over two phases o
and B, having mole fractions values of X* and X* respectively, then the amounts of
the two phases, n(«a) and n(p) respectively, satisfy the rule (—Exc 3):

n(a):n(B)=(X?-X°):(X°-X7*) . (22)

This rule is referred to as the lever rule or centre of gravity principle.

intellectual devices

In the treatment of phase equilibria, two popular intellectual devices are the
cylinder-with-piston and the vessel-with-manometer. In the case of the first, the
piston is weightless and able to move freely, without friction. The pressure exerted
from the outside on the piston invariably is equal to the pressure inside. The
experimentalist has the freedom to subject the system to the temperature and the
pressure of his/her own choice. In the case of the second device, which is a vessel
to which a manometer is connected (—Figure 002:1), the experimentalist has the
freedom to adjust the temperature of the system. At the imposed temperature, the
pressure is a property fixed by the equilibrium condition(s).
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If an equilibrium system is defined by M variables and there are N equilibrium
conditions, then the number of independent variables - the number of degrees of
freedom - is f = M — N. For a system in which ¢ substances give rise to an
equilibrium between p phases that number is given by f = ¢ —p + 2. This is the
Phase Rule, named after Josiah Willard Gibbs.

EXERCISES
1.  three variables subjected to two conditions

A certain system is characterized by the set of three variables M [X, Y, Z], which are
subjected to the two conditions N [f' = f; g' = "], where f and ' and ¢' and ¢" are
functions of X, Y and Z:

f= X+ Y+ Z

fl=2X +2Y + 2Z

g=3X+2Y +2Z

gd"'= X - Y-22

e  Which relations do exist between the variables?

2.  phase diagram or not?

Can Figure a) be a phase diagram of a binary system at isobaric conditions? And
what is your opinion about Figure b) as a phase diagram?

a) b)

3. derivation of lever rule

Show that when a mixture of two substances A and B, of which the overall mole
fraction of B is equal to X°, separates into a phase a of composition X“ and a phase B
of composition X, the amount of substance in phase o and the amount of substance
in phase f are related as

n(a):n(B)=(X?-X°):(X°-X*)
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a system formulation

An empty space is filled, to about 50% of its volume, with equal amounts of three
moderately volatile liquids A, B and C, which are pure substances that are partially
miscible and give rise to three liquid phases.
e Determine the variance of this system at isothermal conditions, and so by
first enumerating the M variables and the N equilibrium conditions.

amounts of three phases out of three substances

Starting with 1 mol A, 1 mol B and 1 mol C, the equilibrium is realized between the
three phases a, B and y. The mole fractions of B and C in each of the phases are
given in the scheme below. For each of the phases, calculate its amount of
substance.

phase Xz Xc
o 0.2 0.2
B 05 0.3
y 0.1 0.6

the experimental advantage of a small vapour phase

A liquid mixture of water and ethanol, containing 20 mole percent of the latter, is
brought a vessel-with-manometer. Next, the device is immersed in a thermostat
adjusted at 60 °C. At this temperature the equilibrium is realized between liquid and
vapour. It is estimated that the vapour phase occupies only 1 percent of the volume
of the space.

e What is the pressure indicated by the manometer and what is the

composition of the vapour?

Data are in § 002.
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7.

naphthalene is added little by little to toluene

In a continuous series of isothermal (T = T,) vessel-with-manometer experiments
0.5 mole of naphthalene, which is solid at T,, is added, little by little, to 0.5 mole of
toluene. At the start of the series there is equilibrium between a liquid and a vapour
phase, both composed of pure toluene. It is observed that, after the addition of
0.25 mol, naphthalene does not dissolve any more (the liquid has become
saturated with naphthalene). In the final situation there is equilibrium between
three phases: vapour (which is still pure toluene); liquid (saturated solution of
naphthalene in toluene); and solid (pure naphthalene).

e Using straight lines, make a diagram in which the course of the pressure
indicated by the manometer is plotted as a function of the overall mole
fraction of naphthalene in the system (which increases from X° = 0 to
X°=0.5).

The following two (mutually related) general properties should be taken into
account: 1) A’s chemical potential, in a homogeneous mixture with B, decreases
when B’s mole fraction increases; and 2) the chemical potential of a gaseous
substance increases with increasing pressure.

does an empty place matter?
In this section’s derivation of the Phase Rule, it is assumed that each component is
present in each of the phases - scheme 2.

e |s that necessary? Or, in other words, will the result f = c¢c — p + 2 be
influenced if one or more crosses are deleted from the scheme?
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Pure substances are materials that are characterized by a molecule when they are
molecular materials like n-butane (molecule CH3;CH,CH>CH3) and in all other cases
by a chemical formula like NaCl for sodium chloride, common salt. Pure substances
can take different forms, all having their own stability conditions in terms of
temperature and pressure.

phases and forms

The three opening phrases, written by Gibbs under the heading “On
Coexistent Phases of Matter” (p. 96 in the 1906 edition of The Scientific Papers of
J. Willard Gibbs, Vol |, Thermodynamics) read

“In considering the different homogeneous bodies which can be formed out of
any set of component substances, it will be convenient to have a term which shall
refer solely to the composition and thermodynamic state of any such body without
regard to its quantity or form. We may call such bodies as differ in composition or
state different phases of the matter considered, regarding all bodies which differ
only in quantity and form as different examples of the same phase. Phases which
can exist together, the dividing surfaces being plane, in an equilibrium which does
not depend upon passive resistances to change, we shall call coexistent”

And (p. 97), after the appearance of n+2 —r (our ¢ + 2 — p; «-003)

“Hence, if r = n + 2, no variation in the phases (remaining coexistent) is
possible. It does not seem possible that r can ever exceed n + 2. An example of n
= 1 and r = 3 is seen in the coexistent solid, liquid, and gaseous forms of any
substance of invariable composition”.

In the case of the first quotation the matter considered (any set of component
substances) is (brought to equilibrium in an experimental set-up under certain
conditions and subsequently) analyzed as for its homogeneous parts, which
correspond to one or more phases (numbered I, 11, Ill, ..., or labelled a, B, v, ...). In
the case of the second quotation the matter considered is a substance of invariable
composition, and the phases are specified by their forms.

Following Gibbs, we will use term ‘phase’ in the general context of equilibrium
between phases of matter. The word phase is present in compound words, having
a general nature. Compounds like phase diagram, Phase Rule, two-phase
equilibrium curve, single-phase field, three-phase equilibrium.

The term form’ will be used primarily in the context of materials science. The

determination of the form is the first step to the identification of a homogeneous
material (phase). A form is characterized by a certain molar volume - which is a
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continuous function of temperature and pressure - by a certain crystal structure
(when it is crystalline solid), and so on. And whenever, within a given form, two or
more substances can form homogeneous mixtures of variable composition, the
properties of the mixtures like molar volume will be continuous functions of the
composition variables. Two phases in equilibrium can have the same form; and if
so, their compositions necessarily are different.

the PT phase diagram
The basic structure element of the PT phase diagram for a pure substance is

composed of three two-phase equilibrium curves emanating from the triple point,
Figure 1.

T

FIG. 1. Basic structure element of a pure substance’s phase diagram

A two-phase equilibrium curve has a double function: the (o + B) two-phase
equilibrium curve i) represents the PT circumstances for which equilibrium can be
realized between the o- and the B- forms; and ii) divides the PT plane into two
parts, such that at the a side the form § can change spontaneously into o, whereas
o never will change into B (at the p-side these things are the other way round).

volume changes and heat effects

In terms of pressure, and for the situation sketched in Figure 1, o can be
referred to as the high-pressure form and B as the low-pressure form of the two.
The change of the material (at the two-phase equilibrium curve) from the high-
pressure form to the low-pressure form is accompanied by a change in volume.

This change, no matter how small, is always positive:

Ve< VP or APV (= VA -V9)>0. (1)
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In terms of temperature, B is the high-temperature form and o the low-
temperature form of the two. The change from the low-temperature to the high-
temperature form is accompanied by a heat effect, Q7. This effect, no matter
how small, is always positive and it means that heat is needed to change o into p.

Q“* >0 )

In the case of Figure 1, B is the high-temperature form and at the same time the
low-pressure form: the slope of the two-phase equilibrium curve is positive. For the
substance water, on the other hand, liquid water is the high-temperature form and
at the same time, the high-pressure form: the slope of the two-phase equilibrium
curve (the melting curve) is negative; see Figure 001:6. The change from ice to
water at 0 °C, 1 atm is accompanied by a decrease in volume of
(-19.63 + 18.00 =) —-1.63 cm>mol ™ and a heat effect of 6008 J-mol™.

As a matter of fact, the thermal counterpart of AV is not the heat effect Q itself, but
a quantity related to it. The volume change AV is a property which is expressed in
m*mol™, and m*mol” is equal to joule-per-mole-per-pascal; J-mol™-Pa™. It means
that when AV is multiplied by the mechanical potential, the pressure P, a property is
obtained in J-mol™ - like the heat effect Q. Analogously, the thermal counterpart of
AV is a property expressed in J-mol”-K". This property is obtained when the heat
effect (of the change o — B) is divided by, the thermal potential, the
thermodynamic temperature at which the change takes place. It is the change in
molar entropy AS (see below; —106, in particular).

Summarizing, in a PT phase diagram of a pure substance the single-phase
fields are positioned such that i) on increasing pressure the changes are in
decreasing volume, and ii) on increasing temperature the changes are in
increasing entropy.

Clapeyron’s equation (—110)

The volume change, Af\/, and the heat effect, Q*~#, not only (by their

signs) determine the sign of the slope of the equilibrium curve, they also, by their
magnitudes, determine the magnitude of the slope:

drP Q*~7
bl . 3a
dT T- APV (3)

In this equation, T is the thermodynamic temperature, for which the slope is
taken. The relationship is referred to as Clapeyron’s equation, after Emile
Clapeyron (1799-1864). Replacing the quotient of heat effect and temperature by
the change in entropy, the equation changes into
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dP/dT = AS/AV. . (3b)

The Clapeyron equation is of general validity; its thermodynamic derivation is
given in §110. From Equation 3, a special equation is obtained for the case that
is gaseous, and o solid or liquid, and moreover, if § is taken as an ideal gas, and
a’s volume is neglected. For this special case AV reduces to RT/P, and with (1/P)
dP =d InP the equation changes into

dinP Q7 ver
dT ~  RT? @

As a next step, with d(1/T) = — (1/7%) dT,

dinP Q*>vep
—- . (5)

AR

This ‘special equation’ suggests a linear relationship between In P and 1/T. In
reality the relationship is only roughly linear - owing to the fact that Q, along the
equilibrium curve, becomes smaller with in creasing temperature. In any case, it
has become common practice to represent vapour pressure data - the pressure
of vapour in equilibrium with solid or liquid - in a InP vs 1/T diagram. Such a
representation of vapour pressure data is referred to as Clausius-Clapeyron plot;
see Figure 2.

15
crit. pt
LW
\A
T 10 RN
O ~\ . .
. liquid
:
c vapour '~
~
5 4 N
\'
—— increasing temp. s "~ triple pt.
‘n
O L 1 | 1 L L
20 30 40
10 KIT

FIG. 2. Clausius-Clapeyron plot of the boiling curve for water; from below
the triple point up to its end point, the critical point where the
distinction between liquid and vapour comes to an end (—206)
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metastability

One of the experiments described in § 001 was carried out — under
atmospheric pressure — with an amount of water having a temperature of -5 °C;
i.e. experimental circumstances under which liquid water may change
spontaneously into ice. Circumstances that correspond to a point in the phase
diagram lying in the single-phase field for ice.

In itself, water having a temperature of -5 °C is not less stable than water having
a temperature of + 5°C. The only thing is that at -5 °C liquid water may change
spontaneously into ice, whereas at + 5°C it never will do. For these reasons liquid
water at 1 atm and -5 °C is said to be metastable.

It is (even) possible to experimentally study the equilibrium between supercooled
water and gaseous water (—Exc 3). It is customary to refer to this equilibrium
between phases as an example of metastable equilibrium. Accordingly, the
extension (beyond the triple point) of the (liquid + vapour) equilibrium curve is
referred to as metastable extension.

Metastability is a fascinating and, at the same time, a complicating
phenomenon. Complicating, because spontaneity (irreversibility) does not go well
with controllability (reversibility). Diamond and graphite are two forms of the
substance carbon. One is inclined to think that diamond is the stable one of the
two forms, but it is not (—109).

polymorphism

In the realm of crystaline materials polymorphism is a common
phenomenon - it is the fact that many substances give rise to more than one
crystalline form. A speaking example is found in the substance carbon
tetrachloride, especially so because of the occurrence of plastic crystalline forms.

Substances, like carbon tetrachloride, having spherically shaped molecules, often
manifest themselves in a plastic crystalline form. In plastic crystals the individual
molecules occupy crystallographic positions whereas their directions in space are
arbitrary: they have (a dynamical) orientational freedom. In contrast to ‘normal’
crystalline materials - where the molecules obtain orientational and translational
freedom (no fixed positions) at the same time, i.e. at the melting point - for
materials like carbon tetrachloride orientational freedom is obtained first and
translational freedom in a second step. This is why the plastic crystalline state is
referred to as a mesostate between ‘normal’ solid and liquid.

In the case of carbon tetrachloride the normal solid is monoclinic, and at 225.4 K
it changes into a rhombohedral plastic-crystalline form. The latter subsequently
changes into liquid at 250.3 K. The curious thing about carbon tetrachloride is
that it can take a second plastic crystalline form - face-centred cubic (fcc) - which,
invariably, is metastable. The form can be obtained by crystallization from the
liquid, and, when it is heated, it melts at 244.8 K; see Figure 3.
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The rhombohedral plastic crystalline form and the low-temperature monoclinic
form stand to each other in, what is called, and enantiomorphic relationship: the
two crystalline forms can exist at the same time, in equilibrium with one another;
a phenomenon referred to as enantiomorphism. The relationship between the two
plastic crystalline forms, on the other hand, is a monotropic relationship: the two
crystalline forms never coexist - the only thing is that the invariably metastable
fcc form can change spontaneously into the other; the phenomenon is referred to
as monotropism.

plast. cryst
fcc O liquid
CdCl, - =
ordered solid ® plast. cryst. liquid
monoclinic rhombo
| ! |
200 K 250 K 300 K

FIG. 3. Carbon tetrachloride’s polymorphic relationships. Top: metastable
sequence; bottom: stable sequence

Occasionally, a form, which is stable in a certain span of temperature, re-
enters as the stable form in another span. Re-entrant behaviour is rather
frequently observed for forms belonging to the mesostate of liquid crystals (van
Hecke 1985). Re-entrant behaviour becomes a possibility when the heat effect of
the transition is so small that it can change sign (before the form changes into
liquid, or isotropic liquid in the case of liquid crystals).

The scheme shown in Figure 4 pertains to iron, whose re-entrant form is the
body-centred cubic one. At 1184 K an amount of heat of 900 J-mol™ is needed to
change bcc iron into fcc — at 1665 K, 837 J-mol ™" is needed to realize the opposite
changel!

ferro - paramagnetic
Fe 1042 1184 1665 1809 3132 K
¥ ’ ’ * MA/—?—
bee I fec I bCCI liquid } vapour
heat effect (J-mol'1) 900 837 13807 349.6-103
ASIR 0.0914 0.0605 0.918 134

FIG.4. Sequence of iron’s forms. Heat effects of the transitions;
increases in entropy divided by the gas constant
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In the scheme, Figure 4, the row labelled AS/R stands for the change in
entropy (see above) divided by the gas constant. AS and R are expressed in
J-K'-mol”, their quotient being a dimensionless quantity. The advantage of using
(here) AS over using Q, the heat effect, is that, for certain classes of change, the
former, unlike the latter, has a more or less constant value. As an example, for
metallic sodium, melting at 370.98 K, the heat of melting is 2603 J-mol™; as
distinct from 1809 K and 13807 J:mol™ for iron. Notwithstanding these large
differences, the values of AS are quite comparable: 0.84 R for Na and 0.92 R for
Fe. This observation finds expression in Richards’ rule, stating that the entropy of
melting of (the outspoken) metals (excluding metals like Sb) is represented by AS
~ R. For the ionic alkali halides the entropy of melting is AS ~ 3 R.

For the change from liquid to vapour at 1 atm pressure Trouton’s rule states
that AS = 11 R; and it is known that the rule is reasonably well respected by non-
polar liquids having boiling points in the range 0 to 300 °C, and consisting of
small molecules. For Fe, far outside the 0 — 300 °C temperature range (see
Figure 4), the entropy of vaporization is about 13 R - still in the vicinity of the
rule.

a lambda type of transition

In the scheme for iron, the cross on the temperature line represents the
Curie temperature (1042 K): the temperature at which iron changes from a
ferromagnetic to a paramagnetic material. The magnetic susceptibility of a
ferromagnetic material decreases with temperature, and very rapidly so in the
vicinity of the Curie point - where it falls down to a paramagnetic level (virtually
zero). At the Curie temperature there is neither a change in crystal structure,
which remains bcc, nor an (isothermal) heat effect.

The heat effect involved in the change is spread out over a range in
temperature. It manifests itself in the form of an extra heat capacity (—103),
increasing with temperature, and falling down at the Curie point. The heat-
capacity plot resembles the Greek letter lambda - it explains the use of the term
lambda transition, see Figure 5.

Unlike the transition from bcc to fcc at 1184 K - where during the
transition a bcc phase is in equilibrium with an fcc phase and where AS has a
finite, non-zero value - the transition at 1042 K has AS = 0, and it has nothing to
do with an equilibrium between two phases. In the classification of transitions by
Ehrenfest (1933), the transition at 1184 K is referred as a first-order transition,
and the one at 1042 K as a second-order transition.
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500 1000 1500 2000
TIK

FIG.5. Heat-capacities-divided-by-the-gas-constant of iron’s forms (Barin
1989); see also Figure 4

a glass transition

The molecule which is pictured, Figure 6, has a rather planar structure:
the carbon atoms 1, 2, 3, 5 and 6 and the oxygen atom are about in the same
plane (the plane of the paper); carbon atom 4 is below the plane, and the
isopropylidene group originates from it in an upward direction. The molecule is a
chiral molecule (cannot be superimposed on its mirror image) and, therefore, it is
characteristic of a substance which is optically active (rotates the plane of
polarization of polarized light); that substance is laevorotatory carvone. The
mirror image of the molecule (C atom 4 above the plane and the isopropylidene
group downward) is characteristic of the substance dextrorotatory carvone.

(-carvone glass transition
undercooled liquid liquid
——% - |_ _________

| spontaneous crystallization

! .
monoclinic solid liquid

| 1 1

150 200 250K

FIG.6. Laevorotatory carvone — its forms and its behaviour
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Besides, /-carvone and d-carvone have the same thermo-physical
properties, such as melting point and heat of melting (imagine that you can see
the individual molecules in a beaker with boiling /-carvone, the thermometer
indicating t = 231 °C; then turn your back to the beaker and use a mirror to see
what is going on in it; in the mirror you see molecules having the configuration of
d-carvone; the thermometer indicates t = 231 °C, the only difference being that
the numbers on the thermometer are written backwards).

Nota bene, these observations certainly do not mean that a mixture of d- and
/- carvone will manifest the same phase behaviour as d- or /- carvone
individually (—005).

Liquid carvone can be supercooled easily, i.e. prevented from crystallization at,
or below its melting point. Figure 7 is a thermogram which depicts the behaviour
of a supercooled ¢- carvone sample, when heated in a Differential Scanning
Calorimeter (DSC). In a DSC, the sample to be studied and a reference (e.g. an
empty sample pan) are mounted on a metal block that can be heated at a certain
rate. In simple terms, the thermogram represents the heat to be added or
withdrawn from the sample, in order to keep it at the same temperature as the
reference. The events, registered in ¢- carvone’s thermogram in order of
increasing temperature, are the so-called glass ftransition (~171 K); a
crystallization process (~193 K to 208 K); followed by a recrystallization
phenomenon (~210 K to 218 K); and, finally, the melting of the sample (~248 K).

I I

melting

glass transition

heat taken crystallization

given off

165 215 265
TIK

FIG.7. Thermogram of a superccoled liquid sample of laevorotatory
carvone (Gallis et al. 1996)

Like the magnetic transition in the bcc form of iron, the glass transition in a
supercooled liquid can be regarded as a continuous, non-isothermal transition
within a given form. Unlike the former, the latter has, for a given material, not a
fixed position on the temperature scale: the glass transition temperature depends
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on the cooling conditions to which the liquid is subjected. Below the glass
transition temperature the positions of the molecules are fixed: any molecular
movement is suppressed by the viscosity, which has become too high (Papon
et al. 2002).

Each of the stable forms taken by a pure substance has its own stability field in the
PT phase diagram. Forms can appear under conditions outside their stability fields,
in which case they are said to be metastable. Frequently forms are seen that are
metastable whatever the circumstances.

EXERCISES

1.  the position of phase symbols

P

The figure is part of the phase diagram of a pure substance, including the forms, o, B
and vy, of which the molar volumes increase in the order B, v, a.

e Provide each of the single-phase fields with the correct (phase) symbol.

e Arrange the (form) symbols in order of increasing molar entropy.

2.  zero Celsius and zero Celsius

The rounded difference in temperature between the triple point and normal freezing
point of water is 0.01 K. This 10 mK (millikelvin) difference has been used to redefine
the zero point of the Celsius temperature scale («—002).
o To appreciate this, apply Clayperon’s equation to calculate, as an integer
in mK, the difference in temperature between the two point’s.
The necessary data are given in the text.
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3.  water’s triple point pressure

The table gives for the pure substance water the equilibrium vapour pressure over
solid (ice) as well as over metastable liquid for six temperatures from — 5 °C to 0 °C.

ti°c P(solid) /Torr P(liquid) /Torr
-5 3.013 3.163
-4 3.280 3.410
-3 3.568 3.673
-2 3.880 3.956
-1 4.217 4.258
0 4.579 4.579

e In terms of Equation (5), think up a method in which linear least squares is
used to calculate - from the given set of data - water's triple-point
coordinates.

e Next, carry out the calculation - temperature in two decimal places and
pressure as an integer in Pa.

4.  carbon dioxide’s metastable normal boiling point

Carbon dioxide is not an everyday substance as far as the positions of its triple point
(216.8 K; 5.1 bar) and critical point (304.2 K; 73.9 bar) are concerned.
e Use the data to make an estimate of i) its heat of vaporization, and ii) its
(metastable) normal boiling point.

5. the substance water under high pressure

The triple point data for the substance water shown here (see Tonkov 1992) involve,
apart from the liquid, seven solid forms/phases - indicated by Roman numerals.
e Use the information to construct the PT phase diagram; mark the single-
phase fields with the appropriate symbol.
e  Estimate the pressure which is needed to solidify water at 100 °C.
o Estimate the coordinates of the metastable triple point (Il + V + 7).

triple point t/°C P /GPa
[+ 1l+¢ 22 0.207
I+ 1+ 1 -34.7 0.213
N+1V+/ =17 0.346
IH+1+V —24.3 0.344
V+VI+/¢ 0 0.625
V+VI+/¢ 81.6 215
VI+ VI + Vil -3 212
+V+Vi —60 0.6
NB. GPa = gigapascal = 10° Pa
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6.

a rule to be respected by metastable extensions

At the (a0 + B + v) triple point, the metastable extension of a two-phase equilibrium
curve has to run into the field bounded by the stable parts of the other two equilibrium
curves.

\B\B/ ]

i
i ¥ correct ey wrong

The negation of this statement can be reduced to an absurdity, i.e. is giving rise to
contradictory conclusions.
e Demonstrate this for the shaded field, remembering that at the o side of
the (o + B) equilibrium curve B can change spontaneously into a.

a phase diagram acts as a thermobarometer

The PT phase diagram of aluminium silicate (Al,SiOs) with its three solid forms
sillimanite (1), andalusite (II) and kyanite (lll) plays an important part in geology —
thermobarometry in particular. The diagram is given in Tonkov’s (1992) compilation,
the equations for the (I + 1) and (I + [1lI) equilibrium lines being
t/°C =-415 P/GPa + 848, and t /°C = 920 P /GPa + 114, respectively. According to
Althaus (1969), for the change from | to Il at 600°C, the heat effect is
—9.08 kJ ‘mol” (heat given off) and the volume effect —5.51 cm® ‘mol™" (decrease).

e  Calculate the coordinates of the (I + Il + lll) triple point.

e For300<t/°C<800and0<P/GPa<1.0, construct the complete phase

diagram, and mark the single-phase fields with the right phase symbol.

superposition of stable and metastable
For a “monotropic” substance, construct a PT phase diagram, such that the
metastable phase relationships (dashed lining) are superimposed on the stable ones

(solid lining) and the phases/forms involved are a (stable solid),  (metastable solid),
liquid and vapour.
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Antoine’s equation for vapour pressures

Five data pairs are given for the equilibrium vapour pressure over liquid
1-aminopropane (CHj; - CH; - CH, - NHy), taken from the twelve pairs by Osborn and
Douslin (1968).

nr ti°C P [Torr

1 22.973 289.13
2 32.564 433.56
3 47.229 760.00
4 62.235 1268.0
5 77.587 2026

e Use the pairs 1, 3, and 5 to calculate the constants A, B, and C of the
“Antoine equation”

e In(P/Torr)=A- B

{(TK)-C}
e Examine the significance of the result by (re)calculation of the vapour
pressures for the five experimental temperatures.

supercritical fluid

A ‘supercritical fluid’ is characterized, let’s say, by the following (twofold) property.
“When at constant pressure (or temperature) its temperature (pressure) is
continuously lowered, it will not undergo a sharp transition - at the liquid + vapour
equilibrium curve - from vapour (liquid) to liquid (vapour)”.
e Draw a (S + L + V) PT phase diagram, and, in it, shade the field that
corresponds to supercritical conditions.

iron: the heat effect of magnetic change
From Figure 5, estimate the heat effect involved in iron’s change from ferromagnetic
to paramagnetic.

e How much heat is needed to heat one mole of iron from 1500 K to 2000 K?
boiling water altimeter
Demonstrate that one degree per 300 m amounts to a reasonable estimate of the

lowering of the boiling point of water resulting from an increase in altitude. First,
use Figure 2 for water’s heat of vaporization.
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The multiplicity of phase diagrams shown by binary systems is reviewed, starting
from the isobaric equilibrium between two forms, liquid and vapour, in each of
which the component substances are completely miscible. Subsequently, two
limiting cases of ternary phase behaviour are derived from the phase diagrams of
the binary subsystems.

A and B are completely miscible in « and 3

To start with, in the binary system {(1 — X) mol A + X mol B}, the case is
considered where A and B mix in all proportions in each of the two forms o and B,
B being the high-temperature form. For the equilibrium between an a-phase and a
B-phase the system formulation is

F=M[TPX" XN = pfs g = mg]=4-2=2. (1)

There are two degrees of freedom: the mathematical solution of the combination of
equations and variables can be expressed as

X = X“(T,P); X¥ = X* (T,P) , )

and it corresponds to two surfaces in P T X space. A surface for the a-phases and
another one for the B-phases. For every point on the o surface there is a
companion point on the B surface, such that the line connecting the two points is
parallel to the X axis.

For the greater part, binary equilibria are studied under either isobaric
circumstances (constant pressure) or isothermal circumstances (constant
temperature). One could say that the investigator, before starting the experimental
work, has ‘consumed’ one of the two degrees of freedom. As a result, the outcome
of the investigation is depicted in either a TX or a PX phase diagram.

As a first example, Figure 1 represents the isobaric equilibrium between
a = liquid and B = vapour in the system A = 1-decanol and B = 1-dodecanol, under
the pressure of P =20 Torr.

Before going on, it is worthwhile to say a few words about the way in which
the interaction between molecules, A and B, is reflected in phase diagrams. The
cigar-type of phase diagram, Figure 1, to start with, is typical of systems where the
interaction between the two molecular species has a neutral character. ‘Neutral’ is
to say that for the A molecules it makes no difference whether they are surrounded
by other A molecules or by B molecules — and vice versa for the B molecules.

§(0095)



42 Level 0
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FIG. 1. Isobaric equilibrium between liquid and vapour in the system
(1-decanol + 1-dodecanol) at P = 20 Torr (Rose et al. 1958).
Liquidus and vaporus divide the TX plane into three regions: the
two single-phase fields L and V, and the two-phase field (V + L)

A non-neutral behaviour is displayed, as an example, by liquid mixtures of
chloroform (C) and acetone (A). The isothermal and isobaric (liquid + vapour)
phase diagrams for this combination of substances are shown in Figure 2. From
the two phase diagrams it follows that the two (C and A) together prefer the liquid
state over the gaseous state:

e from the TX diagram:
on heating (at increasing temperature) the molecules remain together in the
liquid state ‘for a longer time’ than would be the case for neutral behaviour;

o from the PX diagram:
the amount of matter in the gaseous state is lower than it would be for neutral
behaviour, as follows from the lower (vapour) pressure.

Therefore, and ignoring the interaction of the molecules in the gaseous state, the
two diagrams are evidence of an extra interaction, having an attractive character.

Incidentally, an attractive extra interaction is the exception rather than the rule; at
least for liquid mixtures of molecular substances (see the compilation by Ohe
1989). In most of the cases molecular substances give rise to TX (liquid + vapour)
diagrams that either have a minimum — evidence of a repulsive extra interaction —
or look like Figure 1.
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FIG.2. For the (liquid + vapour) equilibrium in the system {chloroform
(C) + acetone (A)}, a minimum in the isothermal diagram
(t = 35.2 °C, left, Apelblat et al. 1980)), goes together with a
maximum in the isobaric diagram (right, Reinders and de Minjer

1940)

A repulsive extra interaction is also generally found for solid mixtures, i.e. mixed
crystals. A beautiful, speaking example is the combination of sodium chloride
(NaCl) and potassium chloride (KCI), whose phase diagram is shown in Figure 3.

NaCl KCl

o
1000 M _~1

mixed crystals

TIK

[+ 11

region of demixing

FIG.3. The TX phase diagram of the NaCl + KCI system, at 1 atm
pressure

Crystalline NaCl and KCI both have the so-called NaCl-type of structure. In
mixed crystals of the two, the CI" ions take all the sites for the negative ions, while
the Na* and K* ions are randomly distributed over the sites for the positive ions.
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The repulsive deviation from neutral behaviour is caused by the mismatch in size
between the Na* and K' ions. The ionic radii of Na* and K, for coordination
number VI, are 1.02 A and 1.38 A, respectively (Shannon 1976).

In the phase diagram the repulsive character is expressed in two ways. First, and
assuming a rather neutral interaction in the liquid state, by the minimum in the
(solid +liquid) two-phase region: the liquid state is taken up at a lower temperature
than would correspond to neutral behaviour. Secondly, the repulsive extra
interaction is responsible for a separation of the Na* and K ions™ - at temperatures
below 780 K. An equimolar mixed crystal cooled down from 800 K to 650 K, and
kept there, will split up into two phases in equilibrium, | and Il, see Figure 3. The
two phases have the same form, which has the NaCl-type of structure. The
compositions of the coexisting phases, and the very fact of separation, can be
determined and demonstrated by X-ray diffraction (see Barrett and Wallace 1954).
At T = 650 K the compositions of the coexisting phases are X' = 0.07, and
X"=0.80.

The two-phase field in the lower part of Figure 3 is referred to as region of
demixing, or miscibility gap.

limited to negligible miscibility of A and B in

For the combination of NaCl and RbCl (instead of KCI) the mismatch
between Na® and Rb* (radius 1.52 A) is so high, that the region of demixing is no
longer separated from the (solid + liquid) two-phase region. A like situation is
sketched in Figure 4.

The consequence of the overlap is the possibility of a three-phase
equilibrium: equilibrium between two solid phases (I and Il) and a liquid phase (liq);
corresponding to the system formulation

f=M [T,x’,x“,x”q]_N[,l;:ﬂg:ﬂgq; ﬂg:ﬂg:ﬂgﬂ:4_4:o. 3)

From this expression it follows that the equilibrium between the three phases is
invariant: it is a unique situation with fixed values for all four quantities of the set M.
In the phase diagram the situation is represented by a line, the three-phase
equilibrium line, which is parallel to the X-axis and has three points on it,
representing the compositions of the coexistent phases, see Figure 4, right-hand
side.

For NaCl + RbCI the values of the four variables at the three-phase

equilibrium are T = 788 K; X' = 0.008; X" = 0.94; and X" = 0.56 (Short and Roy
1064).

§(0095)



Phase diagrams 45

v\\ A L
\ /7
K
T /’< NS \ I I
/ \
/ \
[
0 X 1 0 X 1

FIG.4.  The (solid + liquid) loop and the solid-state region of demixing
interfere with one another: the result is a phase diagram with a
three-phase equilibrium line, which is the lower boundary of two
(solid + liquid) two-phase regions, and the upper boundary of a
(solid + solid) two-phase region

For the combination of LiCl and KCI, with Li* (0.76 A) and K* (1.38 A), there
is hardly any solid-state miscibility: the TX (solid + liquid) phase diagram is of the
simple eutectic type (— Exc 3). The term eutectic is from the Greek eutéktos, and it
means readily melting: a eutectic mixture melts at a temperature lower than the
melting points of the pure components. Besides, a three-phase equilibrium, such
as in Figure 4 right-hand side, with a liquid phase and two solid phases in the
succession solid-liquid-solid, is referred to as a eutectic three-phase equilibrium.

Figure 5c is another example of a simple eutectic phase diagram; it is for the
combination of dextrorotatory isopropylsuccinic acid (IPSA) and dextrorotatory
methylsuccinic acid (MSA); succinic acid is butanedioic acid (HOOC CH,CH,
‘COOH).

initial slopes (—208)

The TX phase diagrams Figures 1,2b,3,4 all have (a + B) two-phase regions,
limited by two equilibrium curves - one for the compositions of the a-phases, and
the other for the B-phases. An equation for the initial slopes of the two equilibrium
curves is the equation named after Jacobus Henricus Van ‘t Hoff (1852-1911) - an
equation similar to the one named after Clapeyron, Equation (004:4). The equation
states that for small AT =T -T,, where T, is the temperature at which pure A
changes from the form o to the form B, the difference between the initial slopes of
the equilibrium curves is given by the expression

dX” 1dT —dX*/dT =~(Q*# | RT{?). (4a)
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In this equation Q is the heat effect of the change, and R the gas constant.
Otherwise formulated, with AX = X? — X%, the equation reads

AX = ~(Q“? | RT??)AT. (4b)

In terms of the entropy change, AS («004), the two equations change into
dX? /dT —dX*/dT =-AS/RT; (4c)
AX =(-AS/RT;)AT. (4d)

According to Equation (4b), and all other things being equal, the greater the heat
effect is, the greater the difference is between the compositions of the two phases.

NB. If A and B do not mix at all in the low-temperature state o, the addition of A to
B, and the addition of B to A, as follows from Equation (4c), inevitably will lower the
equilibrium temperature. This is the case for the three systems implied in Figure 5.

The PX counterparts of the Equations (4), i.e. the equations for the initial
slopes in PX phase diagrams, are

dX” /dP -dX*/dP =AV/RT; (5a)

AX =(AV/RT)AP. (5b)

For the case that B = ideal gas, and a = liquid or solid, and neglecting the
molar volume of a with respect to the molar volume of the gas, the Equations (5)
change into

dX*® /dP - dX“ /dP =1/P?; (6a)
AX =(1/P2)AP. (6b)

P, represents the equilibrium vapour pressure of pure A.

The last two equations are two of the various expressions of Raoult’s Law,
the relationship named after Frangois-Marie Raoult (1830-1901).

NB. The Equations (4c,d) and their counterparts Equations (5a,b) are
expressions of the close relationship between entropy and volume. The role played
by entropy changes in TX equilibria is similar to the role of volume changes (be it
with opposite sign) in PX equilibria. The two come together for equilibria where P
and T are the leading variables - an example is given by Clapeyron’s equation,
Equation (004:3b).
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stationary points

The difference between the initial slopes - of the equilibrium curves in the
phase diagrams shown above - is a pure-substance property. In the case of Figure
2 right-hand side, the difference between the slopes at the chloroform side is
determined by the properties of its change from liquid to vapour - heat of
vaporization and boiling point. That difference does not change if the second
component, acetone is replaced by another substance, say methanol. Unlike their
difference, the individual slopes themselves are determined by the combination of
the components of the system. The combination chloroform+acetone displays a TX
phase diagram with a maximum - at both sides of the system liquidus and vaporus
have an upward start. Chloroform+methanol, on the other hand, have a TX phase
diagram with a minimum - at both sides downward start of liquidus and vaporus.

Generally, for TX equilibria between liquid and vapour, and starting from
neutral interaction, an attractive extra interaction has the effect of lifting up the
(liquid+vapour) two-phase region. Plausibly, the smaller the difference is between
the boiling points of the components, the greater the probability is of producing, for
a given extra attraction, a phase diagram with a maximum. In the case of
chloroform+methanol there is a repulsive extra interaction; the difference in boiling-
point temperatures is just 3 K; the phase diagram has a minimum.

Maxima and minima are stationary points: liquid mixtures having the
composition of the stationary point change - when boiled - completely into vapour
at constant temperature, the temperature of the maximum/minimum (—006). At the
extremum, liquid and vapour have the same composition. The other way round, if,
for a given temperature, liquid-and-vapour-in-equilibrium have the same
composition, the equilibrium state necessarily is an extremum in the phase
diagram.

In the context of this passage, reference should be made to the Konowalow Rules
(Konowalow 1881). For TX liquid+vapour equilibria the rules are

(I) The boiling point as a function of composition shows a stationary point only if
liquid and vapour have the same composition;

(I) The boiling point is raised by the addition of that component whose mole
fraction in the vapour phase is lower than the mole fraction in the coexisting liquid
phase;

(Il The compositions of the coexisting vapour and liquid phases change in the
same sense with temperature.

compound formation

Figure 5b is the phase diagram shown by the combination of laevorotatory
and dextrorotatory isopropylsuccinic acid (IPSA). The diagram is typical of a pair of
optical antipodes, of which the two different chiral molecules («<—004) cocrystallize
in a (1:1) centrosymmetrical structure. The crystalline (1:1) combination is referred
to as racemate, or racemic compound.
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The noun ‘compound’, in racemic compound, is generally used for an intermediate
solid phase having a fixed, or a more or less fixed composition. A stoichiometric
compound has a fixed composition, whereas the composition of a non-
stoichiometric compound can vary between certain limits.

An example of a non-stoichiometric compound is wustite (= FeO) in the
systerm Fe + O. In the (Fe + O) TX phase diagram, wustite’s single-phase field has
the shape of a capital V: at the bottom (t = 560 °C) the composition can be written
as FeO g¢; at the top (t = 1360 °C) FeO;43, and (t = 1424 °C) FeO1 5o (Vasyutinskii
1984).

a b c
120 1 T 1
%
-
80 N
1
+ - + +
MSA IPSA IPSA MSA

FIG.5. The determination of (solid + liquid) phase diagrams is a means to
establish the configurative relationships between optically active
substances. The compound formed by (-) and (+) IPSA is a
racemate. A quasiracemate is formed between (-) IPSA and (+)
MSA (Fredga and Miettinen 1947)

isodimorphism, isopolymorphism

Mutual solid-state miscibility of two substances A and B in the first place is
related to the degree of similarity between the A and B molecules (‘molecules’ in
the sense of building units of the crystal lattice). That similarity regards chemical
nature, size and shape. Solid-state miscibility is the exception rather than the rule
(Kitaigorodskii 1984).

NaCl and KCI are soluble in one another; in all proportions, however, only above
780 K (see above); they show what is called complete subsolidus miscibility.
Complete subsolidus miscibility is also found for combinations like gold and
palladium (Okamoto and Massalsky 1985) and 1,4-bromochlorobenzene and
1,4-dibromobenzene (Calvet et al. 1991). Naphthalene and 2-fluoronaphthalene
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would also show complete subsolidus miscibility, if it were not that they do not
crystallize in the same form (van Duijneveldt et al. 1989).

To illustrate these things, we take two solid forms o and B and examine three
different situations for their equilibrium with liquid, see Figure 6. In the case of
Figure 6a the two substances A and B are isodimorphous in such a manner that
there is, for each of the solid forms, a single-phase field extending over the full
composition range (there is complete subsolidus miscibility, and so in the form f).
The dashed curves in Figure 6a represent the boundaries of the metastable (solid
o + liquid) two-phase region. Generally, the position of the metastable two-phase
region can be calculated from the positions of the stable regions and the heats of
transition of the o to B and B to liquid changes. Exceptionally, a full-range
metastable melting loop is observed in experimental reality - a beautiful example is
shown by 1,1,1-trichloroethane (Cl; C CH3) + carbon tetrachloride (Cl; C Cl = C Cly)
(Pardo et al. 1999). For the situations depicted by Figures 6b and c, substance A’s
B-form invariably is metastable, and the same goes for B’s a-form. The important
thing to note is, that there necessarily are three-phase equilibria (eutectic, Figure
6b, and peritectic, Figure 6¢) and that, inevitably, there is incomplete solid
miscibility (one speaks of crossed isodimorphism: two solid-liquid loops cross one
another).

A (a) B A (b) B A (c) B
L L
P
////
~7 8 y
77 /1 S] ¢
T S P2 REN
o s 0
i
o a [a+P B
0 — X 1 0 — X 1 0 — X 1

FIG.6. Isodimorphism (a) and crossed isodimorphism (b and c). . and B
are two crystalline forms in which A’s molecules and B’s
molecules can replace one another. Open circles represent
metastable melting points
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nomenclature

The two basic types of three-phase equilibiria in isobaric binary systems are
the eutectic - and peritectic type, Figure 7.

More specifically, a eutectic type is named

eutectic, for a = solid | v = liquid B = solid II;
eutectoid, for o =solid | y =solid I B =solid II;
monotectic, for o =solid | y =liquid | B = liquid II; and
metatectic, for a = solid | y = solid Il B = liquid.

A peritectic type is named
peritectic, for y = liquid o =solid | B = solid I
peritectoid, for y = solid 1l o = solid | B = solid Il

NB! It is imperative that the so-called metastable extensions, in Figure 7 indicated
by dashes, run inside two-phase fields.

\I. Y \l T ! ,° l, _ ‘\
|
o A
/ ‘| II ‘\ rl\ : r /Iﬂ ','\ B
$ g 4 £
0 X 1 0 X 1

FIG.7. Parts of TX phase diagrams around three-phase equilibrium lines:
a) eutectic type and b) peritectic type of three-phase equilibrium
ternary systems
In ternary systems, defined by

{X, molA + X; molB + X, molC}or{(1-X-Y)A+XB+YC}, (7)

compositions are conveniently represented in an equilateral triangle - the Gibbs
triangle, see Figure 8.

For the isobaric equilibrium between two mixed phases o and 3 - taken as an
example - the system formulation is

§(0095)



Phase diagrams 51

FIG. 8. Gibbs’ composition triangle

f=M [T, XY XY | N[ = il i =l i = il | =2. (8)

There are two degrees of freedom: the values of, e.g., Y?, X? and Y? are fixed after
the choice of T and X*. The solution of the set of equations corresponds to two
surfaces in TXY space.

For the isobaric equilibrium between three phases, a, B, and y, the formulation is

f=M T,X",Y“,Xﬂ,Y”,Xy,YV]

0, o u , : 9)
N[ = pf = iy = il = g i =l = i =1

After the choice of T, the compositions of all three phases are fixed. In the
composition triangle, the three-phase equilibrium for given T corresponds to a
triangle whose vertexes represent the compositions of the coexistent phases. The
area inside the invariant triangle is empty: an overall composition given by a point
inside the triangle will split up into the three phases. The fact that the three-phase
equilibrium is monovariant implies that for each of the three coexistent phases
there is a trajectory in TXY space.
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An isothermal section of the isobaric equilibrium states, as a result, is represented
by a Gibbs triangle that may show one or more single-phase fields, two-phase
fields, three-phase triangles, and (only for the temperature of a four-phase
equilibrium) one quadrangle. In isobarothermal representations the use of tie lines,
connecting the positions of two coexistent phases, is much more common than for
binary TX or PX representations. More than that, for ternary phases of variable
composition, the tie lines are an essential part of the representation of the
equilibrium states, see Figure 9.

FIG.9. The system methylcyclohexane (A) + n-hexane (B) + methanol (C)
at 1 atm, 30 °C. Phase diagram showing the boundaries of the
region of demixing and tie lines connecting the positions of the two
coexisting liquid phases (Schuberth 1986)

Like liquidus and vaporus curves in TX and PX diagrams, liquidus and
vaporus surfaces in TXY or PXY space can have a maximum or a minimum — at
which the coexistent phases have the same composition. In addition to the
maximum and the minimum, ternary surfaces have the possibility of a third type of
stationary point: the saddle point, where a minimum in one direction is a maximum
in the other. Saddle points are favoured by the combination of two binary
subsystems having a minimum (or maximum) with a third subsystem having a
maximum (or minimum). A TXY example is found in the combination of chloroform,
acetone, and methanol (Haase 1950). Two of the subsystems were mentioned
above; the third, acetone+methanol, has a minimum.

from binary to ternary

The three binary subsystems, (A + B), (A + C), and (B + C), are part of the
ternary system (A + B + C), or, in other words, the equilibrium states in the binary
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systems are part of the equilibrium states in the ternary systems. The other way
round, a substantial part of the equilibrium states in a ternary system are already
available in the binary subsystems. Or, somewhat exaggerated, ternary equilibrium
can be predicted from the information offered by the binary subsystems. Two
examples, Figures 10 and 11, are now discussed, to make these things clear.

In the case of Figure 10, the equilibrium considered is between solid and liquid
phases, and the binary subsystems are of the simple eutectic type. For the ternary
cross-section the temperature is selected such that it is above the surface for the
equilibrium between liquid and solid C. The isothermal section of the other two
liquidus surfaces is represented by the curves PR and RQ inside the triangle. The
ternary phase diagram now consists of four fields: i) the single-phase field PRQC; it
corresponds to conditions where all of the material is liquid; ii) the two-phase field
APR; iii) the two-phase field BQR; iv) the three-phase triangle ABR. A mixture of
overall composition represented by a in the field APR will give rise to equilibrium
between pure solid A and liquid mixture represented by point b on PR; the two
phases are connected by the tie line through a. Overall compositions inside the
invariant triangle ABR give rise to equilibrium between solid A, solid B, and liquid
mixture represented by R.

FIG. 10. Isothermal section showing the phase equilibrium relationships of
a ternary system composed of three eutectic binary subsystems
under isobaric circumstances
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Figure 11 pertains to the equilibrium between (mixed-crystalline) solid and liquid in
the system 1,4-dichlorobenzene + 1,4-bromochlorobenzene + 1,4-dibromobenzene.
This time the coexisting solid and liquid ternary phases have been calculated,
using the information provided by the three binary phase diagrams and the
thermochemical properties of the pure components (Moerkens et al. 1983). The
result of the calculation, including tie lines, is shown for the isothermal section at
70°C. Note that the difference between the tie lines in Figure 10 and the ones in
figure 11 is that, unlike the latter, the former - which emanate from one point - can
be drawn without doing any special calculations (one has to be sure, of course,
that the solid phase is made of pure B!).

Br

&
/ Z
/ 7
) -

/ /IQUIQ)' -~ \
cl cl

\ 60
Cl 1 _7[&:_ L Br

L 1100

FIG. 11. Ternary system composed of three 1,4-dihalobenzenes forming
mixed crystals. Isothermal section (t = 70 °C) of ternary (solid-
liquid) equilibrium, calculated from the information available for
the binary subsystems Moerkens et al. 1983)
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imperfections in phase diagrams

The phase diagrams that are shown in textbooks and scientific publications
not all, and not at all, have the same history. A phase diagram shown in a text can
range from the outcome of a thermodynamic calculation, via a (subjective)
interpretation of experimental observations, to a diagram drawn in a freehand
manner.

Calculated phase diagrams that satisfy the laws of thermodynamics always
combine correctness with beauty. Diagrams in the other categories occasionally
show imperfections that could have been avoided.

Two examples of incorrect phase diagrams are the ones already shown in  Exc
003:2. The diagram labelled a) is supposed to represent a vaporus and its
companion liquidus. The diagram does not respect the obvious rule that for every
point on the vaporus there should be a corresponding point on the liquidus. In the
case of the diagram labelled b) the ‘obvious rule’ is satisfied; however, and for
thermodynamic reasons (—Exc 211:10), two phases in equilibrium can have the
same composition, but only for a stationary point (first of the Konowalow Rules,
see above).

Unintentionally, a phase diagram drawn in a freehand manner may show a
(thermodynamic) inconsistency (Nyvit 1977). A PT phase diagram for a pure
substance may have a region that looks like Figure 12, but not for the case that
B = liquid, and y = vapour. According to the Clapeyron equation, Equation (004:3),
a minimum in the boiling curve would imply that, along the boiling curve, and
starting from the triple point, the heat of vaporization would change from a negative
property to a positive one!

FIG. 12. Region of a PT phase diagram for a pure substance, showing a
two-phase equilibrium curve with a minimum
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FIG. 13. Three diagrams incompatible with the principles of stability

The three diagrams shown in Figure 13 all have the same kind of imperfection -
expressed by the edges of the y single-phase fields, with their angle of more than
180°. The bullet, in each of the diagrams is positioned in the y field, which would
mean that vy is stable and should not undergo a spontaneous change.

However:

i) in the PT diagram the bullet is at the B side of the (B + y) two-phase
equilibrium curve, and it means that y might spontaneously change into j;

ii) in the TX diagram the bullet is in (the metastable extension of) the (o + v)
two-phase region: the material might split up in a y part (of another
composition) and an a part;

iii) in the XY diagram the position of the bullet is such that the material,
likewise, might split up in a y part and an o part.

In other words, all of the three diagrams are evidence of a misapplication of the
stability principles.

The three diagrams in Figure 13 - to put it in other terms - do not comply with the
rules for metastable extensions. To start with the PT diagram for a pure substance,
these rules can be detailed as follows.

In a correct PT phase diagram, around the triple point, the metastable extensions
alternate with the stable parts of the two-phase equilibrium curves (as shown by
Figure 12; —Exc 004:6). In a TX or PX phase diagram for a binary system, at the
three-phase equilibrium, the metastable extensions must fall inside two-phase
fields (as shown by Figure 7; —Exc 301:3). In an isobarothermal section for a
ternary system, and for the case implied in the XY diagram in Figure 13, the two
metastable extensions must fall either both in the (o + B + y) invariant triangle or
one in the (o + y) field and the other in the (B + y) field (rule named after Franciscus
Antonius Hubertus Schreinemakers (1864-1945); (Schreinemakers 1911, see also
Hillert 1998).
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Valuable guiding principles in understanding phase behaviour are: the notion of
interaction between different molecules, the nature of which is ranging from
repulsive via neutral to attractive; the knowledge that much of the properties of
ternary systems is already present in the binary subsystems; and the necessity to
consequently apply the principles of stability.

EXERCISES

1. aunary diagram made to look like a binary one

The two-phase equilibrium curves of a pure substance’s PT phase diagram can be
‘opened up’ to show two-phase regions - by replacing P by a property which is not
necessarily equal for the two phases in equilibrium.
e Draw a (S + L + V) PT phase diagram - melting curve with positive slope;
boiling curve up to critical point - and translate it into a diagram in which
molar volume is plotted against temperature.

2.  the amounts of the phases during an experiment

For the phase behaviour depicted in Figure 6¢: a homogeneous sample - whose
composition is between the compositions L and o at the three-phase equilibrium - is
heated under constant pressure “from a position in the o field to a position in the L
field”.

e Make a scheme, in which for each part of the route, it is indicated - for each
of the possible phases - whether the amount of substance of the phase
remains unchanged (=), increases (>), decreases (<), or is equal to zero.

The parts of the route are i) through the « field; ii) through the (L + o) field; iii) at the
three-phase equilibrium; iv) through the (L + B) field; and v) through the L field.

3.  phase diagram and cooling curve

Lithium chloride (LiCl,; melting point 606 °C) and potassium chloride (KCI; m.p.
770 °C) are miscible in all proportions when liquid. Their solid state miscibility is
negligible. A liquid mixture, having KCI mole fraction X = 0.1, will start to crystallize,
when cooled, at t = 566 °C. The onset temperatures of crystallization for a number of
other composition are (X = 0.2; t = 515 °C); (0.3; 452); (0.4; 370); (0.5; 443); (0.6;
541); (0.7; 618); (0.8; 685); and (0.9; 733).

e Construct the (solid + liquid) TX phase diagram.
In an experiment, heat is withdrawn at a constant rate from a sample having X = 0.2.
The initial and final temperatures are 600 °C and 200 °C, respectively.

e Make a graphical representation of the sample’s temperature as a function of

time (cooling curve; —006)

§(005)



58

Level 0

a reciprocal system

The four substances NaCl, KCI, NaBr, and KBr share four structural units which are
the two anions and the two cations. A system composed of such four substances is
referred to as a reciprocal (salt) system.
e What is the number of independent variables necessary to define the
composition of a like system?
o What geometrical figure would you use to represent the compositions of a
reciprocal system?

increasing repulsive interaction and the phase diagram

In the system {(1 — X) A + X B} the interaction in the liquid state between A and B is
neutral, the (solid + liquid) TX phase diagram is eutectic. The melting points of A and
B are 900 K and 450 K, respectively; the eutectic point has T =400 K and X = 0.90.

o Make a series of sketch drawings of phase diagrams to demonstrate what
happens when the interaction between A and B in the liquid state is going to
show an increasing, repulsive deviation from neutral mixing behaviour.

NB. The properties of the pure components remain the same and so do the initial
slopes (at X = 0, and X = 1) of the two liquidus curves (say over the first 10% of the
X axis).

overlapping two-phase regions

The two (on their own correct) two-phase regions, (o + ) and (B + L), are partly
overlapping. As a consequence, the true phase diagram must have an (a + L) two-
phase region.
e Guided by the rule for metastable extensions, make a sketch of the true
phase diagram (first locate the two (L + B + «) three-phase equilibrium
situations).
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7.

the construction of ternary phase diagrams

The three optically active substances (-) IPSA (A), (+) IPSA (B), and (+) MSA (C),
acting in Figure 5, are rather alike, and for that reason it can be assumed that the
interaction between their molecules in the liquid state has a nearly neutral character.
As a result, their ternary phase behaviour can be predicted from the binary data with
fair accuracy. The fact is that for neutral mixing behaviour, and for given, constant T,
the equilibrium

solid C plus (liquid mixture containing C)

simply satisfies the relations ship X¢ = constant = K¢ (likewise for A and B);

and the equilibrium

compound AB plus (liquid mixture containing A and B)

satisfies the relationship XX = constant = Kyg.

e Use the binary phase diagrams, Figure 5, to construct isothermal sections of
the ternary system; for i) t = 100 °C; ii) the temperature of the upper eutectic
in the system (+) MSA + (-) IPSA; and iii) t = 80 °C.

Clue. For each of the solids, stable at the temperature considered, determine the
value of the equilibrium constant - like the above K¢ or Ky - and use it to construct
the complete ternary liquidus. Use the ensemble of liquidi to allocate the single- and
two-phase fields, and the invariant triangles.

NB. If an invariant triangle involves a liquid phase, then its “liquid vertex” is the
intersection of two (of the constructed) liquidi.

the appearance of an incongruently melting compound

In Figure 5a the left-hand liquidus (the A liquidus) intersects the liquidus pertaining to
the 1:1 compound (the AB liquidus) at the left of the equimolar composition — the
point of intersection being a eutectic point. When, in such a case, component A is
given a higher melting point - all other things remaining the same - the situation may
arise that the intersection is a peritectic point, at the right of the equimolar
composition. When that is the case, AB’s melting point becomes metastable: on
heating, AB will, at the peritectic temperature, split up in solid A and liquid having the
peritectic composition. The congruently-melting compound, Figure 5a, has changed
into an incongruently-melting compound.

e Construct the TX solid-liquid phase diagram for a system involving an

incongruently melting compound AB.

ternary compositions having a constant ratio of the mole fractions of two components

In the ternary composition triangle ABC, the locus of the compositions that have the
same ratio of the mole fractions of A and B is a straight line ending in vertex C.
e Prove the validity of this statement - making use of the properties of similar
triangles.
Clue. On AB take a point P; on PC take a point Q; similar triangles ABC and RSQ, R
and S being points on AB.
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cyclohexane with aniline — mixing and demixing

{(1-X) mole of cyclohexane + X mole of aniline}, in spite of the fact that aniline
(aminobenzene) is a nasty substance, is a superior system to demonstrate
phenomena of mixing and demixing. The following description of actions and
observations - representative of a classroom experiment - may make this clear.

Eight test tubes provided with screw caps are filled - using a 10 ml measuring
cylinder - with varying amounts of cyclohexane and ainiline; see table. After filling, the
tubes 0, 6, and 7 show a single liquid; the tubes 2, 3, 4, and 5 show two, clearly
separated liquids; and the content of the remaining tube, tube 1, looks milky.

In a next step the tubes 2, 3, 4, and 5 are immersed in water with a temperature of
40 °C, contained in a plastic beaker. As a result of this action the two liquids, in all of
the four tubes, change into a clear single liquid. Thereupon, the water and the tubes
are allowed to cool to room temperature. Meanwhile the tubes are shaken every now
and then; and for each sample the onset temperature of turbidity is registered, see
table.

A similar procedure is followed for the tubes 0, 1, 6, and 7. The tubes are immersed
in water having a temperature of 25 °C; and the whole is subsequently cooled by
means of ice cubes. The samples undergo a change to a two-liquid situation; with the
exception of tube 7, whose content is still homogeneous at 1 °C.

Tube cyclohexane aniline X at room onS(?:‘t.of
(ml) (ml) temperature turbidity
0 74 0.4 0.06 one liquid 6.0
1 7.9 0.9 0.12 milky 19.5
2 6.9 1.4 0.19 two liquids 26.0
3 5.8 2.8 0.36 two liquids 30.7
4 4.3 3.5 0.49 two liquids 30.5
5 3.0 5.0 0.66 two liquids 27.7
6 1.9 6.3 0.80 one liquid 14.4
7 1.0 7.1 0.89 one liquid <1.0

e What is the temperature of the room where the experiments are carried out?

e Fort >0 °C, make a graphical representation - temperature versus mole
fraction - of the binodal curve (the boundary of the region of demixing), and
from the curve derive the coordinates of the critical point.

e Sketch a plausible TX phase diagram for the system over the range from
—-50 °C to 200 °C. In more detail: use the region-of-demixing data; calculate
the initial slopes of the two liquidi emanating from the melting points (mp) of
the pure components; and consult Exc 212:12 for a rule of thumb,
concerning the change from liquid to vapour.

Cyclohexane: 84 gmol™; 108 cm®mol™ (25 °C); mp 6.6 °C; bp 81 °C; heat of
melting 2.66 kJ'mol ™.

Aniline: 93 gmol™; 91 cm®*mol™ (25 °C); mp -6.3 °C; bp 185 °C; heat of melting
10.54 kJmol™.
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An elementary characteristic of equilibrium between phases in systems of two or
more components is the fact that the phases as a rule have different compositions.
This property holds the possibility that substances can be separated from one
another by means of phase changes.

saturation

When a drop of water is brought in an empty space, say a 200 m® tank kept
at 25°C, it will evaporate rapidly and completely. And free water molecules will be
present in every cubic micrometer of the space. Similarly a few sugar crystals will
dissolve rapidly and completely in a cup of water. Water is a good solvent for sugar
(molecules), and an empty space, or vacuum if you like, is a good ‘solvent’ for
water (molecules).

The amount of foreign molecules - solute molecules - a solvent can
accommodate, however, is limited: at a certain ‘moment’ the solvent is saturated -
and this moment differs from case to case. The moment of saturation, for water in
a space, is reached when the chemical potential of gaseous water (y/%) has
become equal to the chemical potential of liquid water (x/3,). Water added after
saturation has been reached will not evaporate anymore: there is equilibrium
between a liquid and a gaseous phase, governed by the condition

liq _ vap
'quo B ’quo' (1)
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FIG.1. Two analogous cases: left, the saturation of an empty space by
a volatile substance; right, the saturation of a liquid medium by a
soluble substance

And this condition is such that the amount of water in the gaseous phase will
correspond to a vapour pressure of 23.756 Torr, for t = 25 °C.
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For the two crystalline substances naphthalene (@O, C1oHs; substance A)
and 1-chloro-4-iodobenzene (CIC¢H,l; substance B) the saturation pressures are
two orders of magnitude smaller than the one for liquid water: at 25 °C,
Py =93 Pa, and Py =12.7 Pa (van der Linde et al. 1998; Oonk et al. 1998).
When brought together in an empty space, the two solids imply three different
situations, which are o) the space is saturated neither with A nor B; i) the space is
saturated with either A or B; and ii) the space is saturated simultaneously with A
and B.

The remarkable thing about the last situation (ii) is, that a manometer device
coupled to the space will indicate a pressure that is equal to the sum of P, and

Pg , which is 22.0 Pa. This observation is evidence of the fact that the two solids

act independently: the amount of B that can be taken up by the space is
independent of the presence of A, and vice versa. And if so, it is quite easy to
construct the PX phase diagram for the (solid + vapour) equilibria in the binary
system {(1 — X) mol A + X mol B}.

For the equilibrium between solid A and mixed vapour, the amount of A in the
vapour phase is constant. Moreover, that amount can be expressed as
N = «a-P;, where a is a proportionality constant. The total amount of
substance in the vapour phase, as a consequence, is given by
NP+ ng® = a-P, where P is the pressure indicated by the manometer.
Realizing that the mole fraction variable for the vapour is given by
X =ng® (NP +nf®), and (1- X**)=n® I(n/& + ng*), it follows that

(1-X")-P=P,. (2)

On the same lines, the vaporus for the equilibrium between solid B and mixed
vapour is given by

X'-p =Py, (3)

The two vaporus curves, which are arcs, intersect at the three-phase equilibrium
pressure, and at X =P5 /(P + Py ); Figure 2.
The possibility to ‘predict’ the PX phase diagram, just from P; and Py, does

not hold, of course, when A and B are forming mixed crystals, such as is the case
e.g. for A = 1,4-dibromobenzene and B = 1-chloro-4-iodobenzene. The isothermal
equilibrium between mixed crystals and vapour is analogous to the isothermal
equilibrium between liquid mixture and vapour. An example of the latter has been
presented in § 002, Figure 002:2 and Table 002:4, for the system water + ethanol.
Note that when a space is saturated with vapour from a liquid mixture, the
composition of the vapour (and that of the liquid phase) can vary between certain
limits; not only the equilibrium conditions have to be respected, but also the lever
rule.
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FIG.2. Upside down (solid + vapour) PX phase diagram, for
A = naphthalene and B = 1-chloro-4-iodobenzene at t = 25 °C

distribution

As a next step, the case is considered where a solute B is added to the
combination of two immiscible solvents, say the liquid solvents A and C. There are
two liquid phases: liquid phase | (A with B dissolved in it); and liquid phase Il (C
with B). Under isobaric, isothermal circumstances the system formulation, for the
equilibrium between the two phases, is

f=M[Xp X |-N[up=pp] = 2-1=1. @)

The system is monovariant, and it implies that the compositions of the two phases,
X} and Xj, are interdependent: the value of X} is fixed by the choice of X}, or
vice versa.

In its simplest form the relationship between the two is such that X,’B’ is proportional
to X5:

1/
X _g. (5)
XB

This relationship follows from the thermodynamic laws for dilute solutions
(— 207, 208); it is known as the Nernst Distribution Law, after Walter Nernst
(1864 - 1941), (Nernst 1891). The proportionality constant k is called distribution
coefficient - it certainly will be a function of temperature and pressure.

A classical example is the distribution of iodine (I,) between water (brown
colour) and carbon disulphide (CS,) or carbon tetrachloride (CCl,, in which it
dissolves with a beautiful purple colour).
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separation

The very fact that phases in equilibrium, in binary and higher-order systems,
generally have different compositions holds the possibility that substances can be
separated from one another by means of phase changes. The ease, with which a
separation can be effectuated, however, varies from case to case - the sequence
of TX (liquid + vapour) phase diagrams shown in Figure 3 may make this clear.
The succession a — b — ¢, meant to correspond to a neutral interaction («005)
between the components of the system, in liquid as well as in vapour, reflects the
influence of difference in boiling point (—210).

It is generally observed that the width of the two-phase region decreases with
decreasing difference between the boiling points of the two components. For the
cases a and b the vapour phase, with respect to the liquid, is enriched in the lower
boiling component - for a to a greater extent than for b. In the limiting case of
diagram c - typical of a combination of optical antipodes («—005) - liquid and vapour
have the same composition, and so over the whole range of compositions. The
diagrams d and e have a minimum and a maximum, respectively, where liquid and
vapour have the same composition - a special equilibrium state referred to as
azeotrope. The term azeotrope is a word construction in Greek; to express that
there is no change at boiling: constant temperature, unchanging composition.

Phase diagrams, like the ones shown in Figure 3, are graphical
representations of the relationships between the intensive variables required to
characterize the phases in an equilibrium system. These relationships are
generated by the laws of thermodynamics, acting upon the thermodynamic
properties of the system - over which the experimentalist has no authority. The
experimentalist should call forth all her or his inventiveness in what is left: making
use of the possibilities offered by
. the degrees of freedom (the variance) of the system;

3 the freedom to select, optimize the relative dimensions of the phases and
the dimensions of the whole experimental set-up;

. the kinetic properties of the system, permitting the circumvention of the true
equilibrium states;

. the availability of several types of equilibrium: (solid + liquid); (solid + vapour),

(liquid + vapour);

. the addition of an extra component;
The remaining part of this section and its exercises should make this clear.

distillation

The simplest distillation set-up is one in which a liquid mixture is heated in a
boiler under normal pressure, and, when the liquid boils, the ascending vapour is
condensed with cold and the resulting liquid is collected (the distillate). For the
case of Figure 3a, a liquid mixture containing 20 mole % of the more volatile
component will start to boil at the liquidus and start to produce a distillate
containing 67 mole % of the more volatile component.
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X

FIG.3. A series of TX (liquid + vapour) phase diagrams

Given this fact, two extreme situations can be considered.

In the first of these situations the liquid in the boiler is distilled off to the last drop,
and the distillate is collected in its entirety. During the distillation the liquid in the
boiler is enriched in the less volatile component (B) and the temperature is rising -
such that temperature and composition are following the liquidus curve. Towards
the end, the temperature in the boiler is reaching B’s boiling point, and the last drop
of condensed vapour is virtually pure B. From a point of view of separation the
whole operation is useless: the final distillate has the same composition as the
original liquid (the operation is meaningful, of course, when it is carried out to free a
mixture of volatile liquids from a non-volatile impurity).

In the other situation, the boiler contains a large amount of liquid mixture - an
infinite amount, to make things easy. And so, from a mixture containing 20 mole %
of the more volatile component (A) a large amount of distillate is obtained, and it
has 67 mole % of A; Figure 3a. Similarly, and as a second distillation step, from the
mixture containing 67 mole % of A, a distillate can be obtained having 95 mole %
of A. In the case of Figure 3b at least five distillation steps are needed to realize the
enrichment from 20 to 94 mole %.
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In an industrial distillation tower, having a number of platforms (plates) with
overflows and bubble caps, stepwise distillation is a continuous operation.

A laboratory-scale variant of the industrial tower is a set-up in which a so-called
fractionating column is placed between the boiler and the condenser. The column
is constructed such - or filled with beads - that, on a large surface area, vapour-
condensed-to-liquid and moving downwards is in contact with vapour moving
upwards. The ratio of the condensed vapour returning to the boiler (the reflux) and
the vapour condensed in the condenser (the distillate) is the reflux ratio. Generally,
the reflux ratio can be set by the operator - the greater the ratio, the more efficient
the distillation, the greater the so-called plate number (a set-up operating such,
that, for the case of Figure 3b, a distillate containing 94 mole % is obtained from a
boiler liquid containing 20 mole % of the lower boiling component, is said to have
plate number 5).

To say a few words on ternary systems, we turn to the 1959 paper by
Korvezee and Meijering (1959) on Schreinemakers’s theorem on distillation lines.
The five opening sentences read as follows: “Around 1900, Schreinemakers
published a number of papers on liquid-vapor equilibria in the Zeitschrift fir
physikalische Chemie. In one of these (=Schreinemakers 1901) he considered the
variation in composition of ternary liquid mixtures in a still during single-stage
distillation without reflux. The successive compositions of the liquid were
represented by him as curves in the now well-known triangle diagrams. In the
discussion of the course of these distillation lines (DL’s), Schreinemakers
demonstrated that in their end points they must be tangent to one of the sides of
the triangle. Consequently at the end of a distillation, when the still contains the
least volatile component in a nearly pure state, the last traces of one of the two
volatile impurities are much easier to remove than those of the other”.

An example of a triangle with distillation lines is shown in Figure 4 - for a
simple case where the boiling points of the components decrease from A to C. In
Figure 5, the example is shown of a system having a saddle point (Reinders and
de Minjer 1940).

A notorious system - from the point of view of separation - is the combination
of ethanol and water. The TX phase diagram of the system has a minimum
azeotrope; at about 0.1 K below the boiling point of ethanol and ethanol mole
fraction 0.9 (—Exc 6). The presence of the azeotrope is an obstacle for the
preparation of pure ethanol by distillation. The problem can be resolved by adding
benzene to the azeotropic mixture. Water and benzene are virtually immiscible,
whereas benzene mixes in all proportions with ethanol. The ternary system has a
minimum boiling temperature, at 64.85 °C, at which two liquid phases are in
equilibrium with vapour (Reinders and de Minjer 1940).

§ (006)



Phase diagrams 67

vap

liq

A B

FIG.4. Distillation lines (DL) in a ternary composition triangle. In each
point of a DL there is a tie line (lig-vap) tangent to it

C
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FIG. 5. Distillation lines; the system has a saddle point (s)
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In preparative organic chemistry the techniques of vacuum distillation and
steam distillation are applied for the purpose of purifying the prepared product.
Over normal distillation under normal pressure, the two techniques have the
advantage that vapour is formed at a relatively low temperature - thereby reducing
the risk of decomposing the material. In the case of steam distillation, the product,
whose solubility in water is limited, is heated in the boiler together with an amount
of water. Vapour containing water and product is formed at the (liquid + liquid +
vapour) three-phase equilibrium temperature. Because most of the vapour is water,
the water level in the boiler is kept up by a continuous injection of steam.

crystallization from a liquid phase

This time, A, B, (and C) are substances that are crystallizing from a liquid
phase, which is either a molten mixture of these substances, or a solution in a non-
crystallizing solvent (S).

To start with, the case is taken where A and B have negligible solid-state
miscibility, and are crystallizing from a molten mixture. In other words, a case that
complies with the simple eutectic phase diagram, Figure 6.

S,+Sg

0 X 1 time

FIG. 6. Eutectic phase diagram (left); and cooling curve (right) pertaining
to a mixture whose composition is represented by point a in the
phase diagram (X = 0.3)

A liquid mixture, whose temperature (T,) and composition are represented by point
a in the phase diagram, is cooled down until the material has reached the
temperature (T;) of the bottom of the diagram. The mixture remains fully liquid until
the liquidus temperature (T,) for its composition is reached - point ¢ in the diagram.
From that moment on, solid A crystallizes from the liquid. Meanwhile, the liquid
phase ‘follows’ the liquidus, until the eutectic temperature (T,) is reached. At T, A
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and B crystallize together; until the full amount of material has solidified.
Thereafter, i.e. at the end of the invariant three-phase situation, the temperature
can change again, and it drops to its final value, T

The right-hand side of Figure 6 is a so-called cooling curve: it represents the
temperature of the material as a function of time. Besides, and the other way
round, the registration of the temperature of a solidifying sample is a key to the
phase diagram. Numerous isobaric solid-liquid phase diagrams have been
determined by means of the cooling-curve technique - especially so before the
advent of the methods of differential thermal analysis.

As regards the separation of A and B, it is obvious that, for the situation
sketched in Figure 6, only part of A can be freed from the mixture (5/7, as can be
verified, from the coordinates of ¢ and e, by means of the lever rule (—003)).

A ternary equivalent of the simple eutectic diagram, Figure 6, is shown in
Figure 7. The isobaric ternary diagram has three (divariant) liquidus surfaces;
which, by means of a series of isotherms, display the equilibrium states of the
combinations of liquid mixture and solid component. The point of intersection, e in
the figure, of the three surfaces is the invariant ternary eutectic.

C

1500

1300 1400
A h B
FIG.7. Ternary eutectic phase diagram showing i) isotherms of the
liquidus surfaces for temperatures in hectokelvin; ii) their
intersections: the monovariant ef, eg, and eh; and the invariant
eutectic point e; iii) the composition route followed by the
crystallizing liquid mixture whose original composition is

represented by point i
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At the eutectic temperature a liquid mixture, having the eutectic composition, is in
equilibrium with all of the three solids. The equilibria between liquid mixture and
two solids are monovariant; represented by ef, eg, and eh.

A liquid mixture of A, B, and C, whose composition is given, in Figure 7, by
the open circle in the triangle, is cooled down from 1600 K to 800 K. The phase
behaviour of the system is easily read from the phase diagram; it is as follows.
From 1600 K to 1250 K the whole amount of material is liquid. At 1250 K solid C
begins to separate from the liquid. The composition of the remaining liquid follows
the line jj; and its temperature the liquidus surface. Because from i to j the liquid
phase is losing C, at constant A to B ratio, ij is part of a straight line originating from
vertex C. At j the composition of the liquid phase branches off: the line je is
followed; and solid B and solid C separate simultaneously from the liquid. Finally,
the composition of the liquid has reached point e: at constant temperature all of the
liquid solidifies - all of the original amount of A, and the remainder of B and C. After
complete solidification, the temperature of the material is free to drop to its final
value.

The path i — j — e in Figure 7 is referred to as crystallization curve (Geer 1904).
The term is applied to crystallization processes under the assumption that no
material is removed during cooling.

The absence of solid-state miscibility makes that, during crystallization, the

deposited solid phases have unchanging compositions. This circumstance is in
favour of the sample’s overall equilibrium - which is to say that the role of time, the
time needed to reach through and through equilibrium, is rather limited.
For the opposite situation, for the case that the components A and B show
complete solid miscibility, time is an important and often determining factor. In the
case of the example, which follows, the time taken for the experiment is by far
insufficient to reach overall equilibrium.

A liquid mixture of composition X, - in a system whose phase diagram is

shown in Figure 8 - is cooled at a certain constant rate, expressed in amount of
heat per unit of time. If supercooling is absent, the mixture will start to solidify at T,
(the liquidus temperature for X = X,), producing mixed-crystalline material with
X = X At this stage there is equilibrium between the whole liquid and solid parts of
the sample - considering the fact that the initial amount of solid is very small.
During the deposition of solid material, the composition of the liquid follows the
liquidus; and if there would be through and through equilibrium, the
(homogeneous) solid phase would follow the solidus; and solidification would be
complete at Ts. In many cases, however, through and through equilibrium is out of
the question - because of the fact that the building units of the crystalline solid
(molecules in the case of molecular materials) are immobilized in/by the crystal
lattice. At best, there is equilibrium between the whole liquid part of the sample and
the surface layer of the solid.
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FIG.8. Phase diagram for equilibrium between liquid and mixed-
crystalline solid (left); and cooling curve pertaining to a mixture
of overall composition X,

In reality, therefore, the deposited solid will have a zoned character, corresponding
to a gradient in composition. And because the first zones have
X > X, the last must have X < X, (law of conservation of A and B, so to say). In
other words, the last zones are deposited at a temperature lower than T;. In Figure
8’s phase diagram the aspect of zoning is represented by the bunch of vertical
lines.

As a remark, it is impracticable to read the solidus temperature (for X = Xj)
from a cooling curve like the one in Figure 8. Not even the point of intersection of
the tangent lines will provide the correct solidus temperature.

Phase diagrams are a powerful guide to the understanding of separation and
purification processes - even in those cases where through and through equilibrium
is not realized or realizable.
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EXERCISES
a room saturated with water

How many kg of water can be dissolved, as vapour, in a room of 200 m® at 25 °C?
What is the increase (in terms of percentage) of this mass with a rise in temperature
of one degree?

Data: molar mass of water: 18.015:10 kg:mol™; equilibrium vapour pressure of water
at 25 °C: 23.756 Torr; heat of vaporization of water at 25 °C: 44 kJ-mol™.

solubility of potassium permanganate in boiling water
In Nyvit's (1977) book on solubility the following data are found for potassium

permanganate (KMnO,). The solubility of the substance in water is given in terms of
molality (m, number of moles of solute per kg solvent).

tI°c 0 10 20 30 40 50 60

m/(molkg” | 0.179 | 0.268 | 0.401 0.571 0.793 | 1.065 | 1.403

e By means of extrapolation, determine the solubility at 100 °C, using a plot of
i) mvs. t; i) Inm vs.t; iii) Inm vs. (t + 273.15)".

the space needed to remove an impurity

How much space is needed to free 1 mole of naphthalene from an impurity of
1millimole of 1-chloro-4-iodobenzene at 25 °C?

extraction and clever use of solvent

An organic solvent S is used to extract an organic substance B from its solution in
water. B’'s molality (mg —Exc 2) in the aqueous solution is 0.050 mol-kg'1, and its
distribution coefficient — mg(in S) : mg(in water) - is equal to 4.
o Demonstrate, by making a calculation, that it is more effective to extract B
from water (take 1 kg of water) two times with 0.5 kg of S than one time with
1 kg of S.

distillation with a fractionating column

For each of the five cases shown in Figure 3, a liquid mixture of equimolar
composition is subjected to distillation in a set-up with a fractionating column, having
a very large plate number (say «).

e What is the composition of the first drop of distillate?

o What is the final composition of the liquid in the boiler?
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6.

single-step distillation of wine

Liquidus temperatures as a function of mole fraction are given for the system {(1 — X)
ethanol + X water} at normal pressure. The liquid mixture having X = 0.8 starts to boil
at 83.4 °C (see table) producing vapour with X = 0.46 (the point X = 0.46; t = 83.4 °C
is a point of the vaporus).
e With the information given, construct the complete TX liquid + vapour phase
equilibrium diagram.
e Is it true that a brandy, having a “strength” of 40% vol. (ethanol mole fraction
of 0.171), can be prepared from a 10% vol. (ethanol mole fraction 0.033)
wine just by a single-step distillation?

X 0.0 | 01 02 | 03 | 04| 05| 06 | 07 | 08| 09 1.0

t/°C | 783 |78.2 | 783 | 786 | 79.1 | 79.8 | 80.6 | 81.8 | 83.4 | 86.4 | 100.0

vacuum distillation

According to Trouton’s rule, the ratio between the heat of vaporization of a substance
and its normal boiling point (nbp) on the thermodynamic temperature scale is
constant — eleven times the gas constant (—004).
In a lab experiment the substance 2-nitro-p-xylene (nbp 513 K) has to be prepared
from p-xylene (1,4-dimethylbenzene, nbp 411 K).
The by—product of the reaction is 4-methylbenzaldehyde (nbp 477 K).
The student is instructed to separate starting material, product and by-product by
means of vacuum distillation.

e Calculate the boiling points the three substances have at P = 15 Torr.

distillation with steam

A heterogeneous mixture of water and aniline (CsHsNHy; boiling point 185 °C) is
subjected to distillation with steam. The experiment is ended when the distillate
(which has a temperature of 20 °C) contains 1 mol of aniline.
The compositions (mole fraction aniline) at the three-phase equilibrium, which is just
below 100 °C, are 0.015 (LI); 0.045 (V) and 0.63 (LII). At 20 °C the compositions of
the ‘water layer’ (LI) and the ‘aniline layer’ (LII) are 0.0070 and 0.78, respectively.
e Make a sketch drawing of the TX phase diagram.
¢ How many moles of water are present in the distillate?
e How many moles of (water + aniline) are present in the water layer of the
distillate, and how many in the aniline layer?
e Which percentage of the aniline yield will get lost if the water layer of the
distillate is rejected, without being extracted?
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a congruently crystallizing compound

In the system {A + B + H,O}, at constant T and P, three two-phase equilibria make
their appearance: (solid A + solution of A and B in water); (solid B + solution); and
solid A3B + solution), represented by three solubility curves in the triangular phase
diagram. The compound A3;B is a congruently crystallizing compound: when it is
dissolved in water, and the water is made to evaporate, the compound is the first
solid that crystallizes.
e Sketch the phase diagram for this system.
In an experiment, equal amounts of A and B are dissolved in excess of water.
Thereafter the solvent is made to evaporate isothermally until there is no water left.
e Mark in the phase diagram the route followed by the mother liquor (= solution
phase).
e Which solids will be present at the end of the experiment, and what are their
relative amounts?

an incongruently crystallizing hydrate

Similar to Exc. 9, however with the following differences.
The compound is the incongruently crystallizing hydrate H = AB"/;H,0: when it is
dissolved in water, and the water is made to evaporate, the first solid that will
crystallize is either A or B.
During crystallization the deposited solid material is continuously separated from the
mother liquor. The experiment is ended the moment the last amount of mother liquor
disappears.

e Sketch a phase diagram for this case.

e Mark in the diagram the route followed by the mother liquor.

e What would happen if the solid material were not separated from the mother

liquor?

recrystallization

In a lab experiment the student is instructed to remove the impurity potassium
permanganate (KMnO,) from potassium chlorate (KCIO3) by means of crystallization.
The crude material has to be dissolved in boiling water, after which the solution has
to be cooled to 0°C (using melting ice).
For 100 g of crude material, and considering two cases i) there is 2 g of impurity, and
ii) there is 10 g of impurity, answer the following questions.

e How many kg of water are minimally needed?

e How many g of pure, solid KCIO3; are maximally obtained?
Data.
Solubilities in g per kg of water

0°C KCIOs 33.1 KMnO, 28.3

100 °C KCIO3 562 KMnO, see Exc 2
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12.

13.

a saturation problem

A and C are two immiscible liquids and B is a solid that is slightly soluble in A as well
as in C. In an experiment, carried out at constant T and P, 250g of A and 250 g of C
are poured into a beaker, after which B is added in portions of precisely 0.1 g. After
the addition of each portion the contents of the beaker are stirred, and allowed to
come to equilibrium. After the addition of the tenth portion it appears that liquid phase
A is just saturated, and that liquid phase C contains exactly 0.2 g of B.

¢ What will be B’s mass in each of the phases after the addition of the twelfth

portion?

back to the analogy — the text around figures 1 and 2

A hypothetical system {X, mol A + Xg mol B + Xc mol H,O}; {T, P constant, and
(Xa + Xg + Xc) = 1}; has the following properties: A and B are non-interacting solids
and their saturated solutions in (liquid) water have Xi’;"= 0.4 and X,’;" = 0.2; in
addition, the amount of A that can be dissolved in a given amount of water is
independent of the presence of dissolved B, and vice versa.
e  Construct the triangular phase diagram.
e Transform the triangular diagram into a rectangular one, such that the
horizontal axis is for X = Xg / (Xa + Xg), and the vertical axis for
Y= X+ XM
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Up to this point we met with quite a number of substances, but ignored the fact that
substances can react with one another. This shortcoming is repaired.

the ammonia equilibrium

Again we start off with an example in which an experimental system is on its
way to a state of equilibrium. This time we take a cylinder-with-piston. The cylinder
is filled with 1.6 mole of hydrogen (H,) and 0.8 mole of nitrogen, separated from
one another by a weak, weightless inner piston; see Figure 1. The set-up is kept at
a certain, constant temperature by means of a thermostat, and at a certain,
constant pressure by means of a manostat. In this situation the upper piston is 24
cm above the bottom of the cylinder.

1.6 mol H,
N,
H2
T, P const NH
_____ 3
0.8 mol N,

FIG.1. An amount of hydrogen and amount of nitrogen change
spontaneously into a mixture of hydrogen, nitrogen and ammonia
to reach a state of chemical equilibrium

At a given moment the inner piston is destroyed and one can observe that, from
that moment on, the upper piston goes down - and, after some time, it comes to a
stop. The piston is then 20 cm above the bottom, and it remains there: a state of
equilibrium has been reached. On its way to equilibrium the volume of the system
has reduced to 5/6 of its original value.

According to Avogrado’s law (Amadeo Avogadro, 1776-1856), dating from 1811
and saying that, no matter (the name of) the substance, as long as T and P are
fixed, equal volumes of gases will contain equal numbers of molecules, the
observation comes down to a reduction of moles from 2.4 to 2.0.

The origin of the reduction is in the chemical reaction between nitrogen and
hydrogen to form ammonia (NH;)

N, + 3 Hy — 2 NH; . (1

The original combination of N, and H, has changed into an equilibrium mixture of
N,, H,, and NHjs, for which we write

N, +3H, 2 2NH;. )
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The two arrows, one to the left and one to the right, underline the dynamic aspect
of the equilibrium; in the sense that per unit time equal numbers of NH; molecules
are formed from /decompose into N, and H,. (As a matter of fact, many chemical
reactions need a catalyst to proceed; in the experiment the catalyst has not been
forgotten).

As always, the state of equilibrium is governed by one or more conditions in terms
of chemical potentials. This time there is just one equilibrium condition:

Hyy + 3ty =2ty ; 3)

and it stands in a clear relation to the chemical equilibrium equation, Equation (2).
The proof of this relationship will follow later on (—202).
As regards the variables that are needed to define the state of equilibrium, we
observe that the ammonia equilibrium, apart from T and P, needs two composition
variables to define its state. For the latter we may take the mole fractions of H, and
No; denoted by XH2 and lez . Of course, the mole fraction of NH; in the gaseous
mixture follows from

K, =1 Xy, = Xy,

, (4)
Four variables, therefore, to define the state of equilibrium, and being subjected to
one equilibrium condition: the system formulation reads

f=M[T.P, Xy, Xy, | -N[ ttn, + 34y, =211, | =4-1=3. (5)

The chemical potentials of the three substances are functions of the variables of
the set M: the equation in N can be solved when it is known how the x's depend on
these variables. The system formulation indicates that there are three degrees of
freedom: the numerical values of three of the four variables have to be introduced
in the equation, after which the fourth can be calculated. It implies that, any time
the values of one or more of the three independent variables are changed, there
will be another state of equilibrium. Besides, the state of equilibrium will not change
- the equilibrium will not be disturbed - when the complete system at constant T
and P is halved: the chemical potentials, just like the variables of the set M, are
intensive properties.

As a taste of how these things are going to work, we consider the limiting
case in which the system respects the ideal-gas laws. In that situation the chemical
potential of a pure substance B is given by the recipe

(T, P)=G5 (T)+RT InP, (6)
where T is the gas constant. According to this expression, B’s chemical potential is

the sum of a property of B, which is a function of only T, and a term determined by
the T and P applied to the system (say, by the investigator).

§(007)



78 Level 0

For B as a component in a gas mixture, an extra term has to be added to the
expression - a term which is logarithmic in B’s mole fraction:

ug = 1g(T,P,X5)=G3(T)+RT InP + RT In X, (7a)

=Gg(T)+RT In(XgP). (7b)

The product of Xg and P is often referred to as B’s partial pressure: the pressure

the manometer would indicate if B were alone in the space; symbol Pg. In terms of
partial pressure:

U = GUT)+RT InP,. (7c)

After substitution of the recipes for the chemical potentials in the equilibrium
condition, Equation (3), we have

(G, +RT In(X,,P)} +3{Gg, (T)+RT In(X,, P)}

=2{GRy, (T)+RT In(Xy,,-P)|’ ®)

which, after rearranging, can be written as

©)

n X, _ 2 Gaw, (T) =GR, (T)-3 GJ,(T)
XN2 ’ XEIZ ' P2 RT .

From this equation it is clear, once more, that there are three degrees of
freedom (or rather three degrees of obligation, because): the values of three
variables are needed to calculate the fourth, and with that the complete
equilibrium state. For example, with T, P, X » the values of XHZ and XNH3
(=1- Xy, — Xy, ) follow from Equation (9).

Generally, equilibrium equations like Equation (9) are abbreviated to

AG°(T)
RT

InK =- (10)

The capital K is the equilibrium constant and AG° - as we will come to know later
on - the standard Gibbs energy change of the chemical reaction involved in the
equilibrium. In equilibrium matters, AG® is a key property; it is substance- and
reaction dependent.

The change of equilibrium constant with temperature, as follows from
Equation (10), is determined by the change with temperature of (AG%T). The
change of (AG°/T) with T is related to the heat effect (AH°) of the reaction
(—107; Equation (107:26)). The relationship which results is the equation named
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after Jacobus Henricus van ‘t Hoff (1852 - 1911):

dinK _ AH® )
T RT2

or, in terms of reciprocal temperature (1/T), by substitution of d(1/T) = —(1/7%) dT,

dinK  AH°
d(1/T) R

(12)
Upon integration, and neglecting the change of AH® with temperature,
n | Ke|o AAT (11, (13)
K, R T, T,

this equation can be used to calculate (to estimate, if you prefer) K’s value at T,
from a known value at T.

homogeneous chemical equilibrium in solution

The ammonia equilibrium is a representative example of a gaseous
homogeneous chemical equilibrium. The adjective ‘homogeneous’ is to indicate
that the equilibrium system is a homogeneous mixture; there is just one phase. A
second category of homogeneous chemical equilibria is found in the equilibrium
between species dissolved in a (liquid) solvent.

The analogy between the dispersion of molecules in an empty space and the
dissolution of species in a solvent («—006) also finds expression in the recipes for
the chemical potentials. In Equation (7b), the recipe for B’'s chemical potential in an
ideal-gas mixture, which is repeated here,

tg =Gg +RT In(XgP), (14)
the product of Xz and P can be rewritten as (ng/n) - (nRTIV ) = (ng/V )RT; where n
is the total amount of matter in the space, and ng the amount of B. The quotient of
ng and V, which is the concentration of B in the system, is often indicated by [B]. In
terms of concentration, Equation (14) can be transformed to

45 =G3 +RT In[B]. (15)

And this formula is the recipe for B's chemical potential in a dilute solution (more
precisely, an ideal dilute solution, — 207).
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As an example, we take the case of a weak acid HA (such as acetic acid)
dissolved in water - giving rise to the equilibrium

HA = H + A, (16)

where the H" ion, the proton is taken up by a water molecule. Neglecting the
(weak) electrolytic dissociation of the solvent, the concentrations of H" and A™ are
equal: [H] = [A].
Under isothermal, isobaric circumstances the system formulation for the
equilibrium is

F=MA{HAL HD N {a,. + a1, = ta} = 1. (17)

The system is monovariant: [H*] (= [A]) is determined by the numerical value of
[HA]. The relationship between the three concentrations is the solution of the
equilibrium condition in N, Equation (17):

AG®
RT

In{[H]-[A]/[HA]}=InK,= - (18)

heterogeneous chemical equilibrium

In the case of heterogeneous chemical equilibrium the substances involved
are distributed over at least two phases. For the two examples discussed here, we
go back to two investigations of historical importance — the investigations carried
out by Debray (1867), and Horstmann (1869), and pertaining to the equilibria

CaCO; (solid) = CaO (solid) + CO; (gas), and (19)

NH,CI (solid) = (NH; + HCI) (gas), (20)
respectively.

In the case of the CaCO; equilibrium there are three phases: one solid phase
consisting of pure calcium carbonate, another solid phase, which is pure calcium
oxide, and a gas phase which is pure carbon dioxide. Because each phase is
made up of a pure substance, there are no composition variables: the only
variables necessary to define the equilibrium states are temperature and pressure.
The equilibrium system is monovariant:

f:M[T’P]_N[;UCaO + Heo, ::uCaCO3:|:2_1:1' (21)

The experimentalist has the freedom to select the system’s temperature.
Thereafter the equilibrium pressure - the solution of the equilibrium equation in N,
Equation (21) - is determined by the values of the chemical potentials of the three
substances.
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In his experiments, Debray selected the system’s temperature by immersing
the set-up - vessel provided with manometer - in the vapour of a liquid with a
known boiling point. A survey of his findings, as far as the choice of materials and
the measured pressures are concerned, is given in Table 1. A comparison of the
temperatures in the second column (Debray) and the ones in the fourth column
(modern values) clearly shows that, at Debray's time, high-temperature
thermometry was scarcely out of the egg.

Table 1: Heterogeneous chemical equilibrium CaCO; = CaO + CO,. First three
columns are data reported by Debray (1867). The fourth column gives
the normal boiling points found in modern tables

Vapour of t/°C P [Torr t/°Cc
Hg 350 zero 357
S 444 hardly perc. 444
Cd 860 85 766
Zn 1040 510-520 907

From the results displayed in Table 1, and from a set of experiments in which he
studied the effect of changing the relative amounts of the (solid) phases, Debray
arrived at the following conclusions. i) The system’s pressure is constant at a given
temperature; ii) the pressure increases with increasing temperature; and iii) the
pressure is independent of the fraction of CaCO; that has decomposed.

In the case of the salammoniac (NH4Cl) equilibrium, studied for the first time
by Horstmann (1869), there are two phases - solid and gas. The solid phase is
pure NH,Cl and the gas phase, in Horstmann'’s view, an equimolar mixture of NH;
and HCI. As a result, the remaining variables to define the equilibrium states are
temperature and pressure (obviously, an alternative approach to the equilibrium
system would be a gas phase of varying composition, to be realized e.g. by
preparing the system from unequal amounts of NH; and HCI). The formulation of
the system as studied by Hortstmann is

f:M[T!P]_N[;uNH3+ﬂHCI:/uNH4CI:|:2_1:1 (22)

Again, the equilibrium system is monovariant: the equilibrium pressure is
determined by the temperature chosen by the experimentalist.

The NH4CI equilibrium is much more accessible to experimentation than the
CaCO; one: comparable equilibrium pressures are reached at temperatures 600 K
lower. In the salammoniac case the temperatures are below the boiling point of
mercury -temperatures that can be read from a mercury thermometer; see Table 2.
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Horstmann’s important finding was that the graphical representation of equilibrium
pressure vs. temperature has the same form as the “pressure curve of liquids”. And
he concluded that it is permitted, therefore, to use the data to calculate the heat
effect of the decomposition reaction: ‘by applying the well-known formula which
permits the calculation of the heat of vaporization from the pressure curve’ («—004;
—110).

Table 2: Heterogeneous chemical equilibrium NH;Cl = NH; + HCIL
Temperature-pressure data pairs read from Horstmann’s (1869) plot
of pressure vs. temperature; more precisely, from the smooth curve
through 20 data points

t/°C P /Torr
240 25
260 58
280 122
300 235
320 435
340 736

idealized treatment of vapour pressures over solids

For the treatment of vapour pressures over solid phases in terms of chemical
potentials, the change of the potentials of the solids with pressure has a minor
influence. In most cases that influence is neglected, and it means that the
measured pressure only enters in the expressions of the potentials of the gaseous
species. As a result, the equilibrium equations for the CaCO3; and NH,Cl cases
take the form

AG° __ Ggo, + Geao — Gg:a(:o3
RT RT

CaCO; :InP =- ; (23)

NH,CI:In(0.5 PY2 = - AC” _ Gl + G ~Guwar
e RT RT :

In these equations G is the notation for the molar Gibbs energy of pure B (for

pure substances molar Gibbs energy is identical with chemical potential (—108;
Equation (108:13); —202; Equation (202:24)).
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number of components

Up to this section chemical reactions were absent, and the correct variance
of a given equilibrium situation could be obtained, not only by f=M — N, but also by
means of the Phase Rule:

f = number of components — number of phases + 2, (25)

the number of components being equal to the number of substances in the
definition of the system, like {(1 — X) mole of NaCl + X mole of KCI}.

The reader certainly will have noticed that, for the equilibria discussed in this
section, the correct variance is not obtained if, in the Phase Rule, Equation (25),
the number of components is identified with the number of chemical species (e.g.
three in the case of the ammonia equilibrium: NH3, N, H). This is not at all
surprising because in the derivation of the Phase Rule chemical reactions were not
taken into account. In other terms, if one wants to maintain the rule - because of
the beauty of its simplicity - and to apply it to chemical equilibria, one has to find a
definition of number of components. ‘Number of components in the sense of the
Phase Rule’, so to say; and being the number that yields, when introduced in
Equation (25), the correct value for f.

In our search for a definition of “c” - the symbol we use for number of
components in the sense of the Phase Rule - we take the survey given in Table 3
as a starting point.

Table 3: Selection of chemical equilibria. Cases (1) - (4), examples treated in
the text, (2) being generalized to include T and P. Case (1a), section
of case (1), having X, =3 Xy, and o being the degree of
dissociation. Case (4a), generalization of case (4) in that the
constraint of equimolar gas composition is removed

chemicals M variables N f p “c” essential
system
NH; (1)  NHs;NH,H, TP Xy, Xu, = 3 1 2 Ny+H,
HA (2) HAH,0 TP [HA] [H'] = 3 1 2 HA+H,0
CaCO;(3) CaCO;CaOCO, TP = 1 3 2  (CaCO,
NH.Cl (4)  NH,CINH; HCI TP = 1 2 1 NH,CI
NH; (1a) NHzNpH, TP« = 1 NH;
NH,Cl (4a) NH,CINHsHCI TP Xyy, = 2 2 2 NH; + HCI
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In the table, the cases (1) - (4) are the examples given in the text. The example of
the weak acid, case (2), is generalized to include T and P; to do justice to the
number 2 in f=“c” — p + 2. Case (1a) is a section of case (1): the equilibrium states
that can be realized by filling the set-up with pure ammonia, and for which all of the
mole fractions can be expressed in terms of the degree of dissociation a. The other
way round, Horstmann’s section of the salammoniac equilibrium, case (4), has
been generalized by removing the constraint of equimolar gas composition.

In the last column of the table the essential chemicals are listed: the smallest
section of the chemicals in the second column that allow the realization of all of the
wanted or possible equilibrium states. With the exception of the CaCO; case, the
number of the essential chemicals is equal to “c”, the number of components in the
sense of the Phase Rule. The five cases, excepting CaCO;, have in common that
each of the phases of the system can be prepared, from the essentials, in an
arbitrary amount.

The very fact that the equilibrium states are independent of the (relative) amounts
of the phases is one of the most important characteristics of equilibrium between
phases. Therefore, we should turn this characteristic into a requirement. And state
that the ‘number of components in the sense of the phase rule’ is the smallest
section of the chemicals, taking part in the equilibrium, with the help of which each
of the phases can be prepared such that its amount is arbitrary.

Equilibrium states related to a chemical reaction have to satisfy one equilibrium
equation in terms of the chemical potentials of the reactants and products. The
equilibrium constant is a means to rationalize chemical equilibria. In Phase Rule
terms, chemical equilibria require an accentuation of the concept of ‘component’.

EXERCISES
1.  the exerted pressure
Supposing that the experiment discussed above, and represented by Figure 1, is
carried out at 450 °C, assess the pressure exerted on the system during the
experiment.
Use the data in Exc 2, and give the calculated pressure as an integer in decabar.
2.  the equilibrium constant of the ammonia equilibrium
Values are given for the equilibrium constant of the ammonia equilibrium, when

written as 0.5 N, + 1.5 H, = NHj3, as a function of pressure, at 450°C (Larson and
Dodge 1923; Larson 1924).
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¢ By extrapolation, determine K's value at zero pressure - and therewith the
value of the property AG® in Equation (10), referred to 1 bar.

P 10°K
atm atm”
10 6.595
30 6.764
50 6.906
100 7.249
K X NH,4

XX P

3.  Clausius-Clapeyron plot of Horstmann’s data

Make a Clausius-Clayperon plot (In P vs. 1/T) of the data in Table 2, pertaining to the
equilibrium NH4CI = NH; + HCI.

From the slope read from the plot, calculate AH°, the amount of heat needed to
decompose one mole of NH,Cl into NH; and HCI.

First, from Equation (24) derive the relationship between slope and AH’.

4. the equipment to be used

Starting from pure salammoniac (NH,CI), an investigator wants to realize and study
the equilibrium NH,CI (solid) = (NH; + HCI) (gas) under such circumstances that part
(the fraction «) of the NH; will be dissociated into N, and Ho.
e What kind of equipment the investigator is going to use (a cylinder-with-
piston, which can be controlled thermostatically and manostatically; or rather
a vessel-with-manometer, which can be controlled thermostatically)?
Clue. First find out if all mole fractions can be expressed in a. Then write down the
(f =M — N) system formulation.

5. three pure substances taking part in a reaction

Is it possible for three substances A, B and C to be present, each in pure form, in a
cylinder-with-piston at arbitrary temperature and arbitrary pressure, if they take part in
the chemical equilibrium

A+B=C,
which establishes itself at high speed?
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Professor Denbigh’s example from the zinc smelting industry

An equilibrium system consists of three phases: solid | (zinc oxide); solid Il (carbon);
and gas (containing the species Zn, CO, and CO,). The chemicals take part in two
independent reactions
ZnO +C=2n+ CO, and
ZnO + CO =2Zn + CO,.
e Determine the variance of the system, by writing down the (f= M — N) system
formulation.
e What is your selection of the “c” components in the sense of the phase rule?
¢ Repeat the exercise for the case that there is an additional phase of pure
liquid zinc.
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§ 101 DIFFERENTIAL EXPRESSIONS

Expressions of the kind MdX + NdY, here referred to as differential expressions,
play an important part in thermodynamics; sometimes they represent the total
differential of a function Z of X and Y; sometimes they do not.

the volume of the ideal gas as a function of T and P

The volume of one mole of ideal gas as a function of the two variables
temperature and pressure is given by the ideal-gas equation

V:V(P,T):ﬂ, (1)
P
where R is the so-called gas constant.
For any point in the PT plane there is a value for V and also for each of the partial
derivatives of V.
The first derivative of V with respect to T, when P is constant, and the first
derivative of V with respect to P, when T is constant, are

ﬂ = E and ﬂ - _ﬂ_ (2)
oT )p P oP ); p?
Differentiating the latter with respect to P, when T is constant, we obtain
o (8Vv oV  2RT .
=S| | == (3)
oP \oP);). oP P

and in the same manner
%V
—=0. 4
oT? @

When we differentiate (6V/0T)p with respect to P and (6V/oP)r with respect to T, we
obtain two identical results:

v (o (ﬂj __R_&v 5)
oPoT | oP \ aT ) P? oToP’

T

It is a general rule that in successive partial differentiation the result is independent
of the order of differentiation. Following Guggenheim (1950), we shall refer to this
property as the cross-differentiation identity. Generally, if Z is a function of X and Y,
then

*z  *Z

oXoY oYoX (6)
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Let us next consider, for the ideal gas example, changes in V caused by
changes in T and P. Infinitesimal changes first and then finite changes.
The change in V caused by the infinitely small change dT in T when P is constant,

i.e. the partial differential of V with respect to T, is given by
(dV), = [Z—\;) dT; the rate of change of V with T, multiplied by the change in T.
P

The total differential of V is the sum of two partial differentials

dv=[ﬂj dr+(ﬂJ dP; 7)
oT )p oP );
for the ideal gas
av=Rar - R gp. ®)
P p?

Changes in V caused by large changes in T and P are found by integration. For
example, the finite change in V corresponding to the route marked 1 in Figure 1 is
calculated as follows

0w < 17 (8o 12 [ o1 - o

P P P? P,
R, 1ysRr,[ L 1) R _RT, ©)
P P P) P PR

The same result is obtained for the route marked 2 and for any other route in the
PT plane. By the way, this example of integration is somewhat silly as we knew the
result beforehand: simply from V(B)-V(A) = V(T,,P,)-V(T+,P;) = RT,/ P~RT;/P;.

P
2
P, F————— B
1
PiFr————— 4
A | |

| |

| |

| |

| |

T, T, T

FIG.1.  Two different routes for integration

In thermodynamic practice, on the other hand, quantities often have to be found by
integration, starting from differential expressions of the kind M dT+N dP, where M
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and N are functions of T and P. The result of integration is only independent of the
route in the PT plane if the differential expression belongs to a function, say V, of T
and P. In that case M is the first partial derivative of V with respect to T and N the
first partial derivative with respect to P. If, indeed, such a function of T and P exists,
then the following condition must be satisfied

L F) o
oP ), \oT )p

This condition, often referred to as Euler's criterion for integration, is simply the
above mentioned cross-differentiation identity.

An example of a differential expression for which the result of integration
depends on the route through the PT plane is

RdT-RT 4p. (11)
P

Upon integration along the route marked 1 the change

P.

R(TZ—T,)—RTZIn—z (12)
P
is obtained; and along the route marked 2
P2
-RT,In=+R(T, -T,). (13)
P
As an observation, the expression
RT
RdAT ——dP
P

can be ‘integrated’, i.e. in the sense of yielding a function of T and P, when it is
multiplied by (1/P). In such case (1/P) is a so-called integrating factor. After
multiplication by (1/P) the expression reads

Rar-BL ap, (14)
PP

being the total differential of the volume of the ideal gas.

M dX+N dY is the total differential of a function Z(X,Y) if (6M10Y), = (dN/oX), ; this
property is referred to as cross-differentiation identity; every Z(X,Y) gives rise to
dZ = M dX+N dY, in which case M= (0Z/oX),and N =(0Z/dY),, not every
Md X+N dY gives rise to a Z(X,Y).
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EXERCISES
the ideal gas

For the ideal gas, taking V and T as the two independent variables, derive the first
and second-order partial derivatives of P.

o Verify that the cross-differentiation identity is respected.

o Repeat the exercise for T(P,V).

the Van der Waals gas

The Van der Waals gas is defined by the following so-called equation of state
a
[mpj (V-b)=RT,

where a and b are substance-dependent constants.
e Take V and T as the two independent variables and formulate the total
differential of P.

integration of different expressions along different routes

(A) and (B) are two differential expressions
(A)  2XY*dX +3X2y2 dY
(B)  2Y*dX +3XY?dY
(1) and (2) are two routes in the XY plane.
e Integrate (A) as well as (B) along each of the routes (1) and (2).
e What are your observations and conclusions?

A

@)

a simplistic method

A simplistic method of obtaining the total differential of the volume of the ideal gas in
terms of T and P is the following.

e First, define dV by {V (T+dT,P+dP) — V (T,P)}; then enter the two pairs of
coordinates (T+dT,P+dP) and (T,P) in V = RTIP, and at a certain moment,
replace 1/ (1+dP/P) by (1—-dP/P).

By the way, with the help of a pocket calculator it can easily be verified that for X—0

(1+X" > (1-X).
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An ideal gas contained in a cylinder-with-piston is transferred from state A(T+,P4) to
state B(T,P,); are the amounts of heat and work, "exchanged" with its
surroundings, independent of the route followed through the PT plane, going from
Ato B?

In the PT diagram, which is shown, A and B represent two states taken by
one mole of helium gas. The positions of A and B are selected such that
V(B) = V(A).

T, T,

In different experiments the system is brought from A to B along different routes.
These routes are marked by Roman numerals.

The first experiment is along route |, and the experiment is carried out as follows.
From A to C: the cylinder with its contents at T; is immersed in a thermostat
maintained at T, at constant external pressure P;; the experimentalist waits until
the piston has come to a stop. From C to B: the experimentalist gradually
increases, at constant thermostat temperature T,, the external pressure from P; to
Ps.

work

In part AC the gas in the cylinder is expanding: it has to perform an amount of
work on its surroundings. Or, in other words the surroundings extract an amount of
work from the system i.e. the gas in the cylinder. In part CB the gas is being
compressed: work is performed on the system; from the outside work is added to
the system.

In thermodynamic usage work added to a system is taken positive: the work
involved in part AC is negative and in part CB it is positive.
The amount of work added to the system is found by integration of -PdV:

AW:—IAB PdV . 1)
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The expression —PdV is simply force x distance = pressure x area x distance =
pressure x change in volume; the minus sign expresses the fact that when work is
performed on (added to) the system there is a decrease in volume. AW can be
calculated by substituting the total differential of the ideal gas («101):

aw=—[%RaT-BL 4p). @)
A 3
For route | this is
AW, =-R[”dT +RT, _[ledP:—R(T _T)+RT,In2 (3)
! T 2 P, P 2 1 2 P .

1

In the second experiment route 1l is followed, and the amount of work along this
route is

AW,,=—Rj;2%dP—RjT?dT=RT,|n%—R(T2—T,). (4)
1

We observe that, in spite of the fact that the two routes have the same initial and
final coordinates, the amounts of work are not equal: AW, = AW, . Obviously the
differential expression for — PdV, which is — RAT + (RT/P)dP, does not give rise to a
function (W) of T and P! Expressed in a thermodynamic manner: work is not a
function of state. Of course not: the differential expression does not obey the cross-
differentiation identity.

In the case of route Il the volume of the system does not change: there is no work
at all; AW, = 0. The experiment can be carried out by immersing the system - in a
closed vessel, and having temperature T; - into a thermostat set at T».

heat

From earlier findings it is clear that, in the case of route Ill, there is an intake
of heat: heat is flowing from the thermostat to the system, until the temperature of
the latter has reached T,. We denote this amount of heat by AQy, and, heat being
added to the system, it is positive.

If the experiments are carried out in such a manner that the amounts of heat are
measured - which is not easy - one can observe that the amounts, just like the
amounts of work, are different:

AQ # AQy # AQy, . ®)

And just like work, heat is not a function of state.
However...

First Law of Thermodynamics, energy as a function of state

By careful experimentation it can be shown that the sum of heat and work added to
the system is independent of the route followed from A to B!
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AQ + AW, = AQ, + AW, = AQ,, + AW, (6)

And this experimental fact is the First Law of Thermodynamics. In other words, the
sum of heat and work defines a function of state! This function of state is called
energy.
Therefore, the sum AQ+AW represents the difference in energy between the states
Band A

AQ+AW =AU=U(B)-U(A) . (7)

For infinitesimal changes we can write

dU=q+w. (8)

In this expression,q (instead of dQ) and w (instead of dW) underline the fact that
heat and work, in contrast to energy, are no functions of state.

The fact that energy is a function of state implies that it can be given as a
function of T and P, its total differential being

dU=(%j dr+[%) dP. )
ot )p P ).

Later on, we will read more about the differential coefficients (6U/0T)p and (6U/0P)r;
the latter, for instance, is zero for the ideal gas.

The SI unit of work, heat and energy is the joule (J). The thermochemical
calorie, which becomes more and more obsolete, is defined as

1caly,=4.184 J (10)

reversible changes

In the foregoing we used —PdV (or w = —PdV) to calculate the amounts of
work. In fact, this can only be done for experiments in which at any moment the
external pressure is equal to the (internal) pressure of the system. In such a case
the experiment can be reversed at any moment. One speaks of reversible
experiments, reversible processes, and they are indicated by the subscript 'rev'. So,
for reversible changes we have

dU=q,.,* Wrv =q,, —PdV. (11)

The equality dU = g + wis of general validity; no matter the degree of reversibility of
the change!
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When a system is transferred from A(T+,P;) to B(T,,P5) it exchanges heat and work
with the surroundings; the amounts of heat and work depend on the route followed
through the PT plane from A to B; the sum of heat and work, however, is
independent of the route (First Law of Thermodynamics); the sum, therefore,
represents a function of state: the energy.

EXERCISES
1.  q and the cross-differentiation identity

Show, a posteriori, that g = dU + PdV does not obey the criterion expressed by
Equation (101:10).
First substitute dU = (0U/0T), dT + (0U/6V)r dV.

2. units and conversion

Show that 1J equals 1 kg-mz-s'z; show, in addition, that volume can be expressed
in J- Pa™.What is the conversion factor of cm®atm to J?.

3. reaction between zinc and sulphuric acid

In a cylinder-with-piston, immersed in a thermostat at 25 °C, an amount of Zinc
(Zn) is made to react with dilute sulphuric acid (H,SQO,), the outside pressure being
1 atm.
e Calculate the work exerted (added to) the contents of the cylinder (=the
‘system’) per mole of generated hydrogen (H,, which may be taken as
ideal gas). Express the answer in joule and in liter-atm.
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§ 103 HEAT CAPACITY AND ENTHALPY

The significance is examined of heat taken by a system at constant volume and
heat taken at constant pressure.

heat at constant volume, and at constant pressure

Two experiments are examined, in which a given system, whose temperature
is T4, is immersed in a thermostat maintained at temperature T,, such that T, >T;.
There will be an intake of heat until the system has reached the temperature T».
The amount of heat is denoted by AQ and it equals the change of energy of the
system minus the amount of work performed on the system (<102)

AQ=AU-AW =AU+ [PdV. (1)

In the first experiment the volume of the system is kept at a constant value (dV=0);
there is no work and the amount of heat taken by the system is equal to the
increase of its energy

(AQ),=AU. (2)

In the second experiment the system is kept in a cylinder-with-piston under a
constant external pressure P,. In this case the heat taken by the system is given by

(AQ)p_p, =AU+P0jdv. (3)

According to this expression, Equation (3), the heat taken by the system at
constant pressure is needed to increase its energy and, at the same time, to
perform an amount of work on the surroundings.

At this point we observe that at constant volume the heat taken by the system
has the status of increase of a function of state - the energy.

It can be easily shown that, not only at constant volume, but also at constant
pressure the heat taken by the system has the status of (the change of) a function
of state. To do so, let us assume that in the second experiment the system is
transferred from the state A(P,, T;) to the state C(P,, T,). Then

C
(AQ)p_p, =AU +F, IA dV =U(C)-U(A)+P,(V(C)-V(A))
=U(C)+RV(C)-(U(A)+RV(A)). (4)
In words, the heat taken by the system is equal to the increase of (U+P,V), which
clearly has the status of function of state: it combines two functions of state U(T,P)

and V(T,P).
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The combination of the two state functions is a new function of state, which is the
enthalpy, symbol H :
H=U+PV. (5)

At constant pressure, therefore, the heat taken by the system is equal to the
increase of its enthalpy:
(AQ)r = AH. (6)

heat capacity at constant volume, and at constant pressure

The quotient of the amount of heat taken by a system and its increase of
temperature is referred to as the heat capacity of the system. A distinction is made
between heat capacity at constant volume, symbol Cy, and heat capacity at
constant pressure, Cp.

The heat capacity at constant volume is defined as

. AQ
Cy =limy, 70 ﬁ (7)

The infinitesimal change which is meant in this expression can be indicated, as
(AQ)y=AU, as the change of energy due to an infinitesimal change in temperature
at constant volume. Briefly formulated, therefore,

ou
c :[a_ij. (®)

Similarly, the heat capacity at constant pressure is identical with the partial
differential coefficient of the enthalpy with respect to temperature under the
condition of constant pressure:

oH
c :[a_TjP. (©)

There is no special name for the (Sl) unit of heat capacity. Heat capacities,
therefore, are expressed in joule per kelvin, J-K'. One can speak of the heat
capacity of (a part of) an experimental set-up, a quantity expressed in J-K™. When
dealing with materials one can use either specific or molar heat capacities. Specific
heat capacity is heat capacity divided by mass, a quantity expressed in J-K".kg”
(or JK'-g" if one likes).

In this text we, invariably, will use molar heat capacities, which are expressed
in J-K"-mol.

The molar heat capacity has the same dimension as the gas constant R. For
that reason it is occasionally preferred to display, e.g. in tables, Cp / R rather than
Cp values.
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The heat taken by a system at constant V is equal to its change in energy, which is
a function of state; the heat taken by a system at constant P is also the change of a
function of state; the latter is the enthalpy H, which is defined as H = U + PV; the
heat capacities at constant volume and at constant pressure are Cy = (0U | oT)y
and Cp = (6H/ aT)p

EXERCISES
1.  aclassroom calorimeter

A 750 Watt (=J's'1) immersion heater is part of a simple classroom calorimeter system
and is used to determine the heat capacity of the set-up. In an experiment the heater
was switched on for 120 seconds, as a result of which the temperature increased
from 19.60 °C to 28.65 °C.

e  Calculate the heat capacity of the set-up.

2.  adrop calorimeter

In a drop calorimeter a piece of 100g of copper (Cu; 63.5 g-mol") having a
temperature of 800 K is made to drop in a thermally insulated container with water
and ice having a temperature of 0 °C. Thereafter the temperature is still 0 °C and a
measurement reveals that the mass of ice has decreased with 64.80 g.
e Calculate for copper the value of (Hr — H,z3); for T = 800 K, and expressed in
kJ-mol™. The heat of melting of ice is 333.5 J-g".
e What is the mean specific heat capacity of copper in the interval
273.15< T K <8007

3. acycle passed by a monatomic gas
One mole of a monatomic ideal gas, for which C, = Cy, + R = 2.5 R, passes the

indicated cycle in a reversible manner.
e  For this cycle, complete the Table 1.

P
state P /atm V/dm® TK
B C A 1 298
3

2 B 596

| A B C 2

1
! T Table 1
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e  For each step (1, 2, 3) and the complete cycle (1+2+3) calculate Grey, Wrey,
AU, and AH.

heat at constant pressure

Ignoring the contents of this section, however knowing that q., = dU + PdV (which
implies that (gr,)y = dU ), show that when a function of state H is defined such that
H = U + PV it will have the property that its change at constant pressure is equal to (is
caused by) the heat added to the system.

choice of zero point

Suppose you wish to assign the value of zero J-mol” to the enthalpy of gaseous
oxygen for the conditions 1 Pa and 25 °C.
e |fso, what is the energy of 1 mol of gaseous oxygen at 1 Pa and 25 °C.
e Repeat the exercise, changing ‘gaseous oxygen’ into diamond, for which
V'=3.417 cm® mol”.

heat added to silver bromide

For the substance silver bromide, AgBr, at P = 1 bar, the (molar) heat capacity in the
range 298.15 < T K < melting point = 703 K is given by

Cpr = {33.169 + 6.4434 x 102 (T K)} J-K"mol". The (molar) heat of melting of the
substance is 9.2 kJ-mol™.

e At 1 bar pressure, 1kJ of heat is added to a vessel containing 1 mol of silver
bromide and originally having a temperature of 300 K. Calculate the
temperature that will be reached by the system (vessel + contents). The heat
capacity of the empty vessel is 20 J-K™.

e Calculate for liquid silver bromide and for T = 703 K the value of
Hf —H3g /T, which is a quantity appearing in tables and in which the

superscript o refers to P =1 bar.
an interpolation formula for Cp for diamond

An interpolation formula for Cp datais Ce(T) =a + bT + cT?+dT " +eT 2
When fitted to experimental data for diamond, for P = 1 bar and 298.15 < T /K < 1800,
the constants take the following values (Robie et al. 1978) - when expressed in SI
units and per mole.

a=98.445; b=-3.6554x10"% c=1.0977x10%;

d =-1.6590x10% e = 1.2166x10°

e  For the validity range of the formula, make a plot of Cp versus T.

e Make an estimate, in kJ-mol™, of the area under the curve.

e Calculate for one mole of diamond, at 1 bar pressure, the value of

{H(1800 K) — H(298.15K)}.
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§ 104 THE IDEAL GAS,
EXPANSION AND COMPRESSION

For the ideal gas the dependence of energy on volume is examined.

Joule’s experiment

When a gas in a cylinder-with-piston is made to expand, it has to push away
the air above the piston (Figure 1, left). In other words, it has to perform an amount
of work. If the gas were made to expand in an evacuated space, then there would
be nothing to push away and, therefore, there would be no work to perform (Figure
1, right; when the lower clamps are removed, the piston will smash onto the upper
ones!).

= —
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=/‘$

L e L AR
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FIG.1. Expansion of a gas. Left: against air. Right: ‘against’ vacuum

Similarly, in the case of the twin vessel (Figure 2) with an evacuated right-hand
compartment: after opening the tap, the gas in the left-hand compartment will
expand without having to perform work.

FIG.2. Sketch of the twin vessel used by Joule in his experiment

In 1843 James Prescott Joule (1818-1889) studied the expansion over
vacuum in a twin set-up immersed in a calorimeter bath. He measured the
temperature of the bath before and after the opening of the tap. And, for the
conditions of his experiment, he was not able to detect any change in temperature.

Today it is known that this result is valid for the ideal gas. A real gas, on the
other hand, will, as a rule, produce a small effect.
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For the ideal gas the outcome of Joule’s experiment corresponds to a number

of important properties. These properties come down to the principle that the
energy of the ideal gas is independent of the extent of the space it occupies.
The discussion of the experiment is as follows. Because AW = 0, AU equals AQ.
The experiment reveals that the latter equals zero; if not, there would have been a
change in temperature. As a result AU equals zero: the energy of the ideal gas, all
other things being unchanged, does not depend on volume. One of the other
things, which did not change during the experiment, is the temperature of the gas.
For that reason one can also say that the experiment reveals that at constant
temperature the energy of the ideal gas is independent of the volume it occupies —
or, in other words, independent of its pressure:

[auj =o;(auj =0. (1a,b)
ov ), oP ),

Otherwise expressed, the energy of the ideal gas is a function of temperature only:
the partial differential coefficient (6U/0T)y, which is the heat capacity Cy, reduces to
the ordinary differential coefficient dU/dT.

The enthalpy of the ideal gas is H = (U + PV) = U + RT, and clearly, like U,
dependent on temperature only. Therefore, (6H/0T)g, which is the heat capacity Ce,
reduces to dH/dT. And, dH/dT = d(U+RT) / dT = dU/AT + R = Cy + R. For the ideal
gas the relation between C, and Cp is

Cr=Cv+R. 2)

isothermal expansion

When the ideal gas is made to expand at constant temperature (cylinder-with-
piston in thermostat) it will have to take heat from the surroundings (the
thermostat): the energy does not change, so that in the case of a reversible
experiment 0 = qrev+ Wrey = qrev _PdV’ or, qrev = PdV

adiabatic expansion

When the ideal gas is made to expand such that it cannot take heat from the
surroundings (cylinder-with-piston provided with perfect thermal insulation), then
the work to be performed is at the cost of its energy: the gas has to lower its
temperature. Therefore, for g = 0, dU is equal to w,,; or CdT =—PdV =—RT/V) dV.
After rearrangement, (C,/T)dT = H(R/V)dV, or C,dInT = -RdInV
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a cycle

Let us now consider a cyclic experiment, see Figure 3, in which one mole of

ideal gas first isothermally is expanded from A to B at T = T,, then adiabatically
from B to C (where the temperature has become T,), next at T = T, isothermally
compressed to D and finally adiabatically from D to A. Back in its original state A
the energy of the gas is the same as it was before: the work performed by the gas
during the cycle is equal to the net amount of heat taken by the gas.
The heat taken (from a reservoir) at T; follows from q,,, = PdV = (RT;/ V) dV and is
given by RT; In(Vs /V,). Similarly, the heat given off at T, corresponds to
RT, In(Vc /Vp). And because Vg /V, = V¢ /Vp, the net amount of heat is
R (T; = T) In(Vg /V,). In terms of Figure 3, and from w,, = —P dV, the amount of
work performed curing the cycle (given by R (T;— T,) In(Vs/V,)) corresponds to the
area enclosed by the four curves.

P/bar
6 L A
[]- 25000Pa
*1 R 25J
4 L
2 L
B C
O 1 1 1 5
0 10 20 30 Vidm

FIG.3. The ideal gas is made to pass through the cycle ABCDA

When traversed repeatedly, the cycle - the famous Carnot cycle (Carnot 1824) -
represents an engine in which heat is transformed into mechanical work. If we
suppose that T, corresponds to ambient temperature, we may observe that the
heat given off at T, is ‘useless’. On the contrary, ‘expensive’ heat is needed to bring
the other reservoir at T; and to maintain it there while the engine is taking the heat
away. Therefore, the work R (T; — T>) In(Vs /V,) performed by the engine is at the
expense of the heat R T, In(V /V,). The efficiency n of the engine, as a result, is

T‘I _T2:1_ T/DW. (3)

r’ =
T1 T high
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The most important observation is that a difference in temperature is needed to
operate an engine such that heat is transformed into mechanical work (one cannot
run an engine just by withdrawing heat from a reservoir at ambient temperature!).

When the Carnot cycle is traversed in a counterclockwise sense mechanical
work is used to take up heat from a low temperature reservoir and to give off heat
at a higher temperature (heat pump).

expansion coefficient and compressibility

To end this section, the definitions are given of the cubic expansion coefficient o
and the isothermal compressibility «.

oz:l v ; and K‘=—l v , (4a, b)
ViaT ), V\aoP ),

where the minus sign is necessary to have positive values for «.

The energy of the ideal gas depends on temperature only; its heat capacities are
related as Cp = Cy + R; when compressed at constant temperature, the ideal gas
will give off heat; when the ideal gas is made to expand in a thermally insulated set-
up, its energy is lowered and as a result its temperature; it is impossible to
construct an engine such that heat is taken from a single reservoir and converted
entirely into mechanical work.

EXERCISES

1. a simulation of isothermal compression

In an experiment the isothermal compression of the ideal gas can be 'simulated' as
follows. A cylinder-with-piston containing argon is immersed in a vessel with about 7
kg of water. The external pressure is 1 bar. The system is thermally insulated and
when thermal equilibrium is reached the temperature of the system is 25.000 °C and
the volume of the gas in the cylinder 1 dm>. Next the gas is compressed reversibly
until its pressure is 2 bar.
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Calculate:

e the amount of gas;

e the work performed on the gas;

o the slight increase in temperature of the water in the vessel.
The heat capacity of the whole set-up is 34.65 kJ- K.

2. adiabatic compression

In a thermally insulated cylinder-with-piston 1 mole of an ideal gas, with C, = 1.5R,
and originally having a temperature of 25 °C, is compressed to 20% of its original
volume.
Calculate the temperature the gas will assume, considering the following two cases
e The heat capacity of cylinder and piston, i.e. the heat capacity of the set-up
when empty, is neglected.
e The heat capacity of cylinder and piston is taken into account, its value being
C=500J-K".

3. adiabatic compression of helium

One mole of helium (He, with Cp = 2.5 R) contained in a cylinder-with-piston is
reversibly and adiabatically (g, = 0) compressed from the state A (298.15 K; 1 bar) to
the state B (T; 10 bar).
e Calculate the temperature the gas will have in state B (all heat capacities
except that of the gas itself may be ignored).
e Make a graphical representation of the trajectory - from A to B - of the gas in
the PT plane.

4. expansion of a Van der waals gas

For a Van der Waals gas («101:Exc 2) the differential coefficient (60U / oV)r is given
by a/V?
In a Joule-like experiment one mole of nitrogen is made to expand over vacuum, at
25°C, from V,; =1 dm°to V, =2 dm®.
e Calculate the change in temperature. The heat capacity of the set-up is
14 kJ-K'; take a = 0.14 Pa- m® mol’®.

5. volume quotients for a cycle
Prove that for the cycle ABCD in the PV plane (with isotherms AB at T, and DC at T,

and adiabatics AD and BC) for the ideal gas the following equality is valid
VB/VA = Vc/VD..
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an equation for an adiabatic

The equation for an isotherm in the PV plane for the ideal gas is, in its most
elementary form, P - V = const.

e Derive a similar equation, i.e. P.V* = const., for an adiabatic in the PV plane
for the ideal gas.

. Prove that two adiabatics cannot intersect one another.

ideal gas, expansivity and compressibility

Derive the equations for the cubic expansion coefficient « and the isothermal
compressibility x for the ideal gas.

Show that, generally,
(%)
P )y \oT ),

and, in addition, that for the ideal gas this identity comes down to 0 = 0.

isothermal compression of Van der Waals gas

The isothermal compressibility of the van der Waals gas x., Can be given as

Kvaw = Kp (1 + correction term), where xp is the isothermal compressibility of the ideal
gas.

e Derive an expression for the correction term.
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§ 105 CHEMICAL ENERGY

In a closed, strong vessel - fully isolated for the transfer of heat and work - a
mixture of hydrogen and oxygen is made to react, to change into water. There is
an increase in temperature; the significance of this fact is assessed in the light of
the law of conservation of energy.

a chemical reaction in an isolated system

If a system is completely isolated from the surroundings such that there is no
transfer of heat to or from the system and there is no work performed on or by the
system, then its energy will not change. This property is called law of conservation
of energy.

That having remarked, we consider the case of a strong vessel, which is
isolated from the surroundings, and in which a mixture of hydrogen and oxygen is
made to react (by means of a built-in time mechanism).

After the reaction
2H, +0O, - 2H,0

the temperature of the system has increased - an experimental fact which can
easily be demonstrated. And, in spite of the increased temperature, the system still
has the same energy. The explanation behind this apparent contradiction is in the
existence of chemical energy.

chemical energy

The combination of the chemicals hydrogen and oxygen represents an
amount of energy that can be released by their reaction to water. And the energy,
which is released by the reaction, is stored in the experimental set-up (the vessel,
and in it the water which is formed) as a result of which the temperature increases.
It is like heat added from the outside to the system. And when the reaction is
carried out in a set-up of known heat capacity (a calorimeter) the increase in
temperature straightforwardly yields the heat effect (the heat effect of the reaction).
At constant volume and referred to 25°C the heat effect of the reaction of two mole
of hydrogen and one mole of oxygen to produce two mole of water is —564 kJ:

2 molH,+ 1 mol O, — 2mol H,O ; heat effect -564 kJ
or 1 mol H, +1/2 mol O, - 1 mol H,O ; heat effect —282 kJ

or, after division by ‘mol’,

2H, + 0O, » 2H,0; heat effect =564 kJ-mol™
and H, +1/20, » H,O: heat effect -282 kJ-mol™.
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The heat added to a system at constant volume represents the change in
energy;
Hy +1/20; - H,O; AU=-282kJ- mol™.

In this case therefore the heat effect of the reaction is the reaction energy AgU:

ARU = Uy o —Uy, ~1/2 Uy, = —282kJ mol” (at 25°C).

If the reaction is carried out at constant pressure - in a cylinder-with-piston
situation - then the heat effect of the reaction is the reaction enthalpy AgH:

AgH =Hy o —H,y,, —1/2H,.

Referred to 25 °C and 1 bar the enthalpy of reaction has the value of —286 kJ-mol™.
In most cases we will use reaction enthalpies rather than reaction energies.

And whenever the therm heat of reaction is employed it will have the meaning of
reaction enthalpy.

Hess’s law

Let us next suppose that the water, which is formed, subsequently is
decomposed into hydrogen and oxygen.

Hzo —> H2+ 1/2 02.

The energy effect of this reaction (R') referred to 25°C, must be +282 kJ-mol™, i.e.
the reverse of the effect of the reaction in which H,O is formed:

Ap U=U,, +1/2Uq, - Uy =~AgU=+282kJ mol™.

And it is clear that the same characteristic holds true for the enthalpy effect - the
heat of reaction at constant pressure

An H=-AgH=1286kJ mol™.

From this line of argument is naturally follows that the heat effect of a
reaction, carried out at constant volume or carried out at constant pressure, is
independent of the fact whether the reaction is carried out directly or in a number of
steps.

It goes without saying that this general fact, which was formulated in 1840 by
Germain Henri Hess (1802-1850), is of vital importance in thermochemistry.
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According to Hess's law heat effects of chemical reactions can be added and
subtracted like the reactions themselves. As an example, we take the heat effect of
the reaction of graphite (C) with oxygen to carbon monoxide. The effect which is
relatively difficult to measure, because of the simultaneous formation of carbon
dioxide, follows from the heat effects of the reactions (of graphite and carbon
monoxide) with oxygen to carbon dioxide:

AH(25 °C; 1 bar)

(kJ-mol™)
C+ 0O, - CO, -393.51
CO, - CO+%0, +282.98
cC+%0, —» CO -110.53

enthalpy of formation

The enthalpy effect of the formation of 1 mole of CO out of graphite and
oxygen is —110.53 kJ. In thermochemical terminology this effect is named
enthalpy of formation (from the elements), Ad; in this case the enthalpy of
formation of carbon monoxide AfHco.

Enthalpies of formation play an important part: the heat effect at constant
pressure of any reaction is known if the enthalpies of formation of all of its reactants
and products are known.

Chemicals represent amounts of energy - revealed by the heat effects of chemical
reactions. Heat effects of chemical reactions sum up like the reactions themselves.

EXERCISES
1. formation of liquid water

In the text, while considering the reaction
H,+ %0, - HO,
the reaction energy was given as —282 kJ-mol™ at 25 °C and the reaction enthalpy
as —286 kJ-mol ™ at 25 °C and 1 bar.
e Are these two values mutually consistent, and wasn't it necessary to give a
pressure indication for the reaction energy as well.
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formation of gaseous water

The enthalpy of formation of liquid water at the normal boiling point of the substance,
rounded to kJ:mol™, is —284 kJ-mol”. Under the same conditions the enthalpy of
vaporization is 41 kJ-mol™.
o What is the enthalpy of formation of gaseous water at the normal boiling point
of the substance?
e  What is for liquid H,O the rounded value of A[Cp?

reaction between graphite and carbon dioxide

From {C(graphite) + CO, — 2 CO} (25 °C; 1 atm); AH = +172.8 kJ-mol”
calculate, for the same reaction and under the given circumstances, the numerical
values of

e the heat taken by the ‘system’;

o the work performed by the system;

e the energy change, AU.
The density of graphite is 2.26 g-cm™.

enthalpy of formation

How is defined a substance's AfHZ,, ?
Starting from the value for AfH2%, one wants to calculate for ethanol the value of

AH 3y, . What information is needed?

reaction between hydrogen and chlorine

In a thermally insulated vessel of constant volume an equimolar mixture of hydrogen
and chlorine is made to react.

e Show that for this isolated system the enthalpy, in contrast to the energy,
undergoes a change.

formation of magnesite

At 1 bar and 25 °C the heat of formation from the oxides (AnxH) of magnesite
(magnesium carbonate, MgCO;) is —118.28 kJmol" with an uncertainty of
1.30 kJ-mol™* (Robie 1978).

e Calculate magnesite’s heat-of-formation-from-the-elements, using the heats

of formation of MgO and CO,, which are for 1 bar and 25 °C.
A¢Hpygo =—601.49 kJmol” and A;H¢o, =—393.51 kJ-mol™.
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7. standard formation energies
Using the data given below, calculate the standard (298.15 K; 1 bar) formation

energies of graphite (C, solid), silicon (Si, solid), oxygen (O, ideal gas), carbon
monoxide (CO, ideal gas), carbon dioxide (CO,, ideal gas) and quartz (SiO,, solid).

substance Volume standard enthalpy of formation
m*mol” kJ-mol”
graphite 5.298x10° 0.000
silicon 12.056x10° 0.000
oxygen RT/P 0.000
carbon monoxide RT/P -110.530 £ 0.170
carbon dioxide RT/P -393.510 £ 0.130
quartz 22.688x10° —-910.700 + 1.000

8.  acetic acid from methanol and carbon monoxide

With the help of a catalyst, gaseous methanol and carbon monoxide can be made to
react to gaseous acetic acid. An appropriate temperature is 500 K.

Use the set of data given below to calculate, for standard pressure (1 atm), the value
of the heat effect of the reaction at 500 K.

(a) (b) (c) (d) (e)
substance T AH 298 CP 208 AHpr Cor?
(K) (kdmol”) | (K'mol™) | (kJmol") | (K" mol™)
methanol 338 7257 81.6 353 44
mcoanrs)‘(’i';e 81 ~283.0 29.1
aceticacid | 391 —874.4 123.4 44.4 67

(a) normal boiling point;

(b) heat of combustion, to H,O and CO,, referred to 298.15 K;
(c) standard heat capacity;

(d) heat of vaporization at normal boiling point;

(e) heat capacity of vapour at normal boiling point.
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combustion of benzoic acid

The heat of combustion of benzoic acid (C¢HsCOOH; melting point 122.4 °C; heat of
melting 17.3 kJ~moI'1) to CO, and H,0, referred to 25°C and 1 bar, is —3227 kJ-mol ™.
e Calculate the enthalpy of formation of the substance, referred to 25°C and 1
bar and rounded to kJ-mol™.
e Estimate the heat of combustion of liquid benzoic acid at the melting point of
the substance and 1 bar.
The necessary data, as far as they are not given here, can be found at other places in
this section.

a reaction in a bomb calorimeter

In a bomb calorimeter system, having a heat capacity of 15.25 kJ-K", 1960 mg of a
liquid organic substance with molecular formula C,H,0, was combusted to CO, and
H,0 as a result of which the temperature of the system increased from 20.465 °C to
22.339 °C.
e Calculate the molar heat of combustion of the substance. Which value will be
found in the thermodynamic tables for the substance's A H® ?
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An infinitesimal amount of reversible mechanical work, Wiy, is given by the product
of the mechanical potential P and the change of a function of state (dV);
(ana)logically, it is not foolish to ask the question "is q, then, the product of the
thermal potential T and the change of a certain function of state?".

a new function of state

Let us consider again a system which is one mole of ideal gas and let it be
transferred in a reversible manner from some point A(T4, P4) in the PT plane to
another point B(T3, P»).

In terms of temperature and pressure the work to be performed on the system
follows from

Wrey=—PdV=—RdT +(RT/P)dP. (1)

And the change of its energy simply from («104)

dUu=C,dT. @)

Now, for the heat taken by the system we have

q,.,=dU-w,, =(C, +R)dT —(RT/P)dP
= C, dT —(RT/P)dP. )

The amount of heat taken during the finite change from A to B depends on the
route followed through the PT plane: the differential expression does not obey the
cross-differentiation identity.

Suppose now that we were curious to know, for the transition from A to B, the
integrated effect of g, /T: the sum of every small amount of heat taken divided by
the temperature of the system at the moment of take up.

In the case of the ideal gas our curiosity can be gratified without delay: from the
above expression for gy, it follows

Gev _ Cogr _Ryp. (4)
T TP

And we discover that this is a differential expression that obeys the cross-
differentiation identify (be it in the form 0 = 0, but nonetheless). Or, in other words,
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I i % is independent of the route followed
=Cp In Tz_ R In% = the change of a function of state! (5)
1 1

What we ‘discover’ easily for the ideal gas, is a truth of general validity. It is
the Second Law of Thermodynamics and it expresses the general experimental
fact that for reversible changes the heat divided by the thermodynamic temperature
does - unlike the heat itself - correspond to the change of a function of state. The
name of this function is entropy and its symbol S. The Second Law therefore states
that when a system is transferred from state A to state B

B qrev _ B _ _ .
jAT_jAds_sB Sy (6)
in words: the integral over reversible heat divided by temperature is equal to the
change of a state function of the system; that state function is the system'’s entropy;

and the change, accordingly, is the difference in entropy between the states B and
A

The designation entropy was introduced by Rudolf Julius Emmanuel Clausius
(1822-1888); Clausius (1854, 1865)

Entropy is a many-sided quantity which appeals to one's imagination. The
remaining part of this chapter is meant to give just an idea of its fascinating
characteristics.

absolute entropy

As an example of a system, whose entropy is raised by supplying heat to it in
a reversible manner, we take one mole of mercury of which the temperature is
raised from the absolute zero to 25 °C, at 1 bar pressure. The change in entropy
consists of three parts, three contributions:

i !
S (298.15K) - S (0K) = [~ Ce (S<T>|Id,T) 4T+ 2325213 . ]
298.15K CP (liquid, T) : (7)
| TS T) g7
234.29K T

=75.90J K™ -mol™.

From the absolute zero to 234.29 K mercury is solid; the heat added to the
substance is needed to raise its temperature - the relation between heat added and
increase in temperature just is q., = Cp dT , and dS = (Cp/T) dT. The second
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contribution comes from the heat needed to change the substance from solid to
liquid. The change from solid to liquid is an isothermal event: the change in entropy
is equal to the heat of melting divided by the melting point temperature. The third
contribution is related to the heat needed to increase the temperature of liquid
mercury from its melting point to 298.15 K

It is a fortunate fact that for mercury and all other substances the entropy at
zero kelvin can be put at zero! This important fact is rooted in the Third Law of
Thermodynamics - also referred to as the Heat Theorem named after Walther
Nernst (1864 - 1941). The Third Law expresses the general property of matter that
entropy changes - such as the change involved in the transition from solid to liquid,
or the change involved in a chemical reaction - become zero at the absolute zero of
temperature

”mT/K‘)o AS =0. (8)

According to this property it is not possible to detect - in the vicinity of zero kelvin -
any entropy differences between substances. Therefore, one might just as well
follow Max Planck (1858-1947) and say that the entropy of every substance is zero
at zero kelvin. In other words, there is a ‘natural zero point’ for the entropy, and the
entropy value of a substance to appear in tables is given by

sr=T)=[" = (©)

T=0K T

and referred to as the absolute entropy of the substance. The absolute entropy of
mercury at 25 °C and for 1 bar pressure is 75.90 J-K™":mol™.

microscopic interpretation

An isolated system (U constant, V constant), from a macroscopic point of
view, does not undergo any changes. Microscopically, however, it is constantly
changing due to the changes of the positions, the velocities and the orientations of
the molecules as well as their internal motions. The system, therefore, possesses
an enormous number of microscopically different ‘configurations’. The relation
between the number W of microscopic configurations and the entropy of the
system is

S=kinW, with k=R/N,,, (10)

which is called the Boltzmann relation, after Ludwing Boltzmann (1844-1906). The
Boltzmann constant k is the quotient of the gas constant and Avogadro's number.
The determination, in practice, of the number of microscopic configurations is not
an easy job and in this text we will use the Boltzmann relation only in the form

AS=—""nWs (11)
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where a and b represent two situations for which, all other things being equal, the
W values easily can be compared.

As an example we examine the dependence-of-the-entropy-on-volume of the
ideal gas at constant temperature (= constant energy). The difference in entropy
between situation b with volume V, and situation a with V, follows from Equation

(4):

AS:—RIn&:RInﬁ. (12)
Pa Va

The microscopic derivation of this relation is as follows and it is based on the
positions of the molecules in space. The space in which the gas is contained can
be divided in a number of small boxes, having the same, fixed volume. The number
of the possible positions in space of a single molecule is equal to the number of
boxes. That number is proportional to the volume of the system, say a times V.
Then, for two molecules the number of configurations is (aV) x (aV): each position
of the first molecule can be combined with all positions of the second. For Ng,
molecules the number configurations is (aV)"*" and substitution of this number in
Equation (11), for the two situations a and b, directly gives the result contained in
Equation (12).

The exact formula for the entropy of the monatomic ideal gas, obtained by
statistical thermodynamics, see e.g. Hill (1960), is the following

S=RIn (13)

2nmkT \ *? kT e 52
h? P |

It is called the Sackur-Tetrode equation (Sackur 1913; Tetrode 1912). In this
equation m represents the afomic mass, k the Boltzmann constant and h the
Planck constant, while e is the base of the natural logarithm. After substitution of
the numerical values of the fundamental physical constants and replacing atomic
mass by molar mass M, the following formula is obtained

S= ERIn L +§Rln(z]—Rln(ﬂ]+20.73 R. (14)
2 kg'mol'1 2 K Pa

spontaneous changes in isolated systems

Suppose we have a space of given volume of which the lower part contains
an amount of ideal gas; see Figure 1. It is clear that this is a non-equilibrium
situation and it is also clear that the gas spontaneously will start to take all of the
available space. After the spontaneous change, the manometers connected to the
system will indicate a uniform pressure. And, moreover, if the system remains
isolated (U,V constant), the pressure indicated by the manometers will not change
anymore. From the foregoing, it is evident that during the spontaneous change the
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entropy of the gas increases. The gas reaches an equilibrium situation at which the
entropy is maximal.

FIG.1. In an isolated system a spontaneous change is accompanied by
an increase in entropy

It is a general experimental fact that a spontaneous change in an isolated
system goes together with an increase of entropy (there is no law of conservation
of entropy!). Otherwise expressed, the equilibrium situation of an isolated system is
the state at which the entropy is maximal. These two statements are contained in
the expression

(dS)yy 0. (15)

Another example of a spontaneous change for which (dS)yy > 0, is the
experiment considered in the very first part of this work (—001). Two twin bodies
with temperatures of T+ AT and T — AT are put into contact, as a result of which
they reach (U, V constant) the same temperature T. To calculate the change in
entropy, one can ‘simulate’ the change by a reversible experiment (why not?: the
entropy is a function of state and its change is determined by the ‘coordinates’ of
initial and final state). Heat has to be withdrawn from the hotter body, the body with
T + AT, to bring it to the temperature T. The (negative amount of) heat added to the
hotter body is

.
CIHAdT:C-(—AT):—C-AT, (16)

where C is the heat capacity of the body. Similarly, the heat taken by the colder
body is +C AT. The sum of the entropy changes of the two bodies is

cjrﬂwjr a7 _em " s om_T_

T+a T T-aT T T +AT T -AT
2 2
=ClIn r =Cliln T . (17)
(T +AT)(T —AT) T2—(AT)2

And because T2 > (T? - (AT)?), the entropy change, again, is positive.
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Indeed, g is the product of T and the change of a function of state - the Second
Law; that function of state is the entropy (S); the entropy has a ‘natural’ zero point
(substances have zero entropy at zero kelvin); through the Boltzmann relation,
S = k InW, the entropy stands into relation to the number of microscopic
configurations; spontaneous changes in isolated systems are characterized by an
increase in entropy.

EXERCISES
1. absolute entropy by graphical integration

Calculate by graphical integration the absolute entropy of diamond at 298.15 K from
the heat-capacity values (De Sorbo 1953), which are given hereafter at intervals of
25 Kfrom T=25K to T=300 K. The unitis calth-K'1-moI'1(Equation 102:10).

0.0012 0.0054 0.0203 0.0590 0.1295 0.2391
0.3829 0.5584 0.7653 0.9884 1.2319 1.4805

2. absolute entropy of liquid sodium chloride

For the substance sodium chloride (NaCl, halite) the following information, valid for 1
bar pressure, is given (Robie 1978).
The absolute entropy at 25°C is 72.12 J-Kmol™.
In the range from 25 °C to the melting point, which is 1073.8 K, the heat capacity is
given by Cp(T) = [45.151 + 1.7974x102 (T /K)] J-K"mol ™.
The heat of melting is 28158 Jmol™.

e  Calculate the absolute entropy of liquid sodium chloride at 1073.8 K.

3. gaseous mercury and the Sackur-Tetrode equation
In the thermodynamic table (Robie 1978) for mercury (Hg, M = 200.59 g-mo|'1) the

following data are found for the entropy and heat capacity of the gaseous form at 1
bar pressure.

T(K) S (K" mol™) Cr (J-K"mol™)
629.0 (boiling point) 190.49 20.79
1000 200.12 20.79
1800 212.34 20.79

e Are these data in conformity with the Sackur-Tetrode equation?
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4. orientations up and down

Calculate AS = (R/N) In(W, /W) for the following situations, (a) and (b), which differ in
the orientations of N units on N lattice sites.

(a) all units have the orientation ‘up’;
(b) independent form the orientations of its neighbours, each unit has either the

orientation ‘up’ or the orientation ‘down’.

5. substitutional disorder of red and blue molecules

Calculate AS = (R/N) In(W, /W,) for the following situations (a) and (b):

(a) (1-X) mole of ‘red’ molecules contained in a lattice with (1-X) N sites and X mol of
‘blue’ molecules contained in a lattice with X - N sites;

(b) (1-X) mole of red molecules and X mol of blue molecules randomly distributed

over a lattice with N sites.

Make use of Stirling's formula In(N!) = N-InN-N. By the way, the lattice characteristics

invariably are the same.

6. cylinder with internal piston and entropy

A cylinder of constant volume and containing an internal piston, which can be set at
various positions, is immersed in a thermostat. The left-hand compartment, as well as

the right-hand compartment, contains 1 mole of ideal gas.

— Position of piston
0 4 8 12 16

1 mole 1 mole

e For 4 < position < 12, make a plot of entropy versus position of piston.
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uniform pressure at maximum entropy

A two-compartment cylinder with movable piston is kept at constant temperature. The
left-hand compartment contains n, mole of ideal gas and the right-hand compartment
n, mole.

e  Show that maximal entropy corresponds to P; = P, i.e. equality of pressure.

ns Py V4 n, P> Vs

two vessels with helium in thermal contact

In a box, provided with material for thermal insulation, a vessel, of constant volume V,
with a square cross-section and filled with 1 mole of helium having a temperature of
T + |AT] is placed against an identical vessel with 1 mole of helium and having a
temperature of T — |AT]. As a result, the two vessels with their contents
spontaneously reach a state of equilibrium at temperature T.
e  Starting from the Sackur-Tetrode equation, derive an expression for the
increase, AS, of the sum of the entropies of the two amounts of helium.

supercooled water made to crystallize

One mole of water having a temperature of -5 °C is, at atmospheric pressure, made
to crystallize, as a result of which the temperature rises to the equilibrium value of
0°C.

e  Calculate the entropy effect of the spontaneous change.

e Which fraction of water will crystallize?
Rounded values for the heat capacity of liquid water and the heat of melting of water
are 75 J-K™:mol™ and 6 kJ-mol™, respectively.
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The differential expression dU = TdS — PdV, obtained by combining the First and
the Second Law, corresponds to energy as a function of S and V; auxiliary
thermodynamic quantities are introduced to replace S and V by variables that are
more convenient from an experimental, and phase-equilibrium point of view.

fundamental equations

Following the ‘natural’ route, which starts with the findings of the First Law

dU=q,,, *Wrv =9, —PdV, (1)

and then includes the Second Law
q,, =1dS, (2)

we obtain the following expression for the change of energy in reversible changes
dU=TdS -PdV. (3)

From a point of view of mathematics this is just a fotal differential of a function U
whose variables are S and V. A fact which implies that T = (6U/6S), and
P = —(0UloV)s, and, by the cross-differentiation identity, (0T/oV)s = — (6P/0S)y. And,
in order to find U by integration, one has to know both T and P as functions of S
and V.
From a point of view of experimentation, however, one would like that this situation
would be the other way round. That is to say, to know S and V as functions of T
and P (we may think of the use of thermostats and manostats and thermometers
and manometers).
To circumvent this inconvenience, thermodynamicists have extended the - what we
like to call - natural route by the introduction of auxiliary quantities. These are the
enthalpy, which we have met before, the free energy and the free enthalpy.
The enthalpy (H) is defined as

H=U+PV. (4)

Its change, therefore, can be given as

dH =dU + PdV + VdP; (5)

and upon substitution of Equation (1)

dH =TdS + VdP. (6)
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The free energy (A) is defined as
A=U-TS; (7)

and it gives rise to
dA =-SdT-PdV. (8)

Nowadays, the free energy is called Helmholtz free energy, or simply Helmholtz
energy, after Hermann Ludwig Ferdinand von Helmholtz (1821-1894).

The free enthalpy (G) is now called Gibbs free energy, or simply Gibbs energy,
after Josiah Willard Gibbs (1839-1903). The Gibbs energy is defined as

G=H-TS 9)
and it gives rise to

dG =-SdT +VdP. (10)

The differential expressions, Equations (3), (6), (8) and (10) were referred to by
Gibbs as the ‘fundamental equations’.

We now have the following four quantities with their natural variables

energy U(S,v)
enthalpy H (S,P)
Helmholtz energy A(T,V)
Gibbs energy G (T,P)

For our purposes, the most important auxiliary quantity is the Gibbs energy:
its natural variables coincide with the experimentally convenient variables T and P
(but not only for that matter, as we will observe soon!).

In terms of their natural variables each of the four quantities is said to be
characteristic. The Gibbs energy is characteristic for T and P. It means that, if the
Gibbs energy is known as a function of T and P, all thermodynamic quantities can
be derived from it - as functions of T and P. The Helmholtz energy is characteristic
for Tand V; Ufor Sand Vand H for S and P.

the Maxwell relations
The two relations, Equations (11) and (12), are obtained by applying the

cross-differentiation identity to Equations (8) and (10). They are known as the
Maxwell relations, after James Clerk Maxwell (1831-1879):

2)-2);
ov ), \aT),

)42
opP),  \oT),
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"These two relations are of great importance as they express the dependence of
entropy on volume or pressure in terms of the more readily measurable
quantities...", as one can read in Guggenheim (1950).

As an example of the use of one of the Maxwell relations, we examine the
differential coefficient (6U/0V)r and prove that it is zero for the ideal gas (something
we know from the Joule experiment). The example is also instructive in a
mathematical sense, as it involves the ‘translation’ of a differential into a differential
coefficient. From dU = TdS — PdV it follows (division by dV at constant T, so to say)

that
(%j =T(§j P (13)
ov ); ov );
After substitution of Equation (11), and from P=R-T/ V
(% =T @j —PzTﬁ—E:O. (14)
ov ); oT )y vV Vv

After this observation, one can remark that no experiment is needed to
demonstrate that, for a system defined by the equation of state P-V = RT, the
energy, at constant temperature, is independent of the dimensions of the space it
occupies.

the Gibbs energy as characteristic function

From dG = — SdT + VAP it follows that entropy and volume are obtained by
partial differentiation with respect to T and P, respectively:

oG |

%), 19
oG

V- (a_Pj (16)

Next, the Helmholiz energy, the enthalpy and the energy are, in terms of Gibbs
energy and its derivatives,

A:G_PV:G_P(@J; (17)

P ),

H:Gnsze_r[@j : (18)
aT ),
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U=G+TS—PV:G—T[@j —P[Ej . (19)
oT )»  \oP);

The heat capacity at constant pressure is related to the second partial derivative
with respect to temperature:

2
Co=[ M) =778 _asor 22 (20)
oT ), ot a7 ),

The isothermal compressibility is related to the first and second partial derivatives
with respect to pressure:

-1 2
K:_l v =— 96 g (21)
V\oP ), oP ); oP
And the cubic expansion coefficient is related as
-1
-3 (2) (2] 25 22
V\oT Jp \ 0P ); 0T oP

The heat capacity at constant volume Cy, and the so-called pressure coefficient p,

which is defined as
oP
==, 23
p (GTJV @

both have the condition of constant V, rather than one of the Gibbs energy
variables, T or P.

This inconvenience can be removed by using the following general expression
between three variables of which two are independent (—Exc 8). In terms of P, V

and T the expression is
@j. ﬂj. LR (24)
oT ), \oP )\ oV )p

and it is clear that
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a valuable equation

The partial differential coefficient expressing the change with temperature of the
quotient of Gibbs energy and temperature is directly related to the enthalpy:

{0(GIT)IoT}, =-HIT?. (26)

The equation derives its importance from the fact that the enthalpy is an
experimentally accessible quantity.

dU =TdS - PdV; dH = TdS + VdP; dA = — SdT — PdV and dG = — SdT + VdP are
the total differentials of a set of four thermodynamic functions in terms of their
natural variables: energy as a function of entropy and volume, U(S,V); enthalpy,
H(S,P); Helmholtz energy, A(T,V) and Gibbs energy, G(T,P); all thermodynamic
quantities can be derived from each of these four functions, provided that the
function is known in terms of its own natural variables.

EXERCISES
1.  the Maxwell relations differently
For the derivation of the Maxwell relations it is not necessary to have the Helmholtz
and Gibbs energies introduced first. The relations follow from dU = TdS — PdV and
dH = TdS + VdP on replacing dS by the sum of two appropriate partial differentials.

2.  differential coefficients of energy

Derive the following relations for the differential coefficients of the energy.

(%j =—aTV+xkPV ; and (@j =Cp —aPV.
oP ), ot ),

3.  total differential of enthalpy

Starting form dH = TdS + VAP, show that the total differential of enthalpy in
temperature and pressure is given by dH = CodT +V(1-aT)dP.
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model system with equation of state

A model system satisfies the equation of state P(V-b) = RT, where b is a constant.
e Is the system's enthalpy at constant temperature dependent on pressure?
e  And what about the energy?

Van der Waals gas - change of enthalpy with volume

Derive for a Van der Waals gas, which is defined by (P + a/\/z) (V=b) = RT, the
expression for the differential coefficient (6H/6V)r.

change of heat capacity with pressure

Show that (6Cp/ 6P)7, the dependence of Cr on pressure at constant temperature, is
given by —T(8°V / 8T?).

Gibbs energy of a hypothetical system

The Gibbs energy, as a function of pressure and temperature, of a hypothetical
gaseous system is given by G(P,T) = a + BTInT +yTInP + 8P+ €T + oPT where q, B,
Y, 0, € and ¢ are constants.
e Derive the formulae for S, V, H, Cp, (0P/OT),, Cy, and the reversible heat
involved in an experiment in which the system at constant temperature T, is
compressed from a pressure P, to a pressure P,.

the minus one identity

X, Y and Z are a triplet of variables such that two of them can be set at arbitrary
values as a result of which the value of the third is fixed (as an example, P, T and V
for an amount of gas). Each of the three can be given as a function of the other two:
Z=2Z(X\Y); Y =Y(X,Z); X=X(Y,2).

e  Prove thatin this case.

&) (&)

az )y \ax); \ay )y

Clue. First formulate the total differential of Z in terms of the variables X and Y and
then imagine the meaning of (6X/dY);.

Joule-Thomson coefficient

Show that the Joule-Thomson coefficient, which is defined as the first partial
derivative of the temperature with respect to pressure under the condition of constant
enthalpy, obeys the following equality

(gj _ V(1-al)
oP),  Cp
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10.

1.

12.

13.

difference between Cp and Cy

Show that the difference between Cp and Cy is given

2 1
o 000, -1{2L) (2]
oT )p\ P J;

For one mole of ideal gas this comes downto C,— Cy = R.

enthalpy as a characteristic function
Find in terms of H(S,P) and its derivatives with respect to S and P, i.e. from enthalpy
as a characteristic function for the variables entropy and pressure, the expressions -

the recipes - for G, U, Cp and (possibly) Cy.
The relation between the two heat capacity quantities is

oH
[as apj

oH \'_(PH)(oH
oS oP oP? )\ 682

Cv=Cpy 1-

energy expressed in T and P

From which ideal-gas property it is directly clear that energy impossibly can be a
function which is characteristic for the variables T and P?

a cosmetic imperfection?

In a fine thesis on the ab initio prediction of molecular crystal structures and the
intriguing incidence of polymorphism, the following expression makes its appearance
AG = AU(T,P) + PAV — TAS.
e Is this expression a logical one, in mathematical and thermodynamic
respect?
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A spontaneous change in an isolated system, i.e. a spontaneous change at
constant U and V, is characterized by an increase in entropy. What we would like to
know is: which thermodynamic quantity will act as the equilibrium indicator in the
case of constant, or given T and P.

the equilibrium arbiter

In §106 we observed that whenever a spontaneous change is taking place in
an isolated system it will be characterized by an increase in entropy;

(dS)yy >0 (irreversible) . (1

When, for given U and V, the system has reached the maximally possible entropy it
is said to be in a state of (internal) equilibrium. This can be expressed by

dS
(570 @

where X represents some kind of variable.

The system will stay in its state of equilibrium, unless it is freed from its
isolation and, let us say by reversible experimentation, made to move to another
state - another state of internal equilibrium. The change of its entropy is then
related to the changes of Uand V':

ds = % - w (reversible) . @)

To arrive at a general statement about the change of entropy, we follow a
system in its course, from time = t, to time =, , as depicted in Figure 1.
At t; the system is isolated from the rest of the world: neither heat nor work can be
transferred to it; its energy and its volume are frozen. The state of the system at t,
is represented by A: its energy and volume are U, and V/,, its entropy S,, and so
on. In state A the system may or may not be in internal equilibrium. From t; on, the
system is given enough time to change spontaneously into a state B of internal
equilibrium (if a spontaneous change fails to take place: the system was in internal
equilibrium already at t;).
Now there are two possibilities: either state B = state A, or state B # state A. In the
first case we have, of course, Sg = S4. In the other case there has been an increase
in entropy; Sg > Ss. Generally, therefore,

(dS)a,p(=Sg —S4)20. (4)

§(108)



Thermodynamics 129

Next, from t, on, the system is freed form its isolation and - by means of manostat
and thermostat - the pressure exerted on the system is adjusted to Pg and the
system’s temperature to Tp. At t; the change from isolated system to closed system
contained in cylinder-with-piston is complete. Finally, in the time span from t; to t4,
the system is transferred from (internal equilibrium) state B to (internal equilibrium)
state C.

This time, Equation (3), the entropy change is given by

dU + PdV
(dS)g.c(= SC_SB):T . ®)
?
spontaneous change
state: A B B (o}
P=Pg P=P.
= R
Pa Pg Py
PC
T, T, T,
A B B TC
sequence 1 2 3 4
the system is isolated reversible experiment

t t t t :

the arrow of time

FIG.1.  The course of a system

The general statement, the general expression we are looking for is obtained by
combining the two experimental truths:

state state (dS)45 >0
A C (dS)s ¢ - du +Pdv =0
| | T
+
arrow of time
(@) -2 20

The general expression for the change-with-increasing-time of the entropy of a

closed system is
_dU+PdV

- >0. (6)

dS
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This all-embracing expression for the entropy change of a closed system is the
starting point for a number of statements.

First of all, if U and V are kept constant (if the system is isolated), dU and dV both
are zero and the expression reduces to

(dS)yy 20. (7)

And the statement to be made is ‘The entropy of an isolated system tends towards
a maximum’. Or otherwise ‘An isolated system will be in internal equilibrium when
its entropy has reached a maximum’.

Quite often it is simply remarked that the energy of a system tends to a
minimum. From expression (6) it follows, however, that this is only true if the
system’s entropy and volume are kept constant! In real practice it is not easy to
realize constant entropy and volume, and for that reason we would be more
satisfied with a more convenient criterion for equilibrium - preferably a criterion in
terms of temperature and pressure.

The convenient criterion we are looking for is close at hand: we just have to
repeat the track of the preceding section. The track from energy with its
inconvenient natural variables S and V to Gibbs energy with its convenient natural
variables T and P. If we make the following clever combination of the quantities in
expression (6) - named Gibbs energy G -

G=U-TS+PV, (8)
and substitute its change

dG=dU-TdS -SdT + PdV +VdP 9)

in expression (6), we are going to observe that the change of the Gibbs energy of a
closed system will be such that

dG+SdT -VdP <0. (10)

In other words if dT and dP are both equal to zero, i.e. if the temperature and the
pressure of/on the system are kept constant, then

(dG),  <O0. (11)

Therefore, if a closed system is kept at constant T and P it will have reached
internal equilibrium when its Gibbs energy is as low as possible. And any
spontaneous change in a closed system at constant T and P will correspond to a
lowering of its Gibbs energy. And also, when the temperature and the pressure of a
closed system in internal equilibrium are changed by dT and dP, its Gibbs energy
will change as

dG =-S8dT + VdP. (12)
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For our purposes, having a criterion for equilibrium in terms of temperature
and pressure is of the greatest importance. From the very beginning of the text we
emphasized the very special status of the two quantities T and P. Uniformity of
temperature and uniformity of pressure as the a priori equilibrium conditions. T and
P as the ever-present variables of the M set, necessary to define the state of a
system in equilibrium.

In the foregoing section we found that the ‘natural’ companion of the two
variables is the Gibbs energy. And now we find that a system will be in state of
equilibrium when at given, at fixed conditions of T and P its Gibbs energy has
reached the lowest possible value.

the chemical potential

Up to this point, or more particularly in level 0, our approach to equilibrium
relations was as follows. First the variables of the set M were defined and thereafter
the equilibrium conditions of the set N in terms of chemical potentials. The N
conditions represent a set of N equations between M variables of which
f=M — N are independent. It was observed that, in order to solve the set of
equations, it is necessary to have the function recipes of the chemical potentials in
terms of the variables of the M set.

In view of the findings above, we now know that the solution of the set of N
equations has to correspond with the state of minimal Gibbs energy. More
precisely, minimal Gibbs energy for every pair of selected T P coordinates. All this
implies that there has to be a special relationship between Gibbs energy and
chemical potentials. The nature of this relationship, as well as the proof that
minimal Gibbs energy corresponds to the existence of the N conditions, will be the
subject of sections in level 2.

For the time being, that is to say as long as we are in level 1, we limit ourselves to
saying that for a pure substance B chemical potential is identical with molar Gibbs
energy, Gibbs energy per mole:

us =G (pure substance B), (13)

where the asterisk refers to pure substance. In our terminology, Equation (13) is the
most elementary function recipe of chemical potential.

The rest of this section, and in fact practically the whole remainder of this
level, is devoted to equilibria that do need no more than pure substance chemical

potentials.

Before considering two examples, we will precise the molar Gibss energy of a
pure substance in the ideal gas state.
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At constant temperature, T = T, , the difference in Gibbs energy between
the states of a system with P = P, and P = P, generally is given by

G(Ta,Pz)—G(Ta,B)zjgz(Z—gj dP = IZZV(TQ,P)dP. (14)
Ta

And, in the case of one mole of pure ideal gas B we have

9Gg * RT.
— | =VelaP)==3~, 15
( 8P J VB( a ) P ( )
Ta
and with this relationship:
* . P
Gs(T,,P,)=Gs(T,,F)+RT, InFZ_ (16)

1
This result can be generalized as follows. First, we take for P, the unit of pressure,
say P; = 1 p.u (pressure unit). And realizing that P, can be any pressure P and T,
any temperature T, we give P, and T, the status of running variable; P and T,
respectively,
G5(T,P)=Gyz(T,P =1pu.)+ RT In(P/p.u.). (17)
This expression is usually written as

G5(T,P)=G3(T)+RTInP; (18)

and in it G5 gives the value of the molar Gibbs energy at unit pressure (everyone is
free to choose his/her own unit; it may, however, be wise to take 1 Pa, that is to

say, a pressure at which the gas really will be virtually ideal).
examples

Just as an introduction to the remaining sections in this level, we will discuss
two cases of equilibrium between phases. The first is the equilibrium between
water and ice at atmospheric pressure. The second example involves the chemical
change CaO + CO, —» CaCOs. Instead of directly writing down the equations, we
will start from the experimental side.

water and ice at atmospheric pressure

When a drop of (rain) water having a temperature of -5 °C falls on a ground
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equally having a temperature of -5 °C, the water will crystallize to ice, having a
temperature of -5 °C. This event corresponds to a spontaneous change at constant
T and P in a closed system (closed because of the fact that there is neither matter
added to the system nor withdrawn from it; simply speaking, we are talking about a
drop of water which changes completely into ice), and, consequently, to a lowering
of the Gibbs energy. In other words, at -5 °C the Gibbs energy of an amount of ice
(solid Hy0) is lower than the Gibbs energy of the same amount of water (liquid
H.0). At +5 °C the situation is reversed: water will not spontaneously change into
ice. The other way round, a piece of ice put in an environment of +5 °C will melt
spontaneously.

These facts are depicted in Figure 2, where, in a small temperature range,
the molar Gibbs energies of solid and liquid H,O are represented by straight lines.
These lines have a negative slope, because of (6Gs/0T)p = — S,;. And the

difference in slope corresponds to Sg? > S5 : heat is needed to melt a substance.

LiQ

Gy ol soL

SOL

LIQ

-5°C 0°C +5°C  temperature

FIG.2.  The molar Gibbs energies of (liquid) water and ice in the vicinity
of 0°C

The two line intersect at 0 °C. Below this temperature Gz <Gg?: water will

change spontaneously into ice (the reverse is impossible). Above 0 °C ice will
change spontaneously into water: G9 < G2 .

When a lump of ice having a temperature of 0 °C is immersed in water and
the temperature of the water is 0 °C then nothing will happen. At 0 °C water and ice
are in equilibrium: 0 °C is the solution of the equation

o (tatm,T) = uff,(tatm,T), or G5 (1atm, T) = G% (tatm,T). (19)
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Generally, the equilibrium between water and ice, with M = M [T,P], has to satisfy
the condition
Ho(T.P) = 9 (TP), or Gs%(T,P)=G,i4,(T,P). (20)

The solution of this equation corresponds to a curve in the PT plane. The point
0 °C, 1 atm is just one point on that two-phase equilibrium curve.

calcium carbonate

In the case of calcium carbonate (CaCOs, calcite) the following experimental
observations can be made. Calcium oxide (CaO) and carbon dioxide (CO,) are
brought in an otherwise empty cylinder-with-piston under constant external
pressure. The pressure, this time, is 1 bar. For T < 1160 K, CaO and CO,
spontaneously react to CaCOs:

n mol CaO + n mol CO, - n mol CaCO; .
Obviously
N'Ggaco, <MGgao +NGeo,, OF

Graco, <Geao + Goo, (T <1160K).

For T> 1160 K (still at 1 bar pressure) the reaction CaO + CO, — CaCO; does not
take place. The other way round, CaCO3; decomposes into CaO and COy:

Geao + Goog < G;:aco3 .
At P = 1bar, therefore, CaO, CO, and CaCOj; can exist in each other's presence -

can coexist, be in equilibrium - at just one temperature; and that temperature is
1160 K, T = 1160 K is the solution of the equation

Heao(Toan,T)+ uco, (0ar, T) = pgaco, (oar, T), (21)

which in this case (each phase is a pure substance) is equivalent to

Geao(tbar,T) + Géoz (tbar,T)= Géacog (fbar,T) (22)

Generally, the chemical equilibrium

Ca0 +CO, = CaCO;

is represented by a curve in the PT plane, and is the solution of
Geao(P.T)+ Géoz (P,T)= Géac% (P,T). (23)
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In this case it is not so difficult to say something more about the solution of the
equation. It goes as follows. In the first place the molar volumes of the solid
substances, CaO and CaCO;, are negligibly small with respect to the molar volume
of gaseous CO,. That means that, in view of (6G/0P)=V, the dependence on
pressure of Gg,, and GgaC% can be neglected. Secondly, for G;oz we can insert
Equation (18), and, as a result

Geao(T)+ G0, (T)+ RTINP = G0, (T); (24)

we find, then, that the equilibrium pressure as a function of temperature is given by
the equation

P (T) _ e—AGO(T)/RT’ (25)
where AG° is short for

AG® =Ggyo + Ggo2 - G(;aCO3‘ (26)

For T < 1160 K AG° is positive (the superscript ° refers to 1 bar): P is less than
1 bar. At 1160 K AG°=0 and P=1bar, and for T > 1160 AG® is negative, and
P> 1bar.

The nature of the equilibrium curve can be read from Figure 3. The pure-substance
data needed to do the calculations can be found in thermodynamic tables; the
subject of the following section.

P/bar CaCO, L Ca0+CO,
20F
CaO+CO, —»
CaCO,
101 CaCO3—>
CaO+CO,
0.0 .
1000 1200 TIK

FIG.3.  PT diagram for the equilibrium between CaCO; and (CaO+CQO,)
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A spontaneous change which proceeds at constant temperature and pressure is
characterized by a decrease in Gibbs energy; at given T and P the equilibrium state
of a thermodynamic system is the one with the lowest possible Gibbs energy; the
principle of minimal Gibbs energy is discussed for the equilibrium between water
and ice and the chemical equilibrium CaO + CO, = CaCO;.

EXERCISES
1. entropy versus energy diagram

Make an S versus U diagram in which, for a series of equilibrium states of a system,
the entropy as a function of energy is represented by a curve. Plot in the figure a few
points that represent non-equilibrium states. Show that a spontaneous change at
constant S is characterized by a decrease in energy.

NB. The volume of the system is considered to be constant.

2. afancy device

In an entropostat (a fancy device by means of which the entropy of a system can be
kept constant) an amount of water having a temperature of -5 °C spontaneously
changes into water and ice having a temperature of 0 °C.

e  Show that AU is negative and calculate its numerical value.
The volume of the system may be taken constant. Rounded values for the heat
capacity of liquid water and the heat of melting of water are 75 JK" mol™" and
6 kJ'mol ™, respectively.

3.  Gibbs energy of ideal gas

Remembering that Gibbs energy is characteristic for the variables T and P, verify that
the formula

G(T,P)=G°(T)+ RTInP
gives rise to the correct formulae for S and V of the ideal gas, and also that it implies
that H and U are independent of pressure.
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4,

ammonia’s Gibbs energy of formation

The Gibbs energy of formation of gaseous ammonia (NH3), when treated as an ideal
gas, referred to 25 °C and a standard pressure of 1bar is A,G,‘\’,Ha =16.41kJmol™".

e What will be A,G,‘\’,HB for 1 Pa taken as standard pressure?

an equation of state for real gases

Up to pressures of a few atm real gases can be described by (see Guggenheim

1950)
RT

V(T,P)_? +B(T)
e  Use this equation of state to derive the formulae for G(T,P) and H(T,P).
Take 1 Pa as standard pressure, i.e. a pressure unit which is small with respect to the
atm, as a result of which G°will correspond to the ideal gas G°.

the concept of fugacity

In 1901 G. N. Lewis (see Prausnitz et al. 1986) introduced the concept of fugacity, f.
In terms of fugacity, the Gibbs energy of a gas is given by
Grp=G°%T)+ RTInf.
For the ideal gas f is equal to P; for real gases it represents some kind of
pseudopressure.
e  Derive the expression for f (T,P) which corresponds to the equation of state
W(T,P) = RTIP + B(T).
e Calculate the fugacity of nitrogen gas at 673 K and 1 atm. Nitrogen’s value of
B at 673 K is 24x10° m® (see Guggenheim 1950).

water + ice under a higher pressure

How has Figure 2 (see above) to be changed and in which sense does the
equilibrium temperature change, when the system is put under a higher pressure?
Of course you know that ice has a lower density than water.

the calcium carbonate equilibrium under a higher pressure

Knowing that for the heterogeneous chemical equilibrium CaCO3; = CaO + CO; at
1 bar the equilibrium temperature is 1160 K, calculate the equilibrium temperature for
P = 1.25 bar, using the following rounded values of the entropies (of the three
substances involved) valid for 1160 K and 1 bar and expressed in J K'mol”

CO, 277; CaO 106; CaCO; 239.
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10.

1.

Level 1
the calcite and aragonite forms of calcium carbonate

Calcite and aragonite are two different solid forms (modifications) of the substance
calcium carbonate. When heated from room temperature in a cylinder-with-piston
under 1 bar pressure, calcite decomposes into CaO and CO, at 1160 K. Under the
conditions of the experiment aragonite has a higher Gibbs energy than calcite
(aragonite is said to be metastable: it has the capacity of changing spontaneously into
calcite).

e If during the experiment aragonite does not change into calcite, will it then,

like calcite, decompose at 1160 K?.

liquid and gaseous water in equilibrium

At 1 atm pressure liquid and gaseous water are in equilibrium at 373.15 K. Under
these conditions, therefore, ﬂLZo = Mo OF, G,Tfo = G,;V;’O”. One can also say: for the
transition H,O(lig) - H,O(vap) the value of AG (or AG;ZO, if you like) is zero for
373.15 K and 1 atm. At 373.15 K and 1 atm the value of AH, the heat of
vaporization, is 40866 Jmol™.

e For T=373.15K; P =1 atm calculate the values of AS and AU.

e Calculate the values of AG for the following two states T = 372.15 K,
P=1atm,and T=374.15K, P=1 atm.

lowest Helmholtz energy as a criterion for equilibrium
Show that for a system, which is studied in a vessel-with-manometer, whose volume

is fixed at a constant value, and whose temperature, by the experimentalist, is kept at
a constant value, the equilibrium state is the state of lowest Helmholtz energy.
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In the world of equilibria the availability of thermodynamic data is of great
importance. Of course! This is a section on data and tables for pure substances.
This time we will not use the asterisks, necessary on other occasions, to distinguish
between pure substance property and property for mixture.

zero point matters

The molar Gibbs energy of a substance is equal to its molar enthalpy minus T
times its molar entropy

G(T,P)=H(T,P)-TS(T,P). (1)

This combination of enthalpy and entropy is such that its derivatives with respect to
T and P simply are given by —S and V.

0G
(57l @

oG
2]

And, accordingly, the total differential in terms of T and P

dG=-SdT +VdP . @)

Enthalpy and entropy are two quantities which have much in common, and at
the same time show a number of significant differences. A common feature is that
their changes at constant pressure can be measured in one and the same
experiment. Namely, when heat is added in a reversible manner to the
system/substance. So, one can write

H(T)=H(at0K)+ || g, (5)
and similarly
S(T)=S(at 0K) + OTquTﬂ. ®)

One of the differences between the two is that entropy has a natural zero point - the
entropy is zero at zero kelvin («-106) - whereas the enthalpy has not. Or, in other
words, one can reduce Equation (6) to
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S(T)= [ )

and speak of absolute entropy; there is, however, no absolute enthalpy. These
facts are illustrated by Table 1, which displays data for diamond and graphite, two
solid forms of carbon.

Table 1a:  Molar thermodynamic properties of diamond and graphite at 1 bar,
expressed in Sl units (Robie 1978)

diamond graphite
entropy at zero K S(0K) 0 0
entropy at 25 °C S(298.15K) 2.38 5.74
enthalpy at zero K H(OK) ? ?
enthalpy increase H(298.15K)-H(0K) 523 1050
volume at 25 °C V(298.15K) x 10° 3.417 5.298
heat capacity at 25 °C C,(298.15K) 6.13 8.53

Table 1b:  Difference in molar thermodynamic properties for the two forms
diamond and graphite of carbon. The numerical values are valid
for 25 °C and 1bar and expressed in Sl units; the difference is for
diamond minus graphite

Volume AV x10° —1.881
heat capacity AC, —2.40

Entropy AS -3.36

Enthalpy AH 1895
Gibbs energy AG 2900

On can safely speak of THE entropy of, e.g., diamond at 298.15 K and 1
bar, and it will be obvious that absolute entropy is meant. In the case of enthalpy,
on the other hand, one has to proceed with caution. If one likes, one can say that
THE enthalpy of diamond at zero K and 1 bar is =523 J-mol™, but only so after
having clearly specified that the zero point is at 298.15 K and 1 bar!

Furthermore, one is entitled to set, at the same time, the zero point for diamond
and the zero point for graphite at 298.15 K and 1 bar. However, one is not
entitled to do so if one wants to discuss the transition from diamond to graphite!
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In that case one should use the data of Table 1b, which, by the way, are
independent of zero points.

As a matter of fact, a transition from diamond to graphite is not a hypothetical
event! At ambient conditions, or, more widely, at atmospheric pressure graphite
has a lower Gibbs energy than diamond. From a thermodynamic point of view,
therefore, diamond has the capacity of changing spontaneously into graphite
(Although collectors of diamonds have no reason to fear that their precious
stones will change into graphite, they should however know that it is not wise to
heat these stones in a furnace. Because, at elevated temperature the kinetic
hindrance for the transition may be less ‘favourable’). At atmospheric pressure
graphite is the thermodynamically stable form; diamond is the metastable form.

Next, let us consider a chemical reaction in which carbon is involved. As an
example the reaction of graphite with oxygen to carbon dioxide, carried out at
constant, given pressure and at a given temperature

C+0, - CO, T,P const.

The enthalpy effect of the reaction can be expressed in the enthalpies of the
individual substances

AH(T,P)=Heo, (T,P)—Ho,(T,P)—Hc(T,P). (8)

Similarly, for the entropy effect of the reaction

AS(T,P)= S0, (T,P)=So,(T,P)=Sc(T,P). 9)

In the case of Equation (9), the entropies of the individual substances have a well
defined status and, as a result, equally so has AS. In the case of Equation (8), in
spite of the zero point troubles of the individual substances, AH itself, like AS,
has a well defined status. The heat of reaction, AH, is an experimental reality
which, accordingly, has nothing to do with our choice of zero points. The other
way round, the fact that heats of reaction are independent of zero points
indicates the direction for a sensible choice of zero points. In, reality therefore, in
the case of chemical reactions, the best thing to do is to assign zero values to the
enthalpies of the elements - taking the form of the element which, at the selected
T and P, has the lowest Gibbs energy. For example, in the case of the above
reaction, at 298.15 K and 1 bar, the heat of reaction is —393.51 kJ per mole
(CO,). If we now say that Ho, and Hc (C for graphite) are zero for these T and P,
then the enthalpy of CO,, Hcoz, has the value of —393.51 kJ-mol™". This value is
referred to as the enthalpy of formation from the elements of CO,, for which we
use the notation A Hc, -

In the same terms, the entropy difference expressed by Equation (9) can be
referred to as the entropy of formation from the elements of CO, :
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AfSC02 (T.P)= 8002 (T,P)—802 (T,P)=S(T.P). (10)

And, for the Gibbs energy of formation from the elements of CO, we have

Achoz(TvP):Achoz(TvP)—T'AfSoz(T:P) . (11)

In the following we will use the expressions enthalpy and Gibbs energy of
formation rather than enthalpy and Gibbs energy of formation from the elements.

The discussion, so far, on zero point matters is reflected in Table 2. It gives,
for the substances considered, the numerical values of the properties C, and S
and the formation properties A/H and A G. It may be emphasized that the
properties in Table 2 fall into two parts (A and B) with a different character. The A
part consists of properties having an intrinsic nature, i.e. belonging to the
substance (or the form) itself. The B part properties, on the other hand and as far
as they are not zero, are related to other substances (or another form). The B
part is needed for applications in which the appearance or disappearance of the
substance (or form) is studied.

Table 2: Molar thermodynamic properties and formation properties at
298.15 K and 1 bar, expressed in Sl units (Robie 1978)

Cp S AH AG
C (graphite) 8.53 5.74 0 0
C (diamond) 6.13 2.38 185 2900
O, (as ideal gas) 29.37 205.15 0 0
CO (as ideal gas) 29.14 197.67 -110530 -137171
CO; (as ideal gas) 37.13 213.79 -393510 -394375
A B

Gibbs energy at high temperatures and pressures

As next step, let us suppose that for a certain substance the Gibbs energy
is known for the standard conditions of 25 °C and 1 bar, point A in Figure 1.
Then, in order to obtain the Gibbs energy values at the points B, C and D we
must carry out an integration on the basis of Equation (4)

dG = -S(T,P)dT +V(T,P)dP
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————-o 2>
Em——
(@)}

1 bar-—-
25°C T
FIG.1.  Integration routes for the calculation of the Gibbs energies at B,
C,D

And, the most economical way to do this is to follow the indicated routes, i.e. to
start isobarically and to finish isothermally. For the isobaric part of the routes the
entropy of the substance at 1 bar pressure is needed as a function of
temperature. For the various isothermal parts volume is needed at various
temperatures as a function of pressure. To put it briefly, what is needed is S
(1bar,T), or written as S°(T), and V(P,T).

influence of temperature at standard pressure

At this place we will discuss the obtainement of Gibbs energy values at 1
bar pressure as a function of temperature. Two items in particular: (i) the use of
experimental data and (ii) the extrapolation of data to higher temperatures.

As remarked, the horizontal start corresponds to the determination of entropy at
one bar pressure. The measurement therefore of the heat taken by the
substance in equilibrium experiments (gr.). And in practice this comes down to
the measurement of heat capacity C, and heats of transition.

As an example let us consider, again, the substance graphite. Its experimentally
determined C,, for 298.15 < (T/K) <1800 can be represented by the following
formula (Robie et al.1978)

Ch ={63.160 ~1.1468x10(T /K) +1.8079x10°(T /K)* ~1.0823x10°(K/T)"* 45
+7.4807x105(K/T)? } J-K~"mol”

In the interval from 298.15 K to 1800 K the substance does not undergo a phase
transition, which means that the function values of the thermodynamic properties
can be calculated by means of Equation (12). More precisely, from the data at
298.15 K and the use of the C,-equation, for any temperature in the interval.
Results are displayed in Table 3, which contains part of the numerical values
from Robie’s table.
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Table 3: Thermodynamic properties of graphite (C) at 1 bar pressure
(Robie 1978)

T (Ho-Haos)/ T s° (G*-HC309)I T Cp
(K) (J-K"mol™) (J-K"mol™) (J-K"mol™) (J-K"mol™
298.15 0.000 5.74 5.74 8.53
400 2,610 8.73 6.12 11.92
500 4.762 11.70 6.94 14.70
1000 11.812 24.50 12.69 21.60
1500 15.488 33.73 18.24 23.70
1800 16.908 38.11 21.20 24.27

To go on, we consider a compound and as example silver oxide, Ag,O.
Thermodynamic data are available just to 500 K, see Table 4. The unavailability
of data for higher temperatures is due to the fact that the substance decomposes
into the element substances silver and oxygen.

To emphasize it again, the table consists of two parts having a different
character. The data of the ‘intrinsic’ part A refer to the substance itself.
The data of the ‘formation’ part B are the enthalpy and Gibbs energy effects of
the reaction

2Ag+1/20; - Ag,0.

The Gibbs energy effect, by the way, follows from the enthalpy effect A¢H and the
entropies of the three individual substances Ag, O,, and Ag;0.

Table 4: Thermodynamic table for silver oxide, Ag,O. The data, taken from
Barin (1989), are valid for the standard pressure (hence the
superscript °) of 1bar

T Cp s° HO—HS  AH AG log K
(K) (K" mol™y | (J-K"mol™) (kJ-mol™) (-)
298.15 65.680 121.298 0.000 | -31.049 | -11.184 1.959
400.00 72.107 141.570 7.042 | -30.729 | -4.432 0.579
500.00 77.128 158.212 14.509 | -30.002 2.065 | -0.216
A B

Let us suppose next that we would like to have for silver oxide the function values
at 600 K for the properties in part A of Table 4 (needed e.g. for high-pressure
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work). Starting from the data at 500 K and taking C2 as a constant, we can write
Hgoo = Hsoo + Cp 500(600 —500) K ;
600
Seoo = S0 +CRsge IN—— .
600 500 P 500 500
And accordingly for Gg,, = Hg,, — TSs,, » after rearranging
o} o} 0 o 600
Ggoo = Gagp — S500(600 —500)K — C7 54, | 600 In% -600+500 |K.

Generally, for extrapolation from a reference temperature O to a temperature T

G(T)=G(@)—S(@)(T—@)—CP(Q)(TIng—T+@j : (13)

This formula, which has the character of a Taylor's series, can easily be extended
with terms that contain the derivatives of Cp with respect to temperature (—Exc
6).

the influence of pressure

For the various vertical parts of the routes of integration, Figure 1, as was
remarked before, the volume of the material (or AV in the case or formation
properties) has to be known at various temperatures as a function of pressure. Or
briefly, V has to be known as a function of T and P. Volume V itself, so to say,
and its change with Tand P

av=[ Y| ar+[ Y ap, (14)
oT ) » oP ).
or,
dV =aVdT —xVdP, (15)

where « is the cubic expansion coefficient and « the isothermal compressibility
(«-104). In terms of logarithm of volume

dinV =« dT -« dP. (16)

In practice, therefore, V itself, « and x have to be known - have to be measured -
as a function of T and P.

From the point of view of knowing V as a function of T and P, the ideal gas, is the

most cooperative kind of material: its volume as a function of T and P is fully
known,
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V=RS. (17)

The corresponding change in Gibbs energy, at a given temperature T,, as a
result of a change in pressure form 1 bar to another pressure P, is simply given
by («108)

Gr(P)=G7,+RT,InP. (18)

It is clear that the availability of recipes for V as a function of T and P, read
equations of state, is of paramount importance. The famous Van der Waals
equation of state for fluid materials has been the starting point of a whole family
of cubic equations. This family of equations is generally represented by the
following formula, which, implicitly, gives volume as a function of T and P; see
Reid et al. (1987); Papon et al. (2002):

(P+V+j(V—b)=RT. (19)

2 L ubV +wb?

For u = w = 0 the Van der Waals equation is obtained. The equation with u=1 and
w=0 is the Redlich-Kwong equation. The Peng-Robinson equation has u=2,
w=-1.

nota bene
In this work, numerical data - in examples and exercises - mainly are from the

two data collections Barin (1989) and Robie et al. (1978), indicated as (Robie
1978).

Basic thermodynamic properties of pure substances are their entropies and heat
capacities at standard pressure, volumes as a function of temperature and
pressure, heats of formation and the heat effects involved in changes of state.

EXERCISES
1.  partial derivatives of H-TS
Ignoring that H — TS equals G, show that for a function f which is defined by
f=H — TS the partial derivatives with respect to T and P are given by —-S and V,

respectively.
2. completion of a table
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Complete the table showing standard (25 °C, 1 bar) thermodynamic properties. S°
and AS® in JK ' mol™ and AH° and AG° in kJ-mol™.

substance s° AH° AS° NG°
C (graphite) 5.74 0
Cu 33.15
0, 205.15
CO 197.67 -137.17
CO, 213.79 -393.51 -394.38
CuO -157.32 -129.56

the essential information of a table

Reduce the table to the one with the smallest possible number of independent
numerical values. The data are for 25 °C and 1 bar. The subscript fox stands for
formation from the oxides. S° is in J-K'mol" and the other properties in

kdmol™.
s° AH° AGP DpoxH° AixG°
Mg 32.68 0 0 X X
02 205.15 0 0 X X
MgO 26.94 -601.49 -569.196 0 0
Si0,,quartz 41.46 -910.70 -856.288 0 0
Mg,SiO, 95.19 -2170.37 | -2051.325 -56.69 -56.645

thermodynamic table for corundum

At 25 °C and 1 bar the enthalpy effect of the reaction 4Al + 30, — 2Al,0; is
-3351.4 kJ'mol™. The entropies and heat capacities of the substances involved in
the reaction are given below; valid for 25 °C and 1 bar and expressed in

JK mol™.

e  Which values will be found in the thermodynamic table for corundum
forAH° and A/G° at 298.15 K and 1 bar, and at 400 K and 1 bar.
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s° CP
aluminium Al 28.35 24.31
oxygen 0, 205.15 29.37
corundum Al,O4 50.92 79.01

thermodynamic table for helium from the Sackur-Tetrode equation

Level 1

Use the Sackur-Tetrode equation, Equation (106:14), to answer the following

question.

e  Which numerical values will be found in the thermodynamic table for
helium (with M = 4.003 gmol™) for the quantities: (H7 —H3g)/T; S and

—(G7 —Hzg)/ T for T= 1000 K?

The superscript ° refers to the standard pressure of 1 bar.

extrapolation formula for Gibbs energy

The extrapolation formula for Gibbs energies, Equation (3), can be extended with
terms in C'(O), C"(0), and so on. C'is the first partial derivative of Cp with respect
to temperature and C" the second.

. Show that the term in

The termin C"is
1
2

Cc"(0)= [_E 1120

C'is

See also Clarke and Glew (1966).

silver oxide

1 T02—163—1@2Tln(1j
2 6° 2

c©e)=|1er- 112 orin[ L
27 72 o

o

Fit the constants a and bin C. =a +bT to the C§ data for Ag,O in Table 4. Use
the result obtained, along with the data for 298.15 K, to calculate the values of

H? —H3y and S? for T = 400 K and T = 500 K. Take into consideration the
number of digits, needed for a and b, in order to obtain the precision of Table 4, i.e.
to three decimal places. Compare the values you calculate with the corresponding

ones in Table 4.
See foregoing Exc.

water versus steam
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In Robie's (1978) compilation there are two tables for the substance H,O, which
are headed water and steam, respectively. The headings of the tables are detailed
as: ‘water’ (H,O: liquid 298.15 to 372.8 K. Ideal gas 372.8 to 1800 K; ‘steam’ (H,O:

Ideal gas 298.15 to 1800 K).
For which properties out of:

{(H? — Hgog)IT; S7 —(GF — H3os)/ T; CB; AH®; AG

the same values will be found in the two tables; and for which properties
different values will be found?
Answer this question for T=298.15 K and for T = 1800 K.

a-quartz - molar volume and compressibility

The crystallographic unit cell of o-quartz contains three SiO, ‘molecules’. Its
volume, at room temperature, is given as a function of pressure (D'Amour et al.

1979).

P v
(kbar) (10%°m?)
0.01 113.2
19 108.1
37 104.2
54 102.4
60 100.8
68 99.8
73 98.8

Calculate the molar volume of «-quartz at room
temperature.

From InV versus P calculate the isothermal
compressibility of the mineral.

a-quartz - Gibbs energy at high pressure

For a-quartz at 25 °C calculate the change in Gibbs energy resulting from a
change in pressure from 1 bar to 50 kbar,

using only volume;

using volume and isothermal compressibility.
Mark the difference between the two results in terms of percentage.
Data: V =22.7x10° m*mol™; x = 1.8x10™" Pa™.
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1.

12.

13.

Level 1

the change in Gibbs energy resulting from a change in pressure

Derive an equation which allows, for isothermal conditions, the calculation of the
Gibbs energy at pressure P from the Gibbs energy and its pressure derivatives at a
reference pressure m, i.e. from G(mr), V(17), V(1) and V"(17), where V' = (6V/0P)r and
V' = (0V'/oP)r.

bulk modulus

In the Handbook of Physics and Chemistry one can find the following on bulk
modulus: "The modulus of volume elasticity

_P2-P4

B V-V

Vi
where P4, P;; V4, V; are the initial and final pressure and volume, respectively”.

Mg

e Derive the relations between the set [k(isothermal compressibility),
(8VIAP)r, and (8°VI3P?);r] and the set [Mg, and (OMg/dP)r].

forsterite at high pressure

Y. Bottinga (1991) gives the following data for forsterite, Mg,SiO,, at its melting
point (2163 K at 1 bar).
Volume = 47.13 cm*mol™;
isothermal bulk modulus = 0.8372 Mbar;
pressure derivative of isothermal bulk modulus = 5.33
e Calculate {G(2163 K, 50 kbar) — G(2163 K, 1 bar)}.
See foregoing exercises.
Use the Taylor's series formula and compare the influences of the three terms.
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The equilibria considered are between different forms of a pure substance. There
are just two variables: temperature and pressure. The thermodynamic potential in
this case is identical with molar Gibbs energy.

system formulation - G'PT surfaces

In the case of a pure substance, the variables of the set M of variables are
just temperature and pressure:

M=MI[P, T]. (1)

The equilibrium conditions, appearing in the set N of equilibrium conditions,
invariably are of the type

Hp= 1 2)

in which B denotes the substance examined and o and B are symbols to denote
different phases.

Difference in phase not necessarily comes down to difference in state of
aggregation. For example, o and B can denote two different solid phases, such as
graphite and diamond for B = carbon. As a matter of fact, the different forms in
which a substance can manifest itself can be quite numerous. But no matter the
numerousness of the forms, the maximum number of phases that can be in
thermodynamic equilibrium is three, and no more. With three phases in equilibrium
the system formulation is

f =M[T,P]1-N[ &= pl=u}1=0; ©)
and it means that the degrees of freedom are used up.

Let's first consider the coexistence of two phases, o and p. For two phases in
equilibrium there is one degree of freedom:

f=MIT,P1-N[ug=upl=2-1=1. )
The set of equilibrium states is the solution of the equation
ue(T.P)= ug(T.P), (5)
which, in the case of a pure substance B, is equivalent to

G&“(T,P)=G4(T,P): (6)
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equality of (molar) Gibbs energies as condition for equilibrium. The molar Gibbs
energies G,* and G5, as functions of T and P, correspond to two surfaces in G’
TP space, see Figure 1. These surfaces have a positive slope in the P direction
and a negative slope - increasing with T in an absolute sense - in the T direction,
because of

(G 16P); =V , and (7)
(0G5 10T )p =-S5 . (8)
At the intersection of the two surfaces the equilibrium condition, Equation (6), is
satisfied. Therefore, the projection of the intersection on the PT plane is the

representation of the set of equilibrium states. We will refer to it as the two-phase
equilibrium curve.

FIG.1. G PT surfaces for two forms, a and B3, of a pure substance

It may be stressed, once more, that in a PT phase diagram the two-phase
equilibrium curve has a double function. In the first place it is the representation of
the solution of Equation (6); the representation of the set of equilibrium states. In
the second place it has the property of dividing the PT plane into two parts: an o-
field and a p-field. For o-field conditions the form o will NEVER change
spontaneously into the form B, as G*“ < G”. The B form, on the other hand, when
exposed to a-field conditions, can change spontaneously into a.

The addition of a third form y gives rise to a third surface in G'TP space and,
as a consequence, to two additional two-phase equilibrium curves in the PT
projection, see Figure 2. The point of intersection of the tree two-phase equilibrium
curves is the so-called triple point. The ftriple point represents the invariant
equilibrium, Equation (3), between the three phases «, 3 and y.
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FIG.2. Elementary PT phase diagram of a pure substance

stable and metastable

The two diagrams in Figure 3 are isobaric sections of G TP space: G'T
diagrams in which for convenience the Gibbs energies are represented by straight
lines. G'T (and G'P) diagrams are very instructive when discussing the relative
stabilities of the forms; especially when their number is increasing.

In the case of the diagram at the left-hand side, a and B are two solid forms and the
third form is liquid: o is the stable form below T;; B is the stable form between T;
and T3 and liquid is the stable form above Ts. For the situation of the diagram at
the right-hand side, a is stable below T3 and liquid is stable above T3, whereas  for
no temperature has the lowest Gibbs energy. Notwithstanding that, B may have a
real existence and change into liquid at 7.

In what follows, we will use the qualification metastable for everything above the
solid lines in the G'TP space. In the left-hand case the form f is metastable below
T; and above T3 and T, is a metastable melting point. The temperature T; in the
case of the right-hand diagram, is a metastable transition point.

G*A G*“

1 T2 T3

FIG. 3. G*T diagrams showing stable (filled circles) and metastable
(open circles) transition points
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Metastable forms and metastable melting and transition points can have a
real as well as a virtual existence. The substance benzophenone has a metastable
form, which has its own, experimentally observable melting point. Naphthalene on
the other hand has a metastable form whose existence and melting point follow
from theoretical considerations. And in the case of Figure 3, right-hand side, o has
melted before it gets the opportunity to change into B at T;. And if one likes, one
can refer to T, as a virtual metastable transition point.

The adjectives metastable and its counterpart stable are also used for triple
points. To discuss this, we take four forms, «, B, y and 8. Four forms correspond to
four surfaces in G' TP space and, generally, to four points of intersection (of three
surfaces). The projections of the points of intersection on the PT plane are triple
points. The four points of intersection in G'TP space are the vertexes of a
tetrahedron. With respect to the ‘lower side’ (the lowest possible G’ as a function of
T and P) of G'TP space, that tetrahedron can have three different positions: it can
share with that lower side (i) only one vertex, (ii) two vertexes and (iii) three
vertexes. The projections of the three possibilities are shown in Figure 4; a filled
circle represents a stable triple point and an open circle a metastable one.

(i) (ii) (iii)

FIG.4.  The three possible configurations of stable (filled circles) and
metastable (open circles) triple points shared by four forms

The case (i), with two stable and two metastable triple points, is shown two times
more.

FIG.5.  Two notations for triple points: left, ‘normal’ notation; right, absent
notation
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In each of the two figures the ‘names’ of the triple points are inserted. At the left-
hand side an obvious notation is used: a 3 6 represents the triple point at which a,
B and & coexist. The fourth form v is absent at the a B & triple point: its absence can
be indicated by 7y . In the right-hand figure the absent notation is used to name the

triple points. And herewith we observe and important property: the metastable triple
point @ (@is for form) is in the field where ¢ is the stable form. Similarly, the

metastable extension of the two-phase equilibrium curve has to run into the field at
which @ is the stable form.

Ql

/
{
]
{
‘

™I

FIG.6.  Pertaining to the rule for metastable extensions of two-phase
equilibrium curves

a simple model

The Gibbs energy of one mole of pure substance, in a given form aq, is
defined by
G“=U“-TS“+PV*, ©)

in which energy U, entropy S and volume V are functions of T and P. If we treat U,
S and V' as constants, we obtain a simple model with the help of which a number
of phenomena can be surveyed in a handy manner. And to accentuate the
simplification, G’ is replaced by Z and Tand Pby X and Y.

To start with, we take three forms, o, p and y, defined by

Z%=— X+ Y +1 (10)
7P =-4X+2Y +6 (11)
7' =-6X+6Y +2. (12)

The phase diagram for this set of properties is Figure 7, left-hand side. Its (a + B)
equilibrium line is the solution of the equation Z® = Z®. The two equilibrium lines for
(o +7v)and (B +y) follow from Z* = Z', and Z® = Z', respectively. The triple point is
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the solution of the two equations implied in Z* = ZP= Z'. The three equilibrium lines
divide the XY plane into three fields. In each of these fields the Z values of one of
the forms are lower than the Z values of the other two forms.

b

FIG.7.  Two phase diagrams in terms of the simple model. Left, for the
three forms defined by Equations (10)-(12); right, the
consequence of the addition of the form, defined by Equation (13)

The addition of a fourth form & will give rise to three more triple points and
possibly to a fourth single-phase field which is stable. The phase diagram resulting
from the addition of the form & defined by

Z8=-2X+Y+4 (13)

is shown in Figure 7, right-hand side.

FIG.8. Phase diagrams representative of enantiomorphism (left) and
monotropism (right)
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Two more phase diagrams are shown in Figure 8. The diagram at the left-hand
side is obtained for the fourth form defined by

25:—2§X+2Y+2. (14)

And the diagram at the right-hand side by
7%=-2.35X+1.59Y +4.25. (15)

It is evident that the forms o,  and y, defined above and when taken together, are
representative, of solid, liquid and vapour in that order.

To go on, we take & as a second solid form. The phenomenon that a
substance can manifest itself in more than one solid form is referred to as
polymorphism. In the case of Figures 7, right-hand side, and 8, left-hand side,
which show stability fields for o as well as for 3, it is possible to transform the forms
into one another in a reversible manner. In the case of Figure 8, right-hand side, on
the other hand, it is not possible to transform o into & in a direct manner, and the
transition form 3 to a is irreversible, whenever it takes place. These two kinds of
different behaviour are referred to as enantiomorphism when a reversible transition
is possible, and monotropism, when a reversible transition is impossible.

Clapeyron's equation

For any point A on the (o +B) equilibrium curve, see Figure 9, the (molar) Gibbs
energy of the form a is equal, has to be equal to the (molar) Gibbs energy of the
form

G*=G". (16)

FIG.9.  Two-phase equilibrium

The fact that the equilibrium condition must be fulfilled for A and for all other points
on the equilibrium curve means that, along the curve, the change in G must be
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equal to the change in G*:
dG™* =dG’/; (17)

or, after inserting the total differentials in terms of T and P,
-8 %dT +V ' *dP =-S2dT + V' #dP; (18)
or
(§7-8)dT =(v"/-v'*)dP. (19)

As a consequence, the slope of the equilibrium curve is given by

dP (S7#-8*) AS

— =22 —=—. 20
dT (v?-v'®) AV (20)
This relation is called Clapeyron's equation.
In the A notation the equilibrium condition, Equation (16), is
AG =G”*?-G™* =0. (21)

And because AG'= AH —TAS’, we have for conditions on the equilibrium curve
AS" = AH'/T (of course: on the equilibrium curve o can be transformed into B in a
reversible manner, and, change in entropy is reversible heat divided by
temperature) so that the relation can be given as

aP _ AH (22)
dT TAV

As an example, for the melting curve in the PT phase diagram (B = liquid;
a = solid), AH is the heat of melting and AV the difference in volume of the liquid
and the solid.

equilibrium vapour pressures over solids and liquids - Clausius-Clapeyron plot

In experimental thermodynamics, the measurement of the equilibrium

pressure over liquids - and in particular solids - is a powerful, indirect method for
the determination for the heat of vaporization / sublimation. An example of a set of
vapour pressure data is represented by Figure 10.
For this class of equilibria a special Clapeyron equation can be derived («004). If
the volume of solid or liquid is neglected with respect to the volume of the vapour
and if, next, the latter is taken as RT /P (ideal-gas approximation), the general
equation, Equation (22) will change into

dP  PAH’ dinP  AH’
—_—= or = .
dT RT? dT  RT?

(23)
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400

—— P/Pa

280 320

— TK

FIG.10. Showing that vapour pressures increase in an exponential
manner with temperature. The nine data points pertain to the
vapour pressure over crystalline naphthalene (Ambrose et al.
1975)

A further simplification is obtained with the help of d(1/T) = -T2 dT:

dinP __aH ”
d1/T) R

From the last expression, Equation (24), it follows that it is advantageous to plot
vapour-pressure data in an In P versus 1/T diagram, i.e. a so-called Clausius-
Clapeyron plot. In that case the data points, in first approximation, are on a straight
line; and the more so the smaller the temperature range of the data and the lower
the pressure; see Figure 11.

61 o9
o8
o7
a 41 e6
o o5
Q.
E 2] o
3
0,
02
2 o1
i 3.0 ‘ 3.4 ‘ 3.8

kKIT

FIG.11. Clausius-Clapeyron plot of the data points in Figure 10
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The straight line, which corresponds to constant AH over the (small) temperature
range, is given by the integrated form of Equation (24):

InP =-AH" / RT + constant. (25)

For two equilibrium states (P4, T) and ((P, T,), the equivalent equation is

() (1 1) o)
P4 R\T, T4

These equations, Equations, (25) and (26), are particularly useful for interpolation
and (modest) extrapolation.

The Clausius-Clapeyron plot is a powerful representation of the dependence
on temperature of quantities - like pressure, equilibrium constant, and distribution
coefficient - of which the logarithm is nearly linear in reciprocal temperature. The
representation is rooted in thermodynamics, and owing to its straight-line
appearance it has become very popular. lts attractiveness, in a sense, is also its
weakness - because of the fact that the representation does not reveal the fine
structure in a set of experimental data.

the arc representation

A fact is that, due to the rapid change of (e.g.) pressure with temperature,
several units on the vertical axis are needed to represent, in a Clausius-Clapeyron
plot, the outcome of an average investigation. The ‘uneconomical’ use of the
vertical axis can be repaired by the addition of a linear contribution in 1/T, that is to
say, by replacing In P by

Inf=InP—a+ BIT, (27)

of which the constants « and § have to be adjusted in such a manner that Inf is
(close to) zero for each of the two extreme TP pairs of the set of data (Oonk et al.
1998). To demonstrate the effect of the linear contribution, use is made of the data
set displayed in Table 1.

In Figure 12 the vapour-pressure data for water, displayed in Table 1, are
represented two times: on top the Clausius-Clapeyron plot, and at the bottom
side in the Inf representation, defined by

Inf=In(P /Torr) — 20.93641 + 5299.5 K /T . (28)
The rainbow/arc like shape of the Inf representation is characteristic of a high-
quality set of data. The concave nature reflects the general fact that for

liquid+vapour equilibria the heat-capacity difference is negative: heats of
vaporization decrease with increasing temperature
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Table 1: Vapour pressures over liquid water in the range from 10 to 40 °C
TIK P [Torr
283.15 9.209
288.15 12.788
293.15 17.535
298.15 23.756
303.15 31.824
308.15 42.175
313.15 55.324
4 o g
(o]
In (P/Torr) (o)
o
3 - -
(]
o
o
2 - -
0.06 | -
In f
0.04 |
. i
0.02 |
0.00 Z2b 22b
1 I I 1 I
32 34 36
10° KIT

FIG.12. Two graphical representations of the vapour-pressure data in
Table 1. Top: the traditional Clausius-Clapeyron plot. Bottom: the
arc representation
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After differentiation of Equation (27), and substitution of Equation (24), the following
equation is obtained for the slope of the Inf function

d(Inf)/d(1/T)=-AHZ IR+ p. (29)
For the temperature at the top of the arc the heat of vaporization is equal to the
product of the gas constant R and the parameter g. At the left-hand side, which is
the high-temperature side, the slope is positive and the heat of vaporization is
smaller than at the top. At the right-hand side these things are the other way round.
As a matter of fact, the difference in heat capacity between vapour and liquid can

be calculated from the characteristics of the arc (see Figure 12): its height h, base
length b, and the reciprocal temperature at the top 1/Trax :

ACE, =-8R{T,, b} *h (30)

max

decoration, the use of superscripts and subscripts
In conclusion we consider an alternative route to the special Clapeyron
equation. The starting point is the equilibrium condition, like Equation (2), in terms
of chemical potentials
ug' = pg" (31)
The next thing to do is to introduce the function recipes for the u's, taking into

account the approxirrlgltions made earlier. The negligence of the volume of the solid
phase means that #2 is taken independent of pressure. As a result, its function

recipe becomes

ug' =y (T)=65(T). (32)

Subsequently, in the ideal-gas approximation the recipe for the thermodynamic
potential is («108)

ug” =up (T,P)=G3(T)+RTInP. (33)
The substitution of the two recipes into the equilibrium condition gives rise to
InP =-AG]/RT, (34)
and with AG°= AH°-TAS® we have

INP =—-AHS/RT + ASS/R. (35)
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Differentiation of InP, Equation (34), with respect to T - remembering that the
derivative of G/T is given by —H/T? (Equation 107:26) - yields

dinP _ AH
dT RT?’

(36)

The analogue of this equation is Equation (23) and the analogue of Equation (35) is
Equation (25). We observe that the two equations and their analogues differ as to
the decoration of the symbols; and, in addition, the constant in Equation (25) is
equalto ASZ/R.

As regards decoration: in Equations (23) and (36) the superscripts of H are
different; and in the former of the two equations the subscript for substance B is
missing. It is obvious that in a section on one single pure substance it is not of
eminent importance to take along the subscript-for-substance all the time. In the
case of Equation (36), B was introduced in Equation (31) as a subscript of x. Itis a
good thing to realize that u, i.e. the chemical potential, is a property that belongs to
a given substance, or chemical, or chemical species (either in pure form or as a
component of a mixture). It is appropriate to stress this fact when working with the
symbol ; in particular when formulating the equilibrium conditions of the N set. In
a subsequent step, that is to say when function recipes are going to be introduced,
it is early enough to decide if it is necessary or not to take along the subscript(s).
The AH in Equations (23-26) and AH° in Equations (35-36), and defined as
AH = H'Y — H " and AH° = H° " — "> respectively, differ in H " and H°“®.
Again, the appearance of each of the two superscripts is related to the route
followed during the derivation. In fact, the two quantiies H “® and H° ** are
identical for the case considered: the enthalpy of the ideal gas is independent of its
pressure, i.e. (0HIOP)r = 0. As a result the superscript in H° which refers to a
chosen unit of pressure, is meaningless. Of course, this observation does not hold
true for the superscripts in S°and G°.

conservation of decoration

As a final remark, once a certain decoration has been selected, it should be
carried along from the beginning to the end of the operation. The other way round,
all thermodynamic operations, like the derivation of thermodynamic properties from
G(T,P), remain valid no matter the decoration of G.

Forms, in which a pure substance manifests itself, may have their own stability field
in the PT phase diagram; outside its field the form is metastable. There are forms
that are metastable under all circumstances. Two stability fields, when neighbours,
share a two-phase equilibrium curve; the slope of the curve is related to the
differences in entropy and volume of the two forms (Clapeyron's equation). The
maximum number of forms that can coexist is three; the three-phase equilibrium
corresponds to a triple point in the phase diagram.
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EXERCISES
G*T diagrams around a triple point

For the three forms o, B and y of a pure substance sketch GT diagrams - for a
temperature interval around the o B v triple point temperature - for three different
pressures; that is to say, above, at, and below the pressure of the triple point.

benzophenone, a monotropic substance

Benzophenone (diphenylketone, CsHsCOC¢Hs) has two solid forms, denoted by a
and .
e For0<t/°C < 70 make a sketch of the G T diagram of the substance, using
the data given.
e  Where do you expect the metastable (a to B) transition point?

a p
melting point (°C) 48.0 26.1
heat of melting (kJ-mol '1) 16.7 13.8

a phase diagram analogue

For five forms, in terms of the simple model defined by

ZP=-X+ Y+1

ZP=4X+2Y+6

Z'=-6X+6Y+2

Z2=-2X+ Y+4

ZP=— X+3Y-1

e  Construct the (stable) phase diagram. Take 0 < (X,Y) <6.
Clue: first calculate the coordinates of the triple points and find out which of the triple
points are stable.

a negative degree of freedom?

In the realm of thoughts it is quite easy to let the G TP surface of a form & pass
through the point of intersection of the three G TP surfaces of the forms a, Bandy.In
that case - of which no real counterpart exists - the four triple points (a  v), (o B 8), (o
vy 8), and (B y ) coincide to one quadruple point, corresponding to a variance
f=1-4+2 of minus one?!
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e To get an idea, calculate the ‘phase diagram’ for the four forms, which, in
terms of the simple model, are defined by
Z=-X +Y+1
ZP=4X+2Y +6
Z'=-6X+6Y+2
Z°=-2X+5Y-54

5. Antoine equation for 1-aminopropane

The vapour pressure of liquid 1-aminopropane as a function of temperature, for
20 < t/°C < 80, can be represented by the Antoine equation
-1 .

In(P/Torr)=A-B{(T/K)-C};

with A = 15.9576, B = 2408.66, C = 62.060 («Exc 004:9).
e Calculate the heat of vaporization of the substance at its normal boiling point.

6 heat of melting along the melting line

Derive an expression for the change of the heat of melting with pressure along a
substance's melting line. Clue: first formulate the total differential of enthalpy in terms
of temperature and pressure.

7. vapour pressure over 1,4-dibromobenzene

In the temperature range 0 < t /°C < 25 the equilibrium vapor pressure over solid
p-dibromobenzene (B) can be represented by
In(P/Pa)=-8900 kelvin/ T +31.928
The entropy of solid B at 25 °C is 193.10 J-K™mol .
e  Supposing that you wish to assign the value zero to the enthalpy of solid B at
25 °C, what are the values of the following properties of ideal gaseous B: H°,
S° and G° valid for 25 °C and 1 Pa.
e How do these three quantities change when the standard pressure is
changed from 1 Pa to 1 atm?.

8.  monoclinic and orthorhombic sulphur

Referred to 1 bar and 25 °C the entropy difference between monoclinic sulphur (m)
and orthorombic sulphur (0) is AS = 8" — 8° = 1.09 J-K"-mol”". Under the same
circumstances the heats of combustion (to SO,) are —297.21 kJ-mol” for m and
~296.81 kJ-mol™ for o.
e Calculate AG for 1 bar and 25 °C.
e Neglecting Cp, calculate the temperature at which the two forms will be in
equilibrium under 1 bar pressure.
e Which value will be found in the thermodynamic table for SO, for its enthalpy
of formation at 1 bar and 25 °C?.
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10.

11.

12.

13.

Level 1
caesium chloride

The substance caesium chloride (CsCl) has two different solid forms, which are
denoted here by a and B. The difference in Gibbs energy between liquid and o and
between liquid and {3 as a function of temperature and at 1 bar pressure are
ANRG=G"-G“={ 20116 -22.03(T /K) } Jmol™
AfG=G""-G"={23016-25.94(T/K)} Jmol™
e Calculate the temperatures and the heat effects of the three transitions
a—liq,
B—lig and o—p.

diamond out of graphite

Let's suppose that you think of using high pressure to transform at 1700 K graphite
into diamond. What order of magnitude of pressure do you need? The information
which is put at your disposal is minimal: just the Gibbs energy of formation of
diamond from graphite at 1700 K, 1 bar, which is 9034 J'mol, and the molar
volumes of graphite and diamond at 298 K, 1 bar, which are 5.298 and 3.417
cm®mol™, respectively.

heat capacity change from the shape of the arc
The relation between the heat-capacity difference and the characteristics of the arc,
Equation (30), can be found by Taylor's series expansion of Inf from the maximum,
and truncating after the second-derivative’s term.
o  Write down the derivation of the equation.

the water arc

Apply Equation (30) to the arc, Figure 12, for the vapour pressures over water in the
range from 10 to 40 °C. NB at 25 °C the heat capacities of gaseous and liquid water
are (33.590 and 75.288) JK"'mol ™, respectively.
a different arc

In this exercise the trick of the linear contribution - to construct the arc representation
- has to be applied to the logarithm of vapour pressure as a function temperature (not
its reciprocal):

Inf=InP-a+pT.

. Show that in this case the relation between the arc characteristics and the
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difference in heat capacity is given by
ACp=-2 R O{(4hOIb*) + A,

where © stands for the temperature at the top of the arc.
e Construct the arc for the data in Table 1, and from its characteristics evaluate the
value of the difference in heat capacity ACp.

14. naphthalene: the assessment of a data set

The nine data points in Figure 10, representing the vapour pressures over crystalline
naphthalene, are given by the following pairs (T /K; P /Pa) of numbers: (263.61;
0.23); (273.16; 0.74); (283.14; 2.41); (293.24; 6.93); (303.29; 18.45); (313.24; 44.73);
(323.14; 104.14); (333.34; 238.73); (343.06; 488.58).

e To start with, make an Inf plot of the data points, such that
Inf=1In (P/Pa) —31.610 + 8720 K /T; and, in a freehand manner, construct a
representative arc which has its maximum at (1/298.15) K™

e Next, use the arc to calculate, for the change solid-to-vapour at T=298.15 K,
the values of AG®; AH®; and AC?, referred to P = 1 Pa; and, to end with, use

the transition properties to calculate the temperature at which the equilibrium
pressure will be equal to 800 Pa.

15. second-order transition according to Ehrenfest

In Ehrenfest’s (1933) classification of phase transitions, a first-order transition is one
for which G’ is continuous on crossing the equilibrium curve, whereas its derivatives
V', and minus S’ are not. In the case of second-order transitions, G, V', and S are
continuous, whereas the second derivatives of G are not.
e  Derive two “Clapeyron equations” for second-order transitions - one from
d(AV) = 0, and the other from d(AS’) = 0.
NB. Combination of the two equations yields a relationship between the second
derivatives, that is to say between ACp, 8(AV)/AP, and &(AV)/aT.
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§ 111 CHEMICAL REACTIONS AND EQUILIBRIUM

Ignoring kinetic matters, substances when brought together at specified conditions
of temperature and pressure will give rise to a chemical reaction if that reaction
offers the opportunity to lower the Gibbs energy. Under certain circumstances the
reactants and the products of the reaction can coexist - be in equilibrium with one
another. It is not impossible that the substances of a given system are involved in
more than one chemical reaction.

considerations

At ordinary conditions the Gibbs energy of 1 mole of water is lower than the
sum of the Gibbs energies of 1 mole of hydrogen and 0.5 mole of oxygen. This
observation implies that H, and O, can change spontaneously into H,O. Why not
simply "this observation implies that H, and O, change spontaneously into H,O"?
The problem is that thermodynamics has no control of kinetics. Thermodynamics
can say that a certain reaction can proceed spontaneously, but it cannot predict
whether the reaction will really proceed.

In the case of oxyhydrogen a spark will do the trick. On the other hand,
graphite+hydrogen+oxygen, even in the right proportions, never will change
spontaneously into sugar, whatever tricks one may invent; and in spite of the fact
that the change would correspond to a lowering of the Gibbs energy.

In the opposite direction thermodynamics has luck on its side. It can firmly
pronounce that water at ambient conditions never will change spontaneously into a
mixture of hydrogen and oxygen. By means of thermodynamics one can reveal/
calculate the boundary in the M [variables] space, which separates the region
where a spontaneous change is possible from the region where a spontaneous
change is impossible. No more and no less.

Incidentally, the fact that a chemical reaction does not proceed spontaneously
under certain conditions, does not mean that under those conditions the reaction
cannot be carried out. To appreciate this, we start again with the spontaneous
reaction of hydrogen with oxygen. The chemical energy which is present in that
combination, is released by the reaction

2H,+ 0, > 2H,0;

and can be stored in materials, e.g. for heating purposes. In a more sophisticated
way H, and O, are made to react in an electrochemical cell (without being in direct
contact with one another). In that case the chemical energy is converted (in part) in
electric energy (—202:Exc 2). The electrochemical reaction between H, and O, can
be detailed as follows, e” denoting the electron.
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anode reaction H, — 2H'+2¢
cathode reaction 120,+H,O0+2e — 20H
neutralization reaction 2H"+20H —> 2H,0
sum reaction H, +1/20, —» H,O

When such a cell, the oxyhydrogen cell, operates at 25 °C and with H, and O, at
1bar pressure, its electromotive force will be 1.23 Volt. When the oxyhydrogen cell
is connected - in the proper way - to another electric cell with a higher electromotive
force, water is forced to change into hydrogen and oxygen.

anode reaction H,O > 2H"+2e +1/20,
cathode reaction 2H,O+2e — 20H +H,
neutralization reaction 2H" +20H - 2H,0

sum reaction H,O - Hy;+1/20,

The forced reaction in this case is called electrolysis; one can speak of the
electrolysis of water.

The important conclusion is that there is a region in the M [variables] space
where a chemical reaction can proceed spontaneously and another region where
the reaction has to be forced to proceed. Thermodynamics has the power to
allocate these regions and to pinpoint their interface.

a reaction between pure substances and its equilibrium curve

In the simplest case the M [variables] space is simply the TP plane, namely
when the substances involved in the chemical reaction do not dissolve in one
another.

We consider the reaction
A+B —» 2C. (1)

At equilibrium, the equality
Hatpg=2 e (2)

is respected and there is one degree of freedom:

F=M[T,P]-N[p,+pug=2pc1=2 - 1=1. 3)

As a result, the solution of this system is represented by a curve in the TP plane.
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Dealing with pure substances, we can replace Equation (2) by
G, + G = 2G;; (4)
and to reduce notation we will write
AG =2G; -G, - G,. (5)
The equilibrium condition now takes the simple form
AG=0. (6)

The curve in the TP plane which is the solution of Equation (6), or the solution of
Equation (2) if you like, has either a positive or a negative slope; Figure 1.

]
o
P A Avg PA 4

lowest

lowest
volume
volume

highest highest

entropy entropy

v
v

FIG. 1. The locus of the equilibrium states divides the PT plane into two
fields; left: highest/lowest entropy goes together with
highest/lowest volume; right: highest/lowest entropy goes
together with lowest/highest volume

For a point on the equilibrium curve AG is equal to zero, and from
G=U+ PV-TS it follows

AG=AU+P AV -T AS=0. 7)

If, starting from the point on the curve, the system at constant pressure is brought
at a higher temperature, AG (which was zero) will become negative only if AS is
positive. So, if for the reaction considered, indeed 2S;>(S,+Sg), i. e.
AS >0, then the spontaneous reaction at the right-hand side is A + B — 2C. In that
case A and B react to C until one of the two, or both at the same time, will be
exhausted. If, on the other hand, (S, +S;) >2S; then, at the right-hand side, C
will decompose spontaneously and entirely into A and B. In the latter case AG is
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negative for the reaction 2C —» A + B. Putting these things together, we can
observe that at the high-temperature side of the equilibrium curve the spontaneous
reaction is the one that corresponds to an increase in entropy.

On the same lines of reasoning, the stability field at the high-pressure side of the
equilibrium curve is the field where the system takes the lowest volume.

The equilibrium curve, Figure 1, has a positive slope when AS and AV have the
same sign and a negative slope when the signs of AS and AV are different.

In a somewhat different approach, one can observe that along the equilibrium
curve AG is equal to zero and remains equal to zero. Its total differential, therefore,
is equal to zero:

O:d(AG):[%j dT+[%j dP =-ASdT +AV dP. )
oT J» oP ),

As a result, for the slope of the equilibrium curve,

L2 ©)

There are many reactions between pure substances in which one of them is
gaseous, the others being solid. In these cases the signs of AS and AV, generally,
are determined by the gaseous substance: AS and AV generally have the same
sign and are positive when the gaseous substance is at the right-hand side of the
reaction equation. An example is found in the calcium carbonate equilibrium,
discussed already in § 007, and §108.

CaCOs(solid) = CaO(solid) + COx(gas) (10)

In the case of homogeneous equilibria, there is one phase which contains all
of the substances involved in the equilibrium reaction. A well-known example is the
gaseous ammonia equilibrium,

No+3H;, =2 2NH; (11)
discussed already in § 007, and elaborated for the ideal-gas mixture.

reactions and dependent reactions
Between the four substances carbon (graphite), oxygen, carbon monoxide,

and carbon dioxide one can formulate four reactions such that every time one of
the substances is not involved:

C+050,—-CO (CO, absent)
CO+050,— CO, (C absent)
C+0,—-CO, (CO absent)

C+C0O,—-2CO (O, absent)
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In terms of thermodynamics and thermodynamic properties only two of the four
reactions are independent. The third reaction can be seen as the sum of the first
two reactions; and the fourth as their difference.

To discuss a situation like this, we take the abstract case of four substances A, B,
C, and D which are not soluble in one another, and between which there are two
independent reactions:

The absent notations (D) and (A ) are used to denote that the substances D and A
do not take part in the first and second reaction, respectively.
For (5 ) the equilibrium curve in the PT plane follows from

A5G =G; -G, -Gg =0. (12)

At the equilibrium curve, the substances A, B and C coexist: when brought into a
vessel and put under the conditions corresponding to a point on that curve the
substances will not react, their amounts remaining the same (however.....).

Similarly, there is an equilibrium curve for the second reaction (A ). The point of
intersection of the two curves is an invariant point, as follows from the system

formulation
f=MI[T,P]-N[A;G =0; A;G =0]=0. (13)

At the invariant point all four A, B, C, and can coexist.

Out of the two (independent) reactions (D) and (A ) we can derive, by eliminating
C and B, the dependent reactions (C)and (B ):

(C) A+2B > D
(B) A+D —» 2C

The two dependent reactions give rise to another pair of equilibrium curves in the
TP plane. These two curves, obviously, intersect at the invariant point defined by
(D)and (A). Taken together, the four curves divide the TP into eight fields.

The stability relations between these fields, as always,
follow from Gibbs energy considerations

To understand these matters we will use the simple model again («<110). In
the simple model Z stands for molar Gibbs energy, X replaces T and Y replaces P.
In this model let's define the four substances by

A Zy=-— X+ Y+1 (14)
B Zg=-4X+2Y+6 (15)
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C  Zc=-6X+BY+2 (16)
D Zp=-2X+Y+4 (7)

For the equilibrium corresponding to the reaction (A ) the equilibrium line in the XY
plane follows from Zp = Zp + Z¢:

(A)=-8X+T7Y +4=0. (18)

On the same lines for the other equilibria:

(B)=-9X+10Y-1=0 (19)
(C)=-7TX+4Y+9=0 (20)
(D)=- X+3Y-5=0. (21)

The four equilibrium lines are shown in Figure 2, the coordinates of the invariant
point being X =2.765; Y = 2.588.

/A £
2

0

FIG.2.  Equilibrium lines corresponding to four chemical reactions, only
two of them being independent

Next, for the reaction (C) it follows - from the principle of minimal Z - that D is
stable at the left-hand side of the line; and (A + 2B) at the right-hand side. Similarly
for the other lines, see Figure 2.
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As a following step we have to find out where the stable fields are situated. To that
end the diagram shown in Figure 2 is split up in eight regions. The easiest thing to
do is to answer the question: what will happen when the four substances are
brought together under the conditions of a given region. Let's take one mole of
each substance and put the combination under the conditions of the region marked
[1]. Region [1] is at the lower side of the line for (D ), which means that (A + B) will
react to C and as a result the system will have 2 mole of C and 1 mole of D. In
region [1] the substance D, however, is not stable and it follows from the line for
(A) that it will react to (B + C). In region [1], therefore, A + B + C + D change into B
+ 3C. On the same lines of reasoning it follows that in region [2] the result will be
the same as in region [1] : A + B + C + D change into B + 3C. In fact, therefore [1]
and [2] together constitute a stable field. Region [3] is a stable field on its own; in
that field A + B + C + D change into 2C + D. The complete result of this exercise is
shown in Figure 3.

y C
B+C > D C+D — 2A+3B
4 -
D
2r A+D - 2C
B
i A
> A+B > C

./747

0 L L 1 1 1 1 X

FIG.3.  Stability diagram for four reactions of which two are dependent.
In the fields the net reactions are indicated, i.e. what happens
when equal amounts of A, B, C and D are brought together

Again, we may appreciate the usefulness of the absent rotation. We observe,
Figure 3, that the metastable extension of the equilibrium curve corresponding to
the absence of a certain substance runs into a region where that substance is
produced. This general fact is referred to as Schreinemaker's Rule (after F.A.H.
Schreinemakers 1864-1945). A consequence of Schreinemaker's Rule: at the
invariant point, the angle between the stable parts of two successive equilibrium
curves has to less than 180°.
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Another observation which we can make is that, for instance, the substances

C and D react with one another in the field enclosed by the stable parts of (C) and
(D). In other words, there is a field in the XY (read TP) plane that corresponds to
circumstances at which C and D are not found in each other's presence. The other
way round, a (geological) observation - e.g. that in a given setting C and D are not
found together - can be a clue to the TP circumstances of that setting. In geology,
to conclude with, Schreinemakers analysis is an important tool in barothermometry;

see E-an Zen (1966); Powell (1978).

For most of the relatively simple cases considered above, the equilibrium between
the reactants and the products of a chemical reaction corresponds to a curve in the
PT plane. For conditions outside that curve either the reactants (or part of them if
they are not present in stoichiometric amounts) disappear spontaneously or the
products. At the high-temperature side of the equilibrium curve the spontaneous
change corresponds to an increase in entropy; at the high-pressure side the
change is to lower volume. When substances are involved in more than one
reaction, the single PT plane, with a single curve, separating two fields, changes
into a complex stability diagram with one or more invariant points and several
stability fields.

EXERCISES

1.  the strontium oxides

The formation properties of strontium oxide (SrO) and strontium peroxide (SrO,) at
25°C and 1 bar, expressed in J-mol”, are (Barin 1989)
AH° AG°
SrO -592036  -561404
SrO, -633458  -573279
An amount of strontium is brought into a cylinder-with-piston along with an equal
amount of oxygen. Next the external pressure is set to 1 bar and the temperature to
25°C.
o  Which substance(s) will be present when equilibrium has been reached?
. Like previous question, however, with the double amount of strontium.
e Like first question, the temperature, however, being set at 500 K (first
calculate ArS° and next assume that AS° and A#° are independent of
temperature).
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2,

3.

Level 1

Alexander von Humboldt’s discovery

In 1799 Alexander von Humboldt (1769-1859) reported that barium oxide, when
heated in air, absorbs oxygen from the air: formation of barium peroxide (BaO,). On
heating to higher temperatures the ‘absorbed’ oxygen is released and can be
collected. The process was used in the nineteenth century to isolate oxygen from air
on a technical scale.

Hildebrand (1912) measured the equilibrium pressure of the system
2Ba0y(s) — 2Ba0(s)+0y(g) as a function of temperature

TIK 800 900 1000 1111 1250
P /atm 1.48x10° | 1.95x102 | 1.54x10" | 9.85x10" 6.32

e From the experimental PT data calculate for each temperature AG® the
Gibbs energy change of the reaction, referred to 1 bar; next by linear least
squares of AGT) = AH° —-TAS?®, calculate AH° and AS®.

e  Up to what temperature BaO will ‘absorb’ oxygen from the air with 20 mole %
of that gas?

magnesium carbonate

The table gives for magnesite (magnesium carbonate, MgCO;) values of the Gibbs
energy of formation from the oxides, for P = 1 bar (Robie 1978).

e Calculate, for the temperatures of the table,

T AoxG° the values of the equilibrium pressure P
K kJ-mol’™ and make a plot of InP versus 1/T.
400 -48.077

¢ In an experiment 1 mol MgCO; and 1 mol
500 -30.736 CO, are brought in a cylinder-with-piston.
Next, at constant external pressure of 1
bar, the cylinder with its contents is slowly
700 3.343 heated from room temperature to 100 K.
Make a plot of the height of the piston as a
function of temperature; the height of the
900 36.529 piston at 400 K is 20 cm.

600 -13.592

800 20.050

air as a CO, buffer

From the data on MgCO; given in Exc 3 calculate the values of AgH° and Ap,S°,
assuming that the dependence on temperature of the two quantities may be ignored.
Next, calculate the temperature at which MgCO; will decompose in the open air. The
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air in this case may be considered as a CO, buffer, containing 0.03 mole percent of
that substance.

5. the ammonia equilibrium - the role of pressure
Four values are given of the equilibrium constant

K — (XNH3'P )
(Xn,P )1/2(XH2_P)3/2

of 1/2N, + 3/2H, — NH; for t = 450 °C and as a function of pressure (Larson and
Dodge 1923; Larson 1924).
e By extrapolation determine the value of K at zero pressure; and from that the
Gibbs energy of formation of NH; - in the ideal-gas approximation and
referred to 1 bar.

P /atm 10°K / atm™ e Compare the result with the data given by
Robie et al. (1978) for the formation
properties of NH; (ideal gas; 1 bar). For
30 6.764 T = 700K these data are, expressed in
kJ- mol™!, AHO = —52.684; \G® = 27.155.

10 6.595

50 6.906

100 7.249

6. ammonia’s degree of dissociation

The homogeneous gas equilibrium NH; — 1/2 N, + 3/2 H, can be realized starting
from pure ammonia. In that case the equilibrium state can be fully described by the
set of variables M [T,P, ], where « is the degree of dissociation.
. In the ideal gas approximation, derive the equilibrium equation, from which
a, for given T and P, can be solved.
. Calculate the « values for the twelve circumstances indicated below. The
Gibbs-energy-of-formation values are for 1 bar (Robie et al. 1978).

AGus / TIK Pbar — 1 10 100
(J'mol™
~16410 | 298.15
0.336
-5984 | 400
4760 | 500
15841 | 600
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7. vapour in equilibrium with solid salammoniac

In a vessel-with-manometer, immersed in a thermostat at 600 K, the equilibrium is
realized between solid salammoniac (NH4Cl) and vapour formed from NH,CI,
containing HCI, NH3, N, and H,.

e Calculate the mole fractions of the species in the vapour, and also the

pressure indicated by the manometer.

The available information consists just of the Gibbs energies of formation, valid for
600 K and 1 bar and expressed in kJ-mol’ (Robie 1978), of solid NH,CI
(-92.837) gaseous HCI (-97.963) and gaseous NH3 (+15.841). First see Exc 007:4.

8.  dissociation of water at 1800 K

An amount of steam (H,O) is kept in a cylinder-with-piston at 0.5 bar external
pressure and at 1800 K. At 1800 K and 1 bar the Gibbs energy of formation of
gaseous H,0 is —147.032 kJ-mol” (Robie 1978).
. Calculate the degree of dissociation «, i.e. the fraction of H,O which has
dissociated in H; and O..

9. the simple model — interdependent reactions

In terms of the simple model, four substances are defined by
Za=—X+ Y +1 Zs=-4X+2Y +6

Zc=-6X+6Y+2 Zo=-2X+ Y+4
And they give rise to the following independent reactions
(C) A+D > B
(A) B+D » C
e  Formulate the dependent reactions (B ) and (D) and calculate the complete
stability diagram.

10. virtual experiments related to Figure 3

This exercise pertains to the system of four substances A, B, C and D, of which
Figure 3 is the stability diagram. Each position in the scheme below represents a
virtual experiment in which equal amounts of two of the four substances are brought
at conditions that correspond to a point in one of the stability fields.
e Give the composition - in terms of substances and their amounts - the
system will have, after equilibrium has been reached.
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1.
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C+D 2A + 3B

one of Professor Schuiling’s favourites

In this exercise five substances are considered which are involved in five reactions
such that in each reaction one of them is missing. The substances are water (W), and
the four minerals kaolinite (K = Al,Si,O5(OH),), andalusite (A = Al,SiOs), pyrophyllite
(P = AlSi;O4o(OH),) and quartz (Q = SiO,). For the two independent reactions we

take (K)  ALSi;O1(OH), — ALSIOs + 3SiO, + H,0
(P)  ALSI,O5(OH); — AlSIOs + SiO, + H,0

The equilibrium curves of the five reactions run more or less as indicated. The
substances Q and W are formed at the right-hand side of the equilibrium curves,

except for reaction (A ) where Q is formed at the left-hand side.
e  Formulate the dependent reactions and find the five stability fields.
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PHASE THEORY: THE THERMODYNAMICS
OF EQUILIBRIUM BETWEEN PHASES



§ 201 MIXTURES AND PARTIAL QUANTITIES

When, at a certain T and P, a mixture of 2 mole of substance A and 3 mole of
substance B has a volume of 200 cm’® it is sure that, at unchanged T and P, a
mixture of 4 mole of A and 6 mole of B will have a volume of 400 cm®’. The
significance of this "simple" but important property is going to be examined.

partial volumes

To keep things simple, let's take two miscible liquid substances A and B and
talk about mass and volume. By m, and m, we denote the molar masses of pure
A and pure B, respectively. The molar volumes of the pure substances are V,; and
V,.

For mass m (na, ng) and volume V(n,, ng) of a mixture of ns mole of A and ng mole
of B, we can make the following general observations, the properties 1, 2 and 3.

m (N, Mg) = Ny My + Ng - Mg (1)
V(n,, ng) # n, -V, + ng - Vs (P, Tconstant) )
V(t-n, t-ng)=t-V(n,, ng) (P, Tconstant) (3)

Property 1 is a consequence of the law of conservation of mass. There is no law of
conservation of volume: generally the volume of a mixture is not equal to the sum
of the volumes before mixing - property 2. Property 3 expresses the general fact
that, when the amounts of A and B are multiplied by the same factor, the volume is
also multiplied by that factor, provided that P and T are kept constant. Everyone
who buys liquors is familiar with this general fact.

The change the volume of the mixture will undergo on the addition of infinitesimal
amounts of A and B is - obviously, and at constant P and T - given by

@V)p, =| 2 dn, +| ¥ dn. @)
P,T a A a B
Na P,T,ng Ng P,T,na

The partial differential coefficients are named partial (molar) volumes, symbols V,
and V. The quantity V, is the partial volume of A in the mixture of A and B and Vg
is the partial volume of B in that mixture. Note that, as a consequence of property 2,
V, as rule is not equal to V, and Vi not equal to V.
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Generally, in a multicomponent mixture and for a given extensive quantity Z,
the partial Z of the i-th component is defined as

oZ
Z, = |— . 5
j [an_] | )
I')p,Tn;

In this definition the accent rotation n; is used to indicate that, with the exception of
n;, the amounts of all components have to be kept constant. It should be stressed
that for the definition of partial quantities the condition of constant P and T is
imperative. As an example, the differential coefficient (6S/ong)y.r is not the partial
entropy of B!

relation between integral volume and partial volumes

For lack of a relation between the volume of a mixture and the molar volumes
of the pure components, we are now going to find out if we can find a relation
between the volume of the mixture and the partial volumes of its components - and
so - by integration of Equation (4), rewritten as

dv=V,dn, + Vg dng, (P, T constant). (6)

Itis clear that the volume of a mixture of n, mol A and ng; mol B is given by
A ng
V= [ Va-dng+[ Vg - dng, 7)

no matter how the integration is carried out. No matter how A and B are mixed
together; no matter the route followed in the n, ng plane form point (0;0) to point
(n,;ng); see Figure 1.

Ng o

’

[/ I

FIG. 1. Preparation of a mixture of A and B
The problem, however, is that, to be able to carry out the integration, we must know

how, along the route followed, V, and Vg depend on ns and ng - something not so
obvious.
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In order to find a solution for this problem, we will make use of property 3 and
compare the following two situations, indicated by (s) and (d)

O An, 0] @)
| | !

(s) (d)

Vs Vg =2V, P, T constant

In situation (s) a drop of pure A is added to a mixture of A and B, having a certain
composition, i. e. a given mole fraction of B (Xg = ng/ (na + ng)). In situation (d) the
composition of the mixture is the same as in (s); the difference with (s) is that the
amounts are doubled. After the addition of the drops of A, (s) and (d) have the
same composition and the volume of (d) is two times the volume of (s) and it is
obvious that the increase in volume in (d) is two times the increase in (s). Now for
very small An, , the partial volume of A follows from

in the case of (s) (V,), = ((AA,:))SS ;
and in the case of (d) Va)y = (AV)y _ 2(AV), _ V).

(Any), 2(An,),

We observe, therefore, and as a result of property 3, that, for a given mole fraction
of B, the partial volume of A is independent of the total amount of mixture. Of
course this observation is also valid for V.

The easiest way to carry out the integration, as may be clear, now, is to follow the
straight line between (0;0) and (n;‘ ;n}g), i.e. the route indicated by the arrow in
Figure 1. Along that route A and B are mixed at constant mole fraction: along the
route V, is constant and the same holds true for V. Consequently, Equation (7)
changes into

V=V, [ dn,+V, [ " dn,, ®)
from which it follows that the relation between volume and partial volumes simply is
V=n,V,+ ngVg. 9)

The integral volume of a mixture is the sum of the products of amount of
component and partial volume of that component:

V=3 ngV. (10)

Besides, the adjective integral is sometimes used to avoid confusion with partial
volumes (in that sense it is superfluous in the foregoing sentence).
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homogeneous functions and Euler's Theorem

An alternative, a mathematical manner to obtain the result expressed by
Equation (9) is to use Euler's Theorem on homogeneous functions. A function U of
x and y is said to be a homogeneous function of the k-th degree when it has the
following property: when all variables are multiplied by the same factor t it has for
result that the function value is multiplied by t-to-the-power-k (t). Euler's Theorem
is (see e.g. Mellor 1955): "In any homogeneous function, the sum of the products of
each variable with the partial differential coefficient of the original function with
respect to that variable is equal to the product of the original function with its

degree".
ou ou
X| — — |=k-U. 11
(6J+%8J )

Therefore, from property 3 it follows that volume is a homogeneous function of the
first degree of the amounts of substance. And Equation (9) is its Euler's Theorem
expression - as simple as that.

Gibbs-Duhem equation

Going on with a little bit of mathematics, we notice that from Equation (9) it
follows that the differential of V can be given as

dV =n,-dV, +V,-dn, + ng-dV, +Vy-dn,. (12)

On the other hand, we know already that at constant T and P the differential of V'is
given by Equation (6)
dV =V, dn, + Vg dng.

Therefore, as a result of these two truths, the following relation has to exist
between the changes of the partial quantities.

n,-dV, +ng-dVz =0 (P, T constant). (13)
From this equation - the volume exponent of the important Gibbs-Duhem equation
which we will meet soon - it follows that at constant P and T any changes in V, and
Vi are related to one another and, in addition, have opposite signs, i.e. when V,
increases, Vg has to decrease.

two observations

To conclude this section, two observations are made. The first is that the
other extensive thermodynamic quantities U, H, S, A, G... like V are homogeneous
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functions of the first degree of the amounts of substance. Taking entropy for
example, it is obvious that in j;jqrev /T the heat needed to bring ten mole of a

given mixture from T to T+AT will be ten times the heat needed to bring one mole -
10% of the same mixture - from T to T+AT. It implies, among other things, that we
can speak of the partial entropy of substance B in a mixture with other substances.
The other observation is on pure substances. When applied to a pure substance,
the definition of partial quantity tells us that the partial quantity - the change of the
quantity per mole of the substance itself - obviously is equal to the molar quantity.
For example, for the partial volume of a pure substance B

vsz(ﬂj =V,. (14)
ong P, T

The extensive thermodynamic quantities Z, like U, S and V, are first-degree
homogeneous functions of the amounts of substance. The partial quantity Zg of a
substance B in a mixture with other substances is the partial differential coefficient,
taken at constant T and P and constant amounts of the other substances, of Z with
respect to ng, i.e. the amount of B. The function value of Z is equal to the sum over
substances of ng x Zg.

EXERCISES
1.  partial volumes from densities
Calculate the partial volume of alcohol (m* = 46 g'mol") in a mixture of water

(mk =18 g-mol’1) and alcohol containing 72 wt% of the latter (about equimolar
mixture). The available data are the densities for two compositions:

composition density
(Wt%) (grem”)

72 0.86710

73 0.86470

2.  from integral volume to partial volumes

The integral volume of a mixture of ny, mole of A and ng mole of B can be
approximated by the formula
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Ny Ng
7,
(ny+ ng)

where V;\ and v,; are the molar volumes of pure A and pure B, respectively; and C

V=ngV,+ngV,+C

is a system-dependent constant.
¢ Find the corresponding formulae for the partial volumes of A and B.

3.  zeroth degree homogeneous functions

It can be proved quite easily that partial quantities are zeroth-degree homogeneous
functions of the amounts of substance. As an example, substance A's partial
volume V, in a mixture of A and B is a zeroth-degree homogeneous function of nu
and ng. In other terms, you are invited to show that

n, Va +Ng Va =0-V,=0.
on, ong

4. Van Laar and Euler

In a section on homogeneous functions U of x and y, van Laar (1935) gives the
following examples of a homogeneous function of the first degree (A) and a
function of the zeroth degree (B):

(A) U:(x+y)|n§ -ye sin (y/x)

2 2
(B) u== I XY
y 2xy

e Show that the functions (A) and (B) obey Euler's Theorem, i.e.

xZY 1y 2Y_y for (A); and =0 for (B).

0 X oy

5. molality (m) makes it easy

The volume of the homogeneous liquid system {m mole of substance B + 1kg of
water} is given by the expression V= V°+am+b m* +c m".
e Derive the expressions for the partial molar volumes of the two
components: B and water; the molar mass of the latter is
18.015 g'mol™.

e Check your result with the help of the Gibbs-Duhem equation, unless you
used the equation already for the step from Vjp to VHZO
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6. partial volumes of sodium chloride and water in their liquid mixture

The data in the table below are densities, at t = 20 °C, of aqueous solutions of
sodium chloride (NaCl, molar mass 58.443 g-mol'1) as a function of wt % NaCl, and
up to saturation.

The purpose of this exercise is to use the data to calculate the partial molar
volumes of NaCl and water in the system {m mole of NaCl + 1 kg of water}; at

i) infinite dilution (m —0);
ii) saturation (m = m*®);
i) half saturation (m = 0.5 m*™).

e To that end, first transform the table to one in which the volume of the
system is given as a function of m; then make a plot of volume as a
function of m and, by drawing tangent lines, determine, for each of the
three situations, the numerical value of (dV/dm); see foregoing Exc.

NB In a somewhat more subtle manner the plot of volume against m is replaced by
a plot in which the deviation from linear behaviour is plotted against m. Let Ve
represent the volume at saturation and a’ the quotient (V°* — V°)/m™, then the
deviation can be visualized by plotting V' =V — V°~ a*m against m.

wt % plgem™®)
0 0.99823
2 1.0125
4 1.0268
6 1.0413
8 1.0559
10 1.0707
12 1.0857
14 1.1008
16 1.1162
18 1.1319
20 1.1478
22 1.1640
24 1.1804
26 1.1772
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§ 202 THE OPEN SYSTEM, CHEMICAL POTENTIALS

The systems are opened up for the transfer of matter. Next to the potentials
temperature and pressure for the transfer of heat and space, the chemical
potentials of the substances make their appearance.

chemical potentials

The system considered in this section is a homogeneous mixture of the
substances A and B. The change of the energy of the system in a reversible
experiment, as we know, can be expressed as

dU =q,,, +Ww,,, =TdS—-PdV. (1)

Energy in this way - the natural route as we did call it - appears as a function of the
two variables S and V.

If we open up the system, that is to say by making it accessible to the addition
or withdrawal of A and/or B, by which the amounts of A and B are changed, we will
find ourselves in a new situation. And in that new situation - the open system - the
amounts of A and B are going to act as additional variables. The function U (S,V)
changes into U (S, V, na, ng); and Equation (1) can be extended as

dU =TdS = PdV + p,dn, + ugdn,. @)

The quantities ux and ug are the chemical potentials of A and B, respectively; and
quite analogous to thermal potential for T and mechanical potential for P («<001).

Purely mathematically, from Equation (2), the chemical potentials are the
partial derivatives of the energy with respect to the amount of substance:

ys{ﬂj and m{ﬂj . @)

Observe that S and V have to be kept constant and not T and P: the chemical
potentials of A and B are not identical with the partial energies of A and B.

If, again, by the introduction of the ‘auxiliary quantity’ Gibbs energy
G=U+PV-TS, 4)
we are going to replace the ‘inconvenient’ variables S and V by the desirable

variables T and P, we get
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dG =-SdT + VAP + u,dn, + ugdng. (5)

This time we can make the important observation that the chemical potentials are
identical with the partial Gibbs energies («— 201 for partial quantities):

Hp = [aa—G} =G, and yy :(S_G}
Ny T,P.ng Ng T,P.n4

The partial derivatives of the chemical potentials with respect to temperature are
equal to the partial entropies, with opposite sign; and those with respect to pressure
are equal to the partial volumes. This is the result of the cross-differentiation
identity; applied to ua it gives.

aij ( oS ]
e =—| =] =-s, (7)
[ aT P,np,ng anA T,P.ng

oP T.ng,ng on, TPng

And again, as a result of the cross-differentiation identity the following identity is

obtained
[%] :[%] . )
anB T,P,ny anA T,P,ng

Gibbs energy, like volume, is a first-degree homogeneous function of the
amounts of substance. From Euler's Theorem, therefore

Gs. ®)

v,. (8)

G=n,G,+ngGg =ny p1y+ng pig - (10)

Repeating the lines of the foregoing section, we observe that from Equation (10) it
follows that change of G can be given as

dG =n,du, + p,dn, + ngdug + pgdng . 11)

The ‘confrontation’ of this expression with Equation (5) yields the Gibbs-Duhem
equation

-SdT +VdP —n,du, —ngdug =0. (12)
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All in all we now have a function G, the Gibbs energy, which combines the
properties of G (T,P) - G with its natural variables T and P - of the closed system
and the properties of G (na, ng) which is a first degree homogeneous function of the
variables n, and ng.

It means, among other things, that the combined function G (T, P, na, ng) is
characteristic for T and P: it contains all information necessary to determine the
other thermodynamic quantities as a function of T, P, na and ng. V (T, P, na, ng), for
example, is the first partial derivative with respect to P; minus S (7, P, na, ng) the
first partial derivative with respect to T; and so on, and so forth.

The circumstance that G is a first-degree homogeneous function of the amounts is
of great experimental importance. It means, for example, that, when G has been
measured for a mixture of 1/2 mole of A + 1/2 mole of B, G will be known for all
equimolar mixtures of A and B, i.e. whatever their total amount. Expressed in other
terms, the function G (T, P, na, ng) can be replaced by (na + ng) Gu(T, P, X). The
new function G, is the molar Gibbs energy: the Gibbs energy of a mixture of one
mole of (A + B), consisting of (1 — X) mole of A + X mole of B. The new variable X
is the mole fraction of B («—002) in the mixture; and obviously 0 < X < 1. In the next
section the transcription is made from G (T, P, na, ng) to G, (T, P, X).

virtual changes in closed systems reveal equilibrium conditions

One of the most exciting properties of G (T, P) for the closed system is its
function, its capacity as equilibrium arbiter. Irrespective of its contents, the closed
system will be in equilibrium for given T and P if its Gibbs energy has reached the
lowest possible value («+—108). We will now see how the vehicle of the open system
can be used to translate the minimum principle into the equilibrium conditions we
are familiar with - the equilibrium conditions of the N set. We will consider two
cases; the first without, and the second involving a chemical reaction.

The first case is the equilibrium between liquid and vapour in the system
alcohol (A) + water (W). The starting point is one of the possible equilibrium
situations: P and T chosen by the investigator; the compositions of the two phases
according to the choice of P and T. Now, in a virtual experiment we let dns mole of
alcohol pass from the liquid to the vapour state. The & is the operator for a small
virtual change applied to a system already in equilibrium. ‘Already in equilibrium’
has to say that the corresponding change in Gibbs energy has to be zero:

(6G)P,T =0. (13)

The liquid as well as the vapour state are now considered as two systems of which
the amount of alcohol is changed. In other words, the closed system in equilibrium
is split up into two open subsystems. At constant T and P the Gibbs energy change
of the liquid subsystem is given by (Equation (5) with dT = 0; dP = 0; dng = O;
dn,=0)
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(BG) = uy' BN (14)

The change of the vapour subsystem is

(BG)7B = ™ BNy, (15)
Obviously we have
-dnjl =8n = 8n, (16)
so that
(5G); p = (5G)¥, + (BGY™ = (— 4l + 4 )on, . (17)

vap

And because the total change has to be zero, (—yﬁq +4,") has to zero. In other

words, we obtain the equilibrium condition
Hi = . (18)

At equilibrium, the chemical potential of A in the liquid phase is equal to the
chemical potential of A in the vapour phase. And, of course, the same can be said
of the chemical potentials of W (water still) in the two phases.

Generally, if a substance B is present in more than one phase of a system in
equilibrium its chemical potential will have (must have) the same value in all of
these phases.

As an example of equilibrium involving a chemical reaction we take the
homogeneous (gaseous) ammonia equilibrium

NH;= I N,+ 3 H,.

[N

Let's assume that in the equilibrium situation the amounts ny,,,, n,, and n,, are
present in a cylinder-with-piston and that the system is kept at a constant
temperature and under a constant pressure. The Gibbs energy, which has reached
its lowest possible value, is given by the three-substances equivalent of Equation
(10):

G = Nypy, "ty + Ny, g, + Nyl (19)
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In a virtual experiment, at constant T and P and without adding matter to or
withdrawing from the system, we let an amount of 8n of NH; dissociate into N, and
H,. The amounts of NHs, N, and H, change as 6n,,,, =-0n; on,,=1/26n ; and
on,, =3/20n. The change in Gibbs energy, which has to be zero, is given as

(0G)rp = i, Oy, + 1y, BNy, + 14,00,

. (20)
1 3
= (= tinp, +5 My, +5 Hy,)00 =0
The resulting equilibrium condition is
1 3
3 Hn, T5 My — Hyny =0. (21)

Generally, for the chemical equilibrium (either homogeneous or heterogeneous)
> veB=0, (22)

in which B stands for substance and vg for stoichiometric coefficient (being positive
for products and negative for reactants), the equilibrium condition is

> oVstts = 0. (23)
As a final observation, for a pure substance B the change of Gibbs energy with
amount of substance expressed in moles is nothing more or less than the molar

Gibbs energy of the substance (<108, Equation 108:13; « 201, Equation 201:14):

(pure substance B) u, =Gg. (24)

The chemical potentials of the substances are going to play a principal part,
especially as regards the formulation of equilibrium conditions.

EXERCISES

1. the ammonia equilibrium from different angles
(1-a) mole of ammonia (NH3), 1/2a mole of nitrogen (N,) and 3/2« mole of hydrogen
(H.) are present in a cylinder-with-piston under 1 bar external pressure and kept at a

temperature of 400 K. Under these conditions the Gibbs energy of formation of NH;
is equal to — 5984 J-mol™* (Robie 1978).
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e  First, express in « the mole fractions of NH; (XNH3 ), N2 (X’Vz) and H2(XH2)

and formulate the expression for the Gibbs energy of the system as a
function of a..

e For 0.1 < a< 0.8 calculate the Gibbs energy of the system, in a-steps of
0.1, and make a plot of Gibbs energy versus o. What will be the
equilibrium value of «?

e Next, for the reaction NH3—>%N2+2H2, formulate in terms of « the

expression for the function ¥ _vg-ug. For 0.1 <a< 0.8 calculate the

numerical values of the function in steps of 0.1 and plot these values
against « (for which value of « the function goes through zero?).

e To end with, show algebraically that the equilibrium condition
> gVg * Hg =0 follows from the criterion of minimal Gibbs energy, which is
to say from(0G/oa); p =0.

2. the electrochemical cell

A beautiful example to demonstrate the power of the open-system concept is
provided by the electrochemical cell.

When an electrochemical cell is operated in a reversible manner, an amount of
electrical work is performed - equal to the electromotive force (emf) of the cell E
multiplied by the transported charge de. To deal with electrical work, the fundamental
equation, Equation (1), has to be extended with Ede:

dU=TdS - PdV + Ede.
And, after the introduction of the Gibbs energy
dG =-SdT + VdP + Ede :
at constant T and P the amount of work is equal to the change in Gibbs energy.

The working of the cell is coupled to a chemical reaction, and from a given initial state
to a given final state, the amounts of the reactants have decreased and the amounts
of products have increased. Realizing that the change from initial to final state can be
brought about in a non-electrical manner by removing from the system the reactants
and adding to the system the products, it becomes clear that the amount of electrical
work is equal to the Gibbs energy effect of the reaction.

In the case of the oxyhydrogen cell («<111), the formation of 1mol water, from 1 mol
hydrogen and 0.5 mol oxygen, goes together with the transfer of 2 mol electrons.
This corresponds to an amount of electricity of 2 Faraday (F, named after Michael
Faraday, 1791-1867), which is 2 x 96485.309 coulomb, and volt x coulomb = joule.
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e  For the oxyhydrogen cell, operating reversibly at 25 °C with hydrogen and
oxygen at 1 bar pressure, calculate - passing over the delicate problem of
signs - the emf E, the temperature coefficient dE/dT, the sign of the pressure
coefficient dE/dP, and the amount of heat exchanged with the surroundings.

The standard formation properties of water are (Barin 1989):
AH° = -285.830 kJmol'; AG® = -237.141 kJmol”’

the influence of gravity

Taking into account the influence of gravity, the Gibbs energy change of an open
system composed of the substance B, has to be extended with a term for
gravitational work, given by Mgdh where M is the system’s mass, g the acceleration
of free fall and h the symbol for altitude:

dG = - SdT + VAP + 3 dng + M-g-dh.

e How does B’s chemical potential, all other things remaining unchanged,
change with altitude? Give the function recipe, including the gravity term, for
the chemical potential of ideal gaseous, pure B.

¢ Realizing that in two adjacent layers of ideal gas, the one at altitude h and
the other at h + dh, B’s chemical potential has to have the same value, it is
clear that its change with altitude has to be compensated by a change in
pressure. Demonstrate that the barometric formula («002) is a direct
consequence of this statement.
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§ 203 CHANGE TO MOLAR QUANTITIES,
MOLAR GIBBS ENERGY

A simplification of the thermodynamic description of systems is obtained by
switching to molar quantities; by replacing k amount-of- substance variables by (k-
1) mole fractions. This is shown for the Gibbs energy: the principle of minimal
Gibbs energy corresponds to a lucid geometric criterion.

molar Gibbs energy

The fact that the Gibbs energy of a mixture of two substances A and B is a
first-degree homogeneous function of the amounts of A and B, makes, that to know
G (T, P, nanpg), it is sufficient to know G, (T, P, X). That is to say the molar Gibbs
energy as a function of temperature, pressure and the mole fraction of B, which is
defined as
ng

X = .
Ny, +ng

(1)

Obviously, the mole fraction of A is equal to (1-X):

Ny

X, =
A
ny+nNg

—(1-X) . )

For constant ns + ng ( = 1, when one mole of mixture is taken), the differentials of
the mole fractions are

s . gr-xy=—IMa__ _gx . (3)
Ny +nNg ny,+ng

dX =

The three general expressions («+—202; Equations 202:5;10;12)

dG =-SdT +VdP + u,dn, + ugdng 4)
G =Ny +Ng g ®)
-SdT +VdP —n,du, —ngdug =0 (6)

can be made, upon division by (ns + ng), to refer to one mole of mixture:

d d
6 ___ S gr+—Y _gpipy, 9, 9% )
n, +ng n, +ng n,+ng n, +ng n,+ng
G n, ng

= Hpt Hp (8)
nA +nB nA+nB nA +nB
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S "4 n n
- daT + dP - A du, - B
n, +ng n, +ng n,+ng n,+ng

dug =0 . ©)

Obviously, the quantities G, S and V divided by (na + ng) yield the molar quantities:
the integral molar quantities G,, Sp, and V,,. Herewith, and with Equations (1), (2)
and (3) we obtain the molar equivalents of Equations (4), (5) and (6): the differential
expression (the fundamental equation; <—107) for the change of molar Gibbs
energy

dG,, =-S,,dT +V,,dP + (ug — 4 )dX; (10)
the relation between the integral molar Gibbs energy and the chemical potentials
Gy = (1= X)tp + X tig; (11)
and the Gibbs-Duhem equation
=S,dT +V,dP —(1- X)du, — Xdug =0. (12)

Purely mathematically it follows from Equation (10) that (us - w4) is the first partial
differential coefficient of molar Gibbs energy with respect to mole fraction

0G
=m =l — U, 13
(6X \JT,P 5 A (13)

Equations (11) and (13) can be looked upon as two equations with two unknowns
(112 and ug); the solution is

0G
=G, -X|—=m 14
Ha m (anTP ( )
0G
=G, +(1-X)| = . 15
Hp m ( )( oX JT’P ( )

molar quantities in general — geometric representation

The Equations (11), (13), (14) and (15) are of general validity for any molar,
integral molar quantity Z,, and its corresponding partial quantities Z, and Zg. The
first of the general equations

Z, =(1-X)Z, + XZ, (16)

gives Z,, when Z, and Zg are known. The two Equations (14) and (15) are the
recipes for the determination of the two partial quantities from a known integral
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molar quantity; rewritten in the Z notation

oz
Z,=2 -X|—2 17
A m [anT’P ( )
oz
Zy=Z 1- X)| == . 18
B m+( )[aX]TP ( )

From an algebraic point of view, Equation (16) shows a great resemblance with its
general counterpart
Z=n,2Z,+ngZg . (19)

Equations (17) and (18), on the other hand, look more complex than

Z, = (Ej : (20)
any, T,P,ng

and

Zs {EJ . (21)
6nB TPy

From a geometric point of view, the change-from-general-to-molar is exceptionally
fruitful. First, there is the reduction of variables - as a result of which the Gibbs
energy, at T, P constant, can be represented by a curve in the flat G,-X plane. And
second, in that flat G,, -X plane the partial properties Z, and Zg have a very clear
appearance: Z, and Zg for a given X = X' are the intercepts of the tangent line, at X
=X", on the axis X =0 and X = 1, respectively. This is shown in Figure 1.

FIG. 1. Relation between the integral molar quantity Z, and the two
partial quantities Z, and Zg
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In Figure 1, (6Z,,/6X) = bd / ab, which equals bd, because ab = 1;
fh = X'and hg = (1-X); cd = (1-X)bd = (1-X)( 6Z/0X);

gd =he + cd = Z,, + (1-X)( 8Z,,/0X) = Zg, Equation (18);

fa =he — bc = Z,, — X(6Z,/0X) = Z,, Equation (17).

One can read from Figure 1 that a change in X produces changes of opposite sign
in Z, and Zg ; and also that the quotient of the differential coefficients is given by

az,
X)) X 29
oX
This variant of the Gibbs-Duhem relation also follows from the general relation
(az—’"j dT+(%j dP-(1-X)dZ, - XdZz; =0: (23)
aT P, X aP T, X

‘divide’ this equation by dX and keep T and P constant. A third way to obtain
Equation (22) starts by differentiation of Z, and Zg, Equations (17) and (18), with

respect to X:
¥4 4
(55 @)
Z 4
[aa—Xszm—X)[ZX;"J. (25)

The division of the two equalities directly gives Equation (22).

From now on we will almost uniquely use molar quantities - integral as well as
partial (the latter were introduced already on a molar # specific = related to mass
base).

For that reason the subscript m, referring to molar, is dropped. From now on,
therefore, we have

V4 for molar quantity;

Z(X) for molar quantity as a function of X;

Z; for molar quantity of pure substance B;

Zg for partial molar quantity of substance B in a mixture with other
substances.

The Gibbs energy has a unique status, in that its partial quantities are identical with
the chemical potentials:

#g = Gpg. (26)
the principle of minimal Gibbs energy
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Having introduced the molar Gibbs energy function, we are in a new position
(«202) to show that the principle of minimal Gibbs energy gives rise to equilibrium
conditions in terms of chemical potentials. As an example we take, again, the
equilibrium between liquid and vapour in the system {(1 — X) A + X B}. We assume
that A and B are completely miscible in the liquid as well as in the vapour state.
Complete miscibility implies that, no matter the proportions in which A and B are
added together, the substances mix spontaneously. Therefore, when the mixing is
carried out at constant T and P, it will be accompanied by a lowering of the Gibbs
energy. This is shown in Figure 2, where the Gibbs energy of (1-X) mol A + X mol
B before mixing, which is

(1- X) G, + X Gg =G (unmixed, X) , (27)

is represented by the straight line between G, and G . The fact that the mixing of
A and B is accompanied by a lowering of the Gibbs energy implies that the molar
Gibbs energy of the mixture has to be a convex curve, a curve of which the second
derivative with respect to X is positive.

T, P constant

0 X 1

FIG.2. Molar Gibbs energy as a function of mole fraction X in the system
{(1-X) A + X B}. The entirely convex curve is evidence of the fact
that A and B mix in all proportions

In Figure 3 two such Gibbs energy curves are shown: one for liquid mixtures and
one for vapour mixtures. The conditions of T and P are such that the two curves
intersect. Now let us ask the question "what will happen when, for the selected T
and P, (1-X) mole of A and X mole of B are added together?"
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T, P const.

0 — X 1

FIG. 3. The G-curve for the liquid state and the one for the vapour state
intersect. In a cylinder-with-piston, the system is either
homogeneous (liquid or vapour) or heterogeneous (liquid in
equilibrium with vapour)

The answer is a function of X as we will see. In the vicinity of X = 0 the Gibbs
energies of vapour mixtures are lower than the Gibbs energies of liquid mixtures:
when added together A and B will give rise to a gaseous mixture. Similarly, in the
vicinity of X = 1 the substances A and B will form a liquid mixture. A different
situation arises when X is in the vicinity of the point of intersection of the two
curves. More precisely expressed, when X is in the vicinity of the mole fraction
value of the point of intersection. This situation is sketched in Figure 4, which is a
blow-up of a part of Figure 3. To avoid confusion with the things that follow, let's
say that (1-X,) mole of A is added to X, mole of B. It is obvious that the whole
amount of matter will not be gaseous (point a. is above point b., the latter
representing the Gibbs energy of one mole of liquid mixture). Neither the whole
amount of matter is liquid (point b). Indeed, the lowest possible Gibbs energy is
represented by point c.: it is obtained when the mixture of overall (or global)
composition X, splits up, separates into an amount of vapour mixture of
composition X*® and an amount of liquid mixture of composition X" .

Let the amount vapour, the amount of the vapour phase be n"* and the amount of
the liquid phase n'@ (= 1 — n**), then the Gibbs energy of the equilibrium system is
n®-G, + n"-Gy = G,. Next, the amounts of liquid and vapour follow from the lever
rule («+—003):

n'a X, - X"

n@ X1 _ X

(28)
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XVaP XO ng

FIG.4. Blow-up of the central part of Figure 3. For overall composition X, the
system is heterogeneous: liquid in equilibrium with vapour

The most important observation to make is, that the equilibrium compositions of the
vapour and liquid phases, X‘* and X!, are given by the points of contact of the
common tangent line to the two Gibbs energy curves. And because a tangent line
is related to partial quantities, see Figure 1, this observation implies that, for the
compositions represented by the points of contact, the partial quantities will be
equal (see Figure 3):

GH(X;") =GP (X:™) (292)

GE(XL) =G (X:). (296)

In other words, and with G = 14 and Gg = s, the equilibrium condition implied in
the common tangent line is the double condition

= P (30a)

g = g (30b)

In summarizing, the equilibrium conditions in terms of chemical potentials - and

figuring in the set N of conditions - naturally follow from the principle of minimal
Gibbs energy.

GX diagrams, i.e. Gibbs energy versus mole fraction at constant T and P,

play a key role in the treatment of binary heterogeneous equilibria. The situations

that correspond to the lowest possible Gibbs energy are readily found: by stretching
in one's mind a cord along the underside of the G-curves, see Figure 5.
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o+p B+y

X 1

FIG. 5. The phase composition of a system is readily found by stretching
a cord along the underside of the G-curves. Along the cord the
Gibbs energy has its lowest possible value

The definition of the chemical potentials of the substances, in terms of molar Gibbs
energies and mole fraction variables, especially in the case of binary systems,
corresponds to a simple geometric interpretation. For that reason, graphical
representations of Gibbs energies are the most lucid opening to understanding
phase-equilibrium matters - the consequences of the principle of minimal Gibbs

energy.

EXERCISES

1. integral molar quantities are zeroth degree homogeneous functions
The integral molar quantities Z,, are homogeneous functions of the zeroth degree of

the variables n4 and ng, the amounts of A and B.
e  Or, in other words, prove that the following equality is valid

0z, 0z,
ny +ng =0
on, ong
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2.  recipes for partial quantities in a ternary system

For mixtures composed of (1-X=Y) mole of substance A, X mole of substance B and
Y mole of substance C, the equations relating partial quantities to integral molar

quantities are
2y~ 2,-x[Z2)_v[%n
oX oY

z, =zm+(1_x>[5zmj_y(azm]

X oy
Z.=2,-X %\ (1) Pm |,
P% oY

e  Write down the derivation of these relations.
3. a Gibbs-Duhem exercise

For a molar quantity Z,, at constant T and P it is given: Z, (X) = 8 — 10X% and
Zg(X=0)=0.
e Derive Zg (X) by Gibbs-Duhem integration (dZg follows from dZ,) and give
the expression for Z,(X).

4.  water + methanol: volumes, integral and partial

Molar volumes, expressed in cm®*mol™, are given for liquid mixtures of (1-X) mole of
water (A) + X mole of methanol (CH;OH; B), valid for ¢ = 20 °C.

e Calculate the volume change on mixing A,Vi(X) = Vi(X) — (1-X) V, — X-V;
and make a plot of A,V,, versus X. Use that plot to calculate the partial
volumes of A and B for the mixture having X = 0.591. Check the result by
means of V, = (1-X)V4 + X-Vp.

Data:
X |0 0.059 | 0.123 | 0.240 | 0.342 | 0.458 | 0.591 | 0.692 | 0.866 | 1
Vi | 18.047 | 19.20 | 20.42 | 22.70 | 24.80 | 27.32 | 30.34 | 32.73 | 37.01 | 40.46

5. the ideal mixture

The molar Gibbs energy of a so-called ideal mixture of (1-X) mole of substance A
and X mole of substance B is given by the expression (—204)
G, (T.P,X) = (1= X)G,4(T,P) + XG4z(T,P) + RT{(1- X)In(1- X) + XInX},
where R is the gas constant.
e  Derive the expressions for the chemical potentials of A and B.
e  Calculate the total Gibbs energy of a mixture of (10 mol A + 30 mol B) having
a temperature of 400 K; the molar Gibbs energies of pure A and B, for this
temperature and the selected pressure, are 1000 and 2000 Jmol™,
respectively.
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A formula is derived for the Gibbs energy change of mixing (1-X) mole of
substance A with X mole of substance B, assuming that the only thermodynamic
effect of mixing is the entropy effect of mixing (1-X)Na, A molecules with X N4, B
molecules in a random manner.

the ideal gas mixture

With the help of Figure 1 two situations are compared for given constant
temperature and pressure. In Figure 1a the left-hand cylinder contains (1-X) mole
of the ideal-gaseous substance A; and the right-hand cylinder X mole of the ideal-
gaseous substance B. The cylinder in Figure 1b contains a mixture, having ideal-
gas properties, of (1-X) mole of A and X mole of B.

(1-X) mole A

+

X mole B X mole B
(1-X) mole A

(a) (b)

FIG. 1. Amounts of A and B; before (a), and after mixing (b)

In the case of a. the contents of the vessels represent an ‘amount’ of Gibbs energy
given by («+203; «<108)

G=(1- X)G, + XGg
=(1-X){GZ +RTInP| + X {G + RT InP) (1)
.=(1- X)GS + XGJ + RT InP.

This Gibbs energy corresponds to the dashed line in Figure 2 (left-hand side).

The mixing of the two gases is a spontaneous event: after mixing, the Gibbs
energy, as a function of X, must have the convex appearance of Figure 2 (right-
hand side («203).
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A B A B
G ’»G;
G;\u"/
0 —X 1 0 —X 1

FIG.2. Gibbs energy as a function of X; before (left) and after mixing
(right)

A convenient way to find the Gibbs energy change on mixing, i.e. the distance
from the dashed line to the convex curve

A,,G(X) = G(mixture, X) - (1- X)G, — XGg, 2)

m

is to use the Bolfzmann formula, to derive the entropy change, A,S, and to state
that the enthalpy change, ApH, is zero:

A,,G(generally)=A, H-T'A,S (in this case) =-T'A,S. 3)

Indeed, A,H = 0 because an ideal gas is an ensemble of molecules which have no
interaction whatsoever.

In terms of the Boltzmann formula («106) the entropy change can be found
from

AmS = im% , (4)
NAV Wa

where R is the gas constant as in Equation (1) and N,y is Avogadro's number. For
our purpose W, and W, have to represent the number of configurations of the two
situations before (a), and after mixing (b). So, if we put W, equal to one, then W,
has to represent the number of ways in which (1-X)-N4y molecules of A and X-Nav
molecules of B can be distributed over N,y positions. Remembering that (the sign) !
is for factorial (4! = 1 x 2 x 3 x 4) and knowing that 9 white balls and 15 black balls
can be distributed in 24! / 9!15! different manners over 24 positions, see Figure 3,
we have

W, = Nav! .

{(1= XN} {XN,yy !

)
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FIG. 3. Nine white and fifteen black balls are combined and mixed in a
random manner
Making use of Stirling's approximation (see Perrot 1998) for In(Na!), which is
IN(Ny 1) =Nay INNyy =Nyy, (6)
we obtain, substituting Equation (5) into Equation (4),
A,S =-R{(1- X)In(1- X)+ XIn X}. (7)
With this result the Gibbs energy change on mixing, Equation (3), is given by
A,,G=RT{(1- X)In(1- X)+ XIn X}. (8)

The formula for the convex curve in Figure 2, the formula for the Gibbs energy of a
mixture of (1-X) mole of ideal gas A and X mole of ideal gas B, now reads

G(T,P,X)=(1- X)G,(T,P)+ XGgz(T,P)+ RT{(1- X)In(1- X)+ XIn X};  (9)
and it can also be written as
G(T,P,X)=(1- X)G3(T)+ XG3(T)+ RTInP + RT{(1- X)In(1- X)+ XIn X}. (10)
the ideal mixture
The formula for the molar Gibbs energy, Equation (9), plays an important part
in thermodynamics. A mixture of A and B in a certain form a (o can be a solid form,
liquid, or gas) is referred to as an ideal mixture if its Gibbs energy is given by
G*(T,P,X)=(1- X)G,(T,P)+ XG,*(T,P)+ RT{(1- X) In(1- X)+ XIn X}. (11)
As an observation, to know the Gibbs energy of an ideal mixture, it is sufficient to

know the thermodynamic properties of the pure components A and B, i.e. G:\ and
G; . The rest, the logarithmic term multiplied by RT, is just a matter of arithmetic.
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All  thermodynamic properties of the ideal mixture are implied in
Equation (11) - G is characteristic for T and P, as we know (<107).

The entropy of the ideal mixture is obtained by differentiation with respect to
temperature, knowing that —(6G, /0T ), =S, :

ST, P.X)=(1- X)S, (T.P)+ XS, (T.P)- R{(1- X)In(1- X)+ XInX}. (12)
Similarly, the volume of the ideal mixture is given by
V(T,P,X)= (1= X\V,(T,P)+ XV (T,P). (13)
The enthalpy H= G + TS is given by

H*(T,P, X)= (1= X)H(T,P)+ XHg(T,P), (14)
and so on.

We may observe that Equation (13) and Equation (14) also hold true for (1-X)
mole of A and X mole of B separated from one another, before mixing so to say. In
other words, the formation of an ideal mixture out of the pure components is
accompanied neither by a heat effect nor a volume effect. In the case of an ideal
mixture, the heat of mixing and the volume change on mixing both are zero.

The chemical potentials of the components A and B of the ideal mixture are
(«203: Equations 14, 15; Exc 203:5)

#5(T,P,X) =G, (T,P)+RTIn(1- X) (15)
15 (T,P,X)=Gy (T,P)+RTInX. (16)

These two equations can also be written as

ui =G, +RTInX, (17)
4g =Gy +RTInXg; (18)

to show that the chemical potential of a substance in the ideal mixture is related to
its own mole fraction. It can easily be verified that this property is of general validity:
no matter the number of components, the chemical potential of the component i is
given by

4 =G +RTInX,. (19)

In the ideal mixture the chemical potential of any substance is independent of the
mole fractions, with the exception of its own.
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The molar Gibbs energy of the ideal mixture of n components is given by

n

G(T,Pall X,)=Y X Z (T.P)+RTInX}. (20)

The Gibbs energy of mixing of the ideal mixture is given by RT { (1-X) In (1-X) +
XinX}. As a consequence there are no heat and volume effects on mixing. The
chemical potential of a substance in a mixture is, apart from T and P, a function of
its own mole fraction only.

EXERCISES
1. a Gibbs-Duhem exercise
A and B are two pure, liquid substances that mix in all proportions.

o |s the statement that the chemical potential of A in the mixture is given by
G, +RTIn X, sufficient to express that A and B mix ideally?

2.  mathematical analysis of a function

For the function f(X) = (1-X) In (1-X) + X InX derive the expressions for the first
derivative f(X) and the second derivative f'(X) and make plots of f(X), f(X) and f'(X).
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EXCESS FUNCTIONS

In the real world of materials the Gibbs energy of mixing is a function - whose
complexity differs from case to case - of temperature, pressure and composition.
The thermodynamic description of real mixtures starts from the formulae derived for
the ideal mixture - the mixing effects of the latter are just standard expressions in
temperature and mole fractions.

deviation from ideal-mixing behaviour

In the foregoing section we derived for the ideal mixture of (1-X) mole of
substance A and X mole of substance B - more precisely for a mixture of
(1-X)'Nay particles A and X-N,y particles B - the following formula for its Gibbs
energy

G(T.P,X) = (1= X)G,(T.P)+ XG4(T.P)+ RT{(1- X)In(1- X)+ X In X}. (1)

One has to fear that the thermodynamic description of a real system by means of
Equation (1) becomes more and more inaccurate the more the mixture differs from
the ideal-gas mixture, the more the particles differ from looking like spheres and the
greater the difference in chemical nature between the constituents.

Equation (1) may be good enough for a liquid mixture of argon and krypton or a
liquid mixture of n-heptane and n-octane; it certainly will fail for a liquid mixture of
silica and magnesium oxide. In the case of the latter, one has the right of saying
that a molar mixture consists of (1-X) times 60.085 g of silica and X times 40.304 g
of magnesium oxide. Thereafter one has not the right of saying that such a mixture
consists of Ny, particles, N,y structural units that are capable of changing their
positions with respect to one another. In reality SiO, and MgO react with each
other, giving rise to all sorts of anions whose polymeric nature changes with
composition.

No matter the deviation from ideal-mixing behaviour, or rather the extent of

that deviation, one has, of course, the right to take the ideal mixture as a reference
for the description of a real mixture.
In Figure 1 the Gibbs energy of a real system at a given T and P is compared with
the Gibbs energy of the hypothetical ideal system of the same components under
the same conditions. At the bottom of the figure the difference between the two
functions is drawn. Obviously that difference is zero at X = 0 and X = 1, that is to
say for the two pure components, the substances A and B.
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X 1
FIG. 1. For given temperature and pressure, the Gibbs energy of a real
mixture differs from the Gibbs energy of the hypothetical ideal

mixture of the same components. The difference between the two
is the excess Gibbs energy

The difference between real and ideal Gibbs energy is called excess Gibbs energy
and it is defined as
Grp(X) = Grp(X)~Gra(X), )

in which the superscript id. is used for the ideal mixture. Generally therefore, the
molar Gibbs energy of a real mixture can be formulated as

G(T,P, X)=(1- X)G4(T,P)+ XGg(T,P)+ RT LN(X)+ G5(T,P,X) . (3)
LN(X) is a short rotation for the logarithmic term:
LN(X)=(1-X)In(1= X)+ X In X . (4)
The corresponding formulae for entropy, enthalpy and volume are («107)
S(T,P,X)=(1- X)S:\(T,P)+ XSé(T,P)— RLN(X)+SE(T,P, X); (5)
H(T,P,X)=(1- X)H,(T,P)+ XHy(T,P)+ HE(T,P, X); (6)
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V(T,P,X)=(1= XV, (T,P)+ X Vo(T,P)+VE(T,P, X). 7

The excess enthalpy is identical with the heat of mixing and the excess volume with
the volume change on mixing. The latter, by the way, is the partial derivative of the
excess Gibbs energy with respect to pressure. The excess Gibbs energy and the
excess entropy, on the other hand, are not identical with the Gibbs energy and
entropy changes on mixing.

The partial excess Gibbs energies, the excess chemical potentials follow from the
excess Gibbs energy with help of the recipes:

aG*
GEE!’E:GE—XW 8)
E E E aGE
Gp =pp =G~ +(1-X)—~. 9

In its most simple form the excess Gibbs energy is a parabola; and because it has
to be zero for X =0 and X = 1, it can be represented by

Grp(X) =ArpX(1-X); (10)
or, generally,
GE(T,P,X)=A(T,P)X(1- X). (11)

The excess functions generated by this form are

SE :-(%}P X(1-X) (12)
VvE =[2—AJT X(1-X) (13)
HE = A—T[%)P}XU-X) (14)
1E = AX? (15)
15 =A(1- XY, (16)

and so on.
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The excess function of the form A-X (1-X) is symmetrical with respect to
X = 0.5 and has a constant second derivative. In reality an excess function may be
less symmetrical and to a lesser or greater extent ‘sharper’ than the form
A-X (1-X). These aspects can be accounted for by the addition of ‘correction terms’
such as in

G" = AX (1- X){ 1+ B(1-2X)+ C(1-2X )}, (17)

with A, B and C depending on T and P. The parameter A with the dimension of
energy per mole expresses the magnitude of the excess function; 0.25 A is the
function value for X = 0.5. The dimension-less parameters B and C are a measure
of the asymmetry and the sharpness of the function, respectively. The expansion,
between the curly brackets, in (1- 2X) rather than in X, has the advantage that the
absolute values of A, B and C do not change when the components of the binary
system are interchanged.

NB Expressions of the type of Equation (17) usually are referred to as Redlich-
Kister expressions (Redlich and Kister 1948).

an intermezzo on linear contributions

Let's isolate the term, X-Gg, from Equation (3), and subject it to a close
inspection as regards the nature of its zero point(s). As always, it has an enthalpy
and an entropy part:

Gg =Hg - TS;. (18)

We know that it is possible to put S" on an absolute scale («106): in this little
digression S is the absolute entropy of pure B.

The quantity H;, on the other hand, does not have a natural zero point («<109):
nothing in the world of B will change if one is going to replace H; by H; + a,
where a can have any value, e.g. 10 kJ'mol™. If one is really going to do so, the
term XG, changes to XG; + a-X, and with it the complete Gibbs function, Equation
(3).

In a next step we take two forms o and B in which the substances A and B are
miscible. The forms o and B can be, e.g. mixed crystalline solid and liquid,
respectively. Their Gibbs energies are given, T and P being constant, by

G” =(1- X)G,* + XGg* + RT LN(X) + GE“(X) (19)
G’ =(1- X)G/ + XG/ + RTLN(X) + GE#(X). (20)

Now, if we are going to change H,* to H,*+a, we are obliged to change, at the
same time, H,” to H,” +a, because of the fact that AH, = Hp” - H,* is a physical
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reality. In the case of o = solid and B = liquid that reality is the heat of melting of
substance B.

As a result so far, nothing in the treatment of equilibria between o and 3 will change
if we replace G in Equation (19) by

G =G" +aX, (21)
and at the same time G”in Equation (20) by

G’ =G’ +axX. (22)

The effect of the addition of the linear term is shown in Figure 2: A’'s chemical
potential remains unchanged, while B’s chemical potential changes into
g +a. The equilibrium equations x5 = x4 and ug = uf remain unaffected and the
same holds true for the abscissae of the points of contact of the common tangent,
which represent the mole fractions of the coexisting phases.

Xe

FIG.2. By the addition of equal linear contributions to the two Gibbs
functions, the points of contact can be made to coincide with the
minima

The linear contribution concept is a valuable tool in phase equilibrium matters. By
means of linear contributions sketch drawings of (enlargements of) GX diagrams
can be given a lucid appearance - a speaking example is Figure 211:8. By
means of linear contributions any double tangent line can be made parallel to the
X axis: the complex problem of numerically calculating the positions of the points
of contact is reduced to the simple problem of determining the positions of
minima (—213).
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activity coefficients

An alternative manner to treat deviation from ideal-mixing behaviour, is to
start from the expressions for the ideal chemical potentials (partial Gibbs energies),
rather than from the Gibbs energy (the integral Gibbs energy) itself.

The formulae for the chemical potentials of A and B that correspond to Equation (3)
are

=G, +RTIn(1-X)+ 145 (23)
=Gy +RTINX + 15 . (24)
The alternative manner is the use of activity coefficients: the mole fractions that

appear under the logarithms in the ‘ideal’ expressions for the chemical potentials
are multiplied by some kind of ‘correction factor’ - the activity coefficient:

1y =G, +RTInfy- (1= X)=G, + RT Inf,-X, (25)
g =Gy +RTInfy- X + Gz +RT Infy-Xj; . (26)
Because the deviation from ideal behaviour is a function of T, P and X, the activity

coefficients f, and fz are, likewise, functions of T, P and X. From the equations
above it follows that

f, =exp (L5/RT) (27)
f,=exp (U5/RT) . (28)
As an example of excess function and its relation to activity coefficients we

take
GE =AX(1-X [‘I 12X]withA=RT;

that is to say Equation (17) with A= RT; B=-1and C=0.
The corresponding expressions for the activity coefficients are Infy = 2X 2(2X — 1)
andInfg = 4X(1- X)Z. The functions Infs; Infs and G5/ RT are shown in Figure 3.
activities

The products of activity coefficient and mole fraction, fa-X, in Equation (25)
and fg- X in Equation (26), obviously, like f4 and fg, are functions of T, P and X. For
that reason the products just as well can be replaced by single properties:

fo X, =6(T,P,X)-(1- X) = a,(T,P,X) (29)

fo-X g = Fo(T,P, X)X = ag(T,P,X). (30)
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Inf,
G/RT
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FIG. 3. The integral function (excess Gibbs energy divided by RT) and its
corresponding two partial functions (the logarithms of the activity
coefficients of A(1), and B(2))

The properties a, and ag, in Equations (29) and (30), are referred to as activities -
the activity of A, and the activity of B, respectively. In terms of activities, the
expressions for the chemical potentials become

u, =G, +RTIna, (31)
us =G +RT Inag; (32)

and the integral molar Gibbs energy
G=(1-X)G, + XGz +RT {(1- X)Ina, + XInag}. (33)

The relationships between the various properties are depicted in Figure 4. Note that
in the case of this figure the distance from G, to 4 and the distance from Gj to us
are negative; as a result, the activities a, and ag are smaller than 1. Note also, by
comparing Figures 2 and 4, that a, and ag are independent of the addition of linear
contributions, i.e. independent of the choice of zero points. In other words, a, and
ag are single-valued characteristics of the system (A+B), accessible to experimental
determination. The chemical potentials, on the other hand, can be given any value,
by playing with zero points.
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activity and standard state

Taking Equation (32) and studying Figure 4 we may observe that, for the given
circumstances of T, P and X, the property RT Inag so to say is the ‘correction’ that
has to be applied to G; (same T and P) to obtain ug (for other values of X at the
same T and P, ag and ug change, G,; remaining the same).

G; is the chemical potential of pure B and as a result RT Inag is the change the
chemical potential of B will undergo when A is added to (pure) B. In activity
terminology pure B is called the standard state - to which the correction RT Inag
has to be applied.

G T, P const.
T G;\ p

"

RT Ina, ( BT
RT Inag

— Ha l
' L

Hp

0 X 1

FIG.4. GX diagram showing the relationships between molar Gibbs
energy, chemical potentials and activities

In the case of Figure 4 the mixture of A and B, which is considered, is in the
same form (e.g. liquid) as pure B - the mixture and the standard state have the
same form. In the case of Figure 5 - think of A = water and B = sodium chloride -
the conditions of T and P are such that A is liquid and B is solid. In such a case
pure liquid B is not a convenient standard state because its position on the G scale
- the position of G;”q - has to be obtained by extrapolation. The inconvenience can
be circumvented by taking pure solid B for standard state: RT In a'B is the
"correction" to be applied to the molar Gibbs energy of pure solid B to obtain the
chemical potential of B in the liquid mixture of A and B:

s =Gy +RT Inag; (34)

see Figure 5.
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T, P const.

* lig
GB

* lig
GA
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X 1

FIG. 5. If one prefers, one can take the pure solid form of a substance as
the standard state for its activity in a liquid mixture

Non-ideal mixing behaviour can be expressed by means of functions that are
based on the formulation of the ideal mixture. The integral excess Gibbs energy is
the deviation of the Gibbs energy of mixing from the ideal expression. The
description in terms of activities starts from the ideal expressions for the partial
Gibbs energies - the chemical potentials

EXERCISES
1.  ideal or not?
For a given mixture at given T and P the excess Gibbs energy is zero over the whole

mole fraction range.
e s this mixture an ideal mixture ?
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Gibbs-Duhem and activity

From the Gibbs-Duhem equation

dﬂ = —L; T,P const.
dug 1-X

derive its analogue in terms of activity, i.e.the equation for day/dag.

NaCl’s activity in saturated solution

In terms of activity, taking the pure solid form as the standard state, the chemical
potential of NaCl in a liquid mixture with a solvent is represented by

liq  _ m*sol lig
Hnacr = Gpaci + RT Inayge, -

e What is the numerical value of the activity of NaCl in a saturated solution of
the substance in water?

equality of activities

If one wishes to do so, one can use one and the same standard state to define the
activities of substance B for all phases in which it is present.
e Show that in that case ‘equality of chemical potentials’, as equilibrium
condition, can be replaced by equality of activities.

heat of mixing and activity coefficients

At given T and P two substances A and B have the same form, in which they mix in
all proportions.
e Show that the following relation is valid between the heat of mixing and the
activity coefficients

A H:RT2{(1X)(8'” fAj +X(—a'nfsj }
T Jpx AT Jpy

X being the mole fraction of B.

a convenient formula

A convenient formula for expressing the isobaric excess Gibbs energy of binary
mixed crystalline materials is

GE(T, X) = A(1—gj X(1- X)[1+B(1-2X)],

in which A, Band © are system-dependent constants.
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e For the system {(1-X) mole of component A + X mole of component B} derive
the corresponding expressions for the excess properties SE HE, CE, ,u,E and
45 and the activity coefficients f; and f,, the subscripts 1 and 2 referring to
the components A and B, respectively.

7.  alcohol is mixed with water — a classroom experiment

Water is poured into a 100 ml measuring cylinder to the level of 51.3 ml. The
temperature of the water in the cylinder is 19.2 °C. Next, avoiding mixing by keeping
the cylinder in a nearly horizontal position, absolute alcohol (= waterless, pure
ethanol) is added to the cylinder in a gentle manner until - the cylinder being in a
vertical position again - the 100 ml mark is reached. The temperature of the alcohol
layer is 21.9 °C. In a subsequent step the cylinder is shaken, as a result of which the
two liquids mix completely. Directly after mixing the temperature of the homogeneous
mixture is 27.3 °C. One hour later the temperature has dropped to 21.4 °C, and the
level of the liquid in the cylinder has become 95.8 ml.
e What are the signs of the heat of mixing, and the volume change on mixing?
e For the composition the mixture has, neglecting the heat capacity of the
cylinder and ignoring the existence of systematic and random errors,
calculate the values of the molar excess enthalpy and the molar excess

volume.
molar mass density heat capacity
@) (gem®) (JK mol”)
Alcohol 46.1 0.79 111.5
Water 18.0 1.00 75.3
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Two simple formulae that account for non-ideal behaviour are shown to have the
power of explaining, of predicting the existence of critical points. One of them is the
Van der Waals equation. The other is a formula for the Gibbs energy of mixing.

magic formulae

The ideal gas and the ideal mixture are two model systems that are frequently
brought into action. The ideal gas is characterized by the ideal-gas equation, which
is the following relation between molar volume, temperature and pressure

V-P=RT. (1

The R in the equation is the gas constant, R = 8.314472 m*-Pa-K™"mol™.

The second model system, the ideal mixture, is characterized by a special
expression for the molar Gibbs energy of mixing, which, by the way, is linear in
temperature and independent of pressure. That expression is

A, G(T.P,X)=A,G(T,X)=RT{(1- X)In(1- X)+ XIn X}. )

Real gases and real mixtures deviate - to a lesser or greater extent and
depending on chemical nature and circumstances - from the ideal behaviour
expressed by Equations (1) and (2), respectively. For real systems, therefore, the
formulae have to be adapted or extended, to include system-dependent
parameters - parameters that depend on chemical nature and, in addition, may be
functions of the state variables.

The Van der Waals equation for gases
a
(V_b)(P+F):RT (3)

is meant to take into account (i) the proper volume of the molecules, by the system-
dependent parameter b, and (ii) the energetic interaction between the molecules,
expressed by the system-dependent parameter a divided by V2; or rather multiplied
by (1/V)(1/V), which expresses the probability of an interaction between two
molecules.

Ideal-mixing behaviour presupposes a neutral interaction between the units (e.g.
molecules) of the substances that are mixed (let us say that neutral stands for
some kind of mean interaction, symbolized by AB = 1/2 (AA + BB)). In reality, that
is to say for real mixtures, the interaction between unlike units is either more
attractive or less attractive (more repulsive) than the mean. A simple way to
account for the ‘extra interaction’ is to add a term, which is the product of strength
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(Q) and probability (X, - Xg = X (1-X)) of the interaction between the unlike units
(«005; «205):

A,,G=RT{(1-X)In(1- X)+ X In X} + QX (1- X). 4)

In first approximation the interaction parameter Q is a constant; negative for a net
attraction and positive for a net repulsion.

It is obvious, indeed, that Equations (3) and (4) with their adjustable
parameters will give a better description of reality than will do Equations (1) and (2),
respectively. It is also obvious - maybe to a somewhat lesser extent - that neither of
the two equations will have the power of giving a correct description of the systems
for all experimentally accessible circumstances. The real power, the magic of the
two equations is that they are the key to the interpretation and understanding of a
series of phenomena and properties - the existence of critical behaviour in
particular.

critical behaviour
The boiling curve, the curve that represents the equilibrium states of the

equilibrium between liquid and vapour - in the PT phase diagram of a pure
substance - is ending in an abrupt manner, at the critical point, see Figure 1.

FIG. 1. PT phase diagram of a pure substance. The boiling curve ends
abruptly at the critical point (C)

Two routes are depicted along which an amount of substance is transferred from
state A, where it is gaseous, to state E, where it is liquid. Along the direct route the
system is isothermally compressed and, as we know, at the boiling curve the
gaseous form will change completely into the liquid form. There is an
experimentally visible transition from vapour to liquid. Along the indirect route, on
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the other hand, there is no abrupt and clear transition to be seen! The system
passes gradually from the gaseous form at A into the liquid form at E, via B where it
is gaseous and D where it is said to be superecritical.
The continuity of the gaseous and liquid forms which follows from this behaviour is
anchored in the Van der Waals equation - can be accounted for by the equation.
Without going into detail, we may remark that the coordinates of the critical point,
the critical pressure Pc and the critical temperature T follow from the constants a
and b:

a 8a

P=——=,; T.= .
¢ 27h? ¢ 27bR

®)

The other way round,

212
a= —22:;0 and b= —';IC . (6)

The critical volume, the volume of the system at the critical point, is three times the
value of the constant b:
V. =3b. (7)

c
region of demixing

Phenomena that resemble the ones around the critical point in Figure 1 are
observable for (liquid) mixtures that involve a region of demixing, see Figure 2.

P const
;|8 D
liquid
c
[ ] L]
A igivign \E
/ \
0 X 1

FIG.2. TX phase diagram of a binary system showing a region of
demixing with its critical point

In the case of Figure 2 the system can be transferred from state A to state E by
feeding it with the right-hand pure substance, the second component. Along the
direct, the isothermal route from A to E, the binodal - the boundary of the region of
demixing - is crossed twice. It can clearly be observed that along the route two
liquid layers are formed, that one of the two liquids grows at the expense of the
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other and that the latter from a certain moment on is exhausted. Along the indirect
route, on the other hand, the system undergoes the transfer from A to E without
producing the phenomena of demixing and remixing.

This time the observations, read, the existence of a region of demixing and its
critical point, can be fully explained in terms of the second magic formula, Equation
(4). Otherwise expressed, the continuity of the states A and E is embedded in the
formula in case Q is positive. As was observed above, a positive value for Q
corresponds to a net repulsion. The repulsion, now, may become such that it will
give rise to a separation, a separation into two different phases. The explanation is
as follows.

The Gibbs energy of a mixture of (1-X) mole of component A and X mole of
component B is, in terms of Equation (4) for the Gibbs energy of mixing, given by

G(T,X)=(1-X)G,(T)+ X G5(T)+ RT{(1- X)In(1- X)+ XIn X} + QX (1- X). (8)

For positive Q the extra term Q X (1-X) is able to give the function the appearance
of Figure 3, that is to say to introduce a section where the function is concave, i.e.
its second derivative being negative (note that the ideal function, for Q = 0, and also
the function with negative Q are convex over the whole range, from
X=0,to X=1).

G P T const.

re=-=——--

0 X 1
FIG. 3. Curve of Gibbs energy versus mole fraction having a concave
section. Open circles: points of inflexion

With reference to § 203 we observe that for overall mole fractions X,, with
X < X, < X" there is a driving force for phase separation: the Gibbs energy of a
two-phase system (point q) in which the phases have compositions X' and X" is
lower than the Gibbs energy (point p) a single-phase system of composition X,
would have.
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As a next step, with reference to the intermezzo in § 205, we know that nothing in
the treatment will change if we are going to add a linear term to the formula for the
Gibbs energy, Equation (8). Or, in other terms, nothing will change when we are
going to remove the linear term (1-X) G; +X G; and concentrate on the function

G'(T,X)=RT{(1- X)In(1- X)+ XIn X} + QX(1- X), )

which is in fact A,,G, Equation (4), the Gibbs energy of mixing.

To continue, we will examine the properties of the function G' for positive Q. The
function, to start with, is symmetrical with respect to X = 1/2; it is represented in
Figure 4, from bottom to top for increasing temperatures. At the bottom, for zero
kelvin, just the parabola Q X (1-X); the two pure substances, the two pure
components have the lowest possible Gibbs energy for every X, there is no
tendency to mixing at all. At the top, for high temperatures the
RT {(1-X) In(1-X) + X InX } term dominates: the function is convex - the
components mix in all proportions.

%

N

—Q)

0 —X 1

FIG.4. Curves of Gibbs energy versus mole fraction: magic formula
Equation (4) with positive Q. The curves are for different,
indicated values of T/Tg., T¢ being the critical temperature. See
also Figure (5)

For the temperature corresponding to the curve 3/4 there will be demixing into two
phases, the compositions of which being the abscissae of the points of contact of
the double tangent line. For this special case the points of contact are identical with
the minima; exceptionally, therefore, the mole fractions of the coexisting phases
follow from 0G' /oX = 0. The two points of inflexion of the curve, as always, follow
from 8*G'/aX % = 0.
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On increasing temperature, the contact points and the inflexion points move
inwards, and finally coincide all. This happens at the critical temperature; the critical
mole fraction follows from 8°G’ /X ® = 0. The G’ function for the critical temperature
is the curve marked 1.

In Figure 5 the set of points of contact and the set of points of inflexion are
represented. The set of points of contact, the binodal, is the boundary of the region
of demixing. The set of points of inflexion is named spinodal. The binodal and the
spinodal have a common maximum, which is the critical point.

Summarizing in terms of formulae:
the binodal, in this special case, is the solution of

oG’ =0; (10)
oX
that is to say
9 _rrin—X_1a(1-2x)-0. (11)
oX 1-X
The solution is
-0(1-2X
TBIN(X):—( % ) (12)
RIn
1-X
The spinodal generally is the solution of
°G'’
=0; 13
X2 (13)
which gives rise to
21
agzi—zozo (14)
oxX: X(1-X)
and
20
Tspin(X):FX(1_X)' (15)
The critical point generally follows from
°G’
=0, 16
X (16)
giving rise to
3
oG =— RT (1-2X)=0. 17)

axX®  X*(1-X)
The solution of the equation is (obviously, in view of the symmetry)
Xo.=05. (18)
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Substitution of X¢ = 0.5 into the spinodal equation, Equation (15), gives the
following relation between the parameter Q and the critical temperature T¢:

To=——. (19)

7N
\

S AR\
\
/ \

0 — X 1

FIG: 5. Binodal and spinodal curves resulting from the magic formula
Equation (4) with positive Q. The circles correspond with those in
Figure 4; open: points of inflexion; closed: points of contact of
double tangent line

In summarizing, the magic formula, Equation (9), is the simplest
thermodynamic formula to account for the phenomenon of demixing. In the
chapters ahead the formula is going to play a leading part. To start with, it will be
shown that the laws of dilute solutions directly follow from the magic formula and,
therefore, in retrospect are a proof of its power. The formula, to end with, is a
combination of Boltzmann's formula S = k In W, which gives rise to
RT {(1-) In(1-X) + X InX }, and a term Q X (1-X), which is no more than a little
piece of common sense.

The magic formula RT { (1-X) In (1-X) + X In X } + Q X (1-X) - a combination of
Boltzmann and common sense - is going to play a leading part in the sections
ahead. The results, to which it will give rise, are proof of its power.
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EXERCISES
1. volume properties of supercritical carbon dioxide

For carbon dioxide, CO,, the coordinates of the critical point are T = 304.2 K and
Pc=73.8 bar.
e  For the supercritical state T = 325 K; P = 80 bar, calculate, in terms of the
Van der Waals equation, the numerical values of molar volume, isothermal
compressibility and expansion coefficient.

2. Van der Waals and Helmholtz

Three PV isotherms are sketched for a system which obeys the Van der Waals
equation of state. The isotherms are for T> T¢; for T= T¢ and for T < T, T¢ being the
critical temperature.

P
A

e  For the three different cases, sketch the corresponding curves of Helmholtz
energy (A) versus volume at constant temperature, remembering that
dA =-SdT - PdV.

3. critical coordinates from Van der Waals constants
Write down the derivation of the Equations (5) and (7) for the relations between the
coordinates of the critical point Pc and T¢ and critical volume V. and the constants a
and b of the Van der Waals equation.
Note that the critical point is characterized by (8P/3V)r = 0 and (8°PI3VP) = 0; see

foregoing exercise. Note also that these two conditions are equivalent to (azA/c?VZ) =0
and (3°A/3V ®) = 0; see next exercise.
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4.  minimal Helmholtz energy

For temperatures below T the Van der Waals equation gives rise to a Helmholtz
energy-versus-volume function, which looks like the figure which is shown below (see
also second exercise).

In an experiment 1 mol of substance, satisfying the function shown, is brought in a
vessel of constant volume Vg, keptat T = Tg.

T=T,

n=1mol

Ve ————> v

e Explain that the criterion (dA)r\, <0 («108:Exc 11) predicts the formation of
two phases, say with molar volumes of (Vg — a) and (Ve + b), a and b being
positive. Indicate to which relation the two phases stand to the A versus V
function and calculate their amounts in terms of a and b.

5. critical temperature for a model system

For a model system the Gibbs energy of mixing is given by

A,,G = RT{(1- X)In(1- X)+ X|nX}+A(1—gJX(1—X) (20)

where A and O are constants.
e  Find the relation between the critical temperature T¢ and the constants A and
o.
e s critical behaviour possible for negative A in combination with positive ©?

6.  spinodal and critical point for a given function
For the Gibbs energy of mixing function
RT{(1-X) In(1-X) + X InX} + AX(1-X) [1+ B(1-2X)]

e derive the equation for the spinodal and the equation for the mole fraction of
the critical point.
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The function recipes of the chemical potentials of solvent and solute in a dilute
solution are derived from the magic formula for the Gibbs energy of a binary
mixture.

In this section, and the following two, the systems have phases that are either
a pure substance or a dilute solution. The equilibrium conditions, the set of
equations from which the equilibrium states can be solved, will be in terms of
chemical potentials. First, in this section, the function recipes of the chemical
potentials are derived from the magic formula («206). Next, in § 208, equilibria are
considered where the main component, the solvent is present in more than one
phase. In § 209 the solute is partitioned over more than one phase.
First of all we need to specify the systems to be treated. There is a main
component, which is the solvent, referred to as substance A. The solute, which is
present in small proportions, is substance B. The composition variable (X) to be
used is the mole fraction of B, which, in the case of dilute solutions, has the
property X << 1.

chemical potentials

The starting point is the magic formula for the Gibbs energy of a mixture of
(1-X) mole of A and X mole of B, Equation (206:8)

G(T.P,X) = (1= X)G,(T,P)+ XG4 (T,P)+ RT{(1- X)In(1- X)+ XIn X} + QX(1- X) . (1)

At this place we underline the fact that, strictly speaking, the formula is derived for a
mixture of (1-X) Ny molecules of A and X-Ny molecules of B, such that A and B
do not react or associate or dissociate in each others presence.

At constant T and P the expressions for the chemical potentials are obtained with
the help of the general recipes, Equations (203:14,15):

oG
=G-X—; 2
Ha X (2
oG
=G+(1-X)— . 3
Hp +( )6X (3)

On substitution of Equation (1) into Equations (2) and (3) the following expressions
are obtained
Uy =G, +RTIn(1-X)+ Q-X? (4)

ts =Gg +RTINX + Q(1- X)?. (5)
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the solvent
For X << 1, or in other words for X approaching zero, the influence of the

quadratic term X 2 (which is the excess chemical potential of A) is negligible. As a
result Equation (4) takes the form

1, =G, +RTIn(1- X) (6)
that is to say the form of the chemical potential in the ideal mixture!
Next, for X — 0, In(1-X) can be safely replaced by the first term of its power series
expansion (verify this with the help of your pocket calculator!)

In(1- X)=-X -1/2X? -1/3X°. 7)

The expression therefore, or the function recipe that we are going to use for the
chemical potential of the solvent in the dilute solution is

u, =G, —RTX. (8)

the solute

For X approaching zero, the expression for the chemical potential, Equation
(5), changes into

s =Gg +RTInX + Q. (9)

At this stage the most important thing to observe is that (at constant T, P) the
expression contains two constants, namely G, and Q, of which G in many cases
not even is known. For instance, at the conditions of T and P taken, A may be a
liquid and B a solid whose liquid state is far away; see also § 205, around Figure 5.
The best thing to do, is to combine the two and to write the expression as

g =G +RTIn X. (10)
The chemical potential of the solute in the dilute solution has the property of varying

logarithmically with mole fraction. Generally, the mole fraction of substance B, our
symbol X, is defined as

X = nB .
n,+ng

(11)

that is to say, amount of B in the mixture divided by the mixture's total amount of
substance. In the dilute solutions considered (ng << n,) the influence of ng in the
denominator is negligible and as a result X reduces to amount of B divided by
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amount of A. The implication of this is that logarithmic in X can be changed to
logarithmic in amount of solute.
For practical purposes the composition variable molality is frequently preferred.
Molality is defined as amount of solute per kg solvent, symbol m. As a result,
Equation (10) can be written as

1y =G5 +RTInm; (12)

along with the warning that the G; in Equation (12) is another Gg than the one in
Equation (10). The two Gg refer to different standard states; see also § 205. The
standard state for Equation (12) is the dilute solution with m = 1. And to underline
the possibility that Equation (12) may not be valid any more in the region of m = 1,
one can better say that the standard state is a hypothetical solution having m = 1,
see Figure 1.

Hs

Inm
FIG. 1. Chemical potential of solute as a function of the logarithm of
molality
ideal dilute solutions and real dilute solutions
Dilute solutions which obey Equation (6), and as a result also Equation (8), for the
chemical potential of the solvent and Equation (10), and its equivalent Equation
(12), for the chemical potential of the solute are referred to as ideal dilute solutions.
Equations (8) and (12) can be taken as a starting point for the thermodynamic

description of real dilute solutions and the following expressions are met with

#a =Gn —RTpX; (13)
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g =G5 +RTInygm. (14)

The ‘correction factor’ ¢ in Equation (13) is known as the osmotic coefficient (the
laws based on ideal dilute solutions in cases where the solvent is in two phases are
referred to as the osmotic laws, see § 208). The factor y5in Equation (14) is called
activity coefficient; not to be confused with other activity coefficients.

Henry's Law and Raoult's Law

When we ‘follow’ the substance B - in a mixture of (1-X) mole of A + X mole
of B - from X = 0 to X = 1, i.e. from high dilution to high concentration, we may
observe that

- for very small X, us will behave according to Equation (10);

- for X approaching 1, where B has the status of solvent and A is the solute,

4 Will be given by the analogue of Equation (6), i.e. by

s =Gy +RTInX. (15)

The region where ug behaves according to Equation (10) is often referred to as
Henry's Law region; and up is said to display Henry's Law behaviour. The law
named after William Henry (1774-1836), which will be derived in §209, deals with
the solubility of a gaseous substance B in a liquid substance A as a function of
pressure. When the pressure P is increased, i.e. when the pressure of gaseous B
is increased, the amount of B in the liquid phase will increase. Henry's Law states
that, for sparingly soluble B, the mole fraction of B in the liquid phase will be
proportional to the pressure exerted by the gas.

Xg = kP. (16)

The constant k is a function of temperature and, of course, of the combination of A
and B.

The region where 5 satisfies Equation (15) is referred to as Raoult's Law region.
One speaks of Raoult's Law behaviour. The law named after Frangois-Marie Raoult
(1830-1901) deals with the isothermal equilibrium between a liquid phase
composed of A and B and a vapour phase likewise composed of A and B. Now, let
Pg represent the partial pressure of B in the vapour phase, i.e. the mole fraction of
B in the vapour phase multiplied by the pressure indicated by the manometer, and
Pg the pressure indicated if B would be alone in the space, then, according to

Raoult's Law , the partial pressure Pg (= X**-P) is given by
Py = X" -Pg. (17)

As a remark, for the ideal mixture Equation (15) for ug is valid over the whole
composition range, i.e. for 0 < X < 1. The same, in that case, holds true for the
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validity of Equation (17), and it implies that the pressure indicated by the
manometer obeys the relation

P=(1-X")p+ X" pe: (18)

for ideal behaviour, the liquidus in the PX liquid-vapour equilibrium diagram is a
straight line, Equation (18).

In spite of the last remark, we will reserve Raoult's Law for dilute solutions. To

that end it is expedient to modify it somewhat; starting from Equation (205:24),

which is the general expression for B’s chemical potential in a mixture (dilute or
not):

sy = Gy +RTINX + 45, (19)

and in which the excess chemical potential follows from the excess Gibbs energy,
Equation (205:9), as
0GE

Eo GE+(1-X) = 20
Hp +( ) X (20)

From the last equation and the fact that GF is zero for X = 1, it follows that .5 is
zero for X = 1. Now, from Raoult's Law, in the form of Equation (15), it follows that
yg must be zero in the vicinity of X = 1. This characteristic - being zero and staying

zero for a while - implies that not only yg but also its derivative with respect to X
has to be zero at X' = 1. And this is how we are going to formulate Raoult's Law:

E
[%?J =0, 1)
TP.X=1

And, returning to A as the solvent,

E
(%?J =0, (22)
T,P,X=0

Note that this is exactly the case for Equation (4), where x5 is equal to Q X2

At high dilution the chemical potential of the solute depends logarithmically on its
mole fraction (Henry's Law behaviour); for a given solute, the potential changes
from solvent to solvent. The chemical potential of the solvent, at high dilution, is the
same as its potential in ideal mixtures (Raoult's Law behaviour); the solvent’s
chemical potential is independent of the solute.
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EXERCISES
the ideal isothermal vaporus

A and B are two substances that mix completely and ideally in the liquid as well as in
the gaseous state. For the isothermal equilibrium between liquid and vapour, the
relation between the vapour pressure and the composition of the liquid phase is given
by Equation (18).
¢ Derive the equation for the vaporus: the vapour pressure as a function of the
composition of the vapour.

Raoult, Henry, and Gibbs-Duhem

Prove that Raoult's Law is a direct consequence of Henry's law, or vice versa.
N.B. This is typically a ‘Gibbs-Duhem problem’.

the activity coefficient

What is the relation between the activity coefficient y5 in Equation (14) and Figure 1
for the solution with m = 1?

the solute’s chemical potential

Show that the formula for the chemical potential of the solute in the ideal dilute
solution, Equation (12), follows from Henry's Law, Equation (16).

a strange question (?)
A solution of 2 mole percent of toluene (component 2) in benzene (component 1) is
compared with a solution of 1 mole percent of toluene in benzene.

e What is the difference for these two solutions between the values of the
differential coefficient (oU/én, )SVHZ at50 °C?

a trigonometric excess function

Does the excess function GF = a, sin nTIX, where n is an integer, satisfy Raoult's Law
in the sense that, for X—0, the partial derivative of A’s excess chemical potential with
respect to mole fraction is equal to zero (Equation (22))?

the ideal dilute solution’s quantites
For the ideal dilute solution of X mole of solute B in (1-X) mole of solvent A give the
expressions for the partial quantities Ga, Gg, Sa, Sg, Ha, Hg and V, and Vg and for

the integral molar quantities Gp,, Sp,, Hn and V..

N.B. the subscripts m for molar were abandoned, in fact, by the end of § 203.
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Three different kinds of equilibrium are considered where one the two phases is an
ideal dilute solution of solute B in solvent A and the other phase pure A. In each
case a relationship is derived between the two variables of the set M of variables
that are necessary to define the state of the system under the constraints applied.

the solute disturbs the pure solvent’s equilibrium

Three cases are examined where, by the addition of a small amount of a

foreign substance (the solute), the equilibrium between two phases of a pure
substance (the solvent) is disturbed. In all of the three cases, the foreign substance
enters in only one of the phases, which invariably is liquid, and lowers the chemical
potential of the main component in that phase. Every time the system has just one
possibility to repair the inequality in the main component’s chemical potentials.
This time, and by way of a change, two types of scheme are used: one for the
definition of the system, and the other for the derivation of the relationship between
the variables. In the first type of scheme the system is defined, the variables are
stated, the equilibrium conditions are formulated; and finally, guided by the number
of degrees of freedom, the type of mathematical solution is indicated. In the other
type of scheme, the function recipes of the chemical potentials are substituted two
times: one time for the situation after the disturbance, and the other time for the
situation before — the difference between them yielding the desired relationship.

vapour pressure lowering

The first example considered is the equilibrium between liquid and vapour -
studied at constant temperature in a vessel-with-manometer; Scheme 1, which is
the scheme under here. The pressure indicated by the manometer is a function of
the solute’s mole fraction in the liquid phase. The lowering of the solvent’s chemical
potential is responded by the vapour phase in lowering its pressure.

System
substances: A, B (A>>B)
equilibrium: A(liq) = A(vap)
constraints: T is constant Vapor

Aonly
variables: M X, P|

equilibrium conditions: N[yﬁq = yf"J Liquid
Awith litle B

number of degrees of freedom: f=M-N=1

type of solution: P = P(X"™)
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As follows from Scheme 2, the function recipe of the solvent’s chemical potential
in the liquid is the one for the ideal dilute solution, Equation (207:8); and for the
vapour phase the recipe for the ideal gas, Equation (108:18).

(X=0;P=P) G, -RTX" =G3"* +RTInP

X=0;P=Fy) G, =Gy +RTInP;

—RTX" =RTIn(P/P?)

SCHEME 2
After subtraction and division by RT, the relation found is
In(P/P2)=— X" (1)

Realizing that, in the ideal dilute solution approximation, P will not be far from P,

we may, after writing
P=P;+AP , (2)

modify Equation (1) to (NB verify that In(1+a) for small a reduces to a; use your
pocket calculator)

AP _xm, (3)
'DA
which is equivalent to
P=Ps(1-X"7) . (4)

From Equation (3) it follows that AP, indeed, is negative: there is a lowering of the
vapour pressure when a non-volatile solute is added to the solvent. The relative
lowering of the pressure is equal to the mole fraction of the solute in the liquid
phase. Note that Equation (4), and with that Equation (3), is one of the various
formulations of Raoult's Law («—207).

freezing point depression

When a substance B is added to a vessel, in which at constant pressure a
pure solid phase is in equilibrium with a pure liquid phase of the same substance A,
and B is soluble in liquid A only, it will lower the chemical potential of A in the liquid
phase. The only way for the system to face this situation is to lower its temperature
from T, to T, + AT, T, being the melting point of pure A; see Schemes 3 and 4.
The molar Gibbs energy of pure A in the solid and liquid phases is a function of
temperature (6G /6T = —S’). For our purpose it is convenient to formulate the
dependence on temperature as given in Equation (5)
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System
substances: A, B (A>>B)
equilibrium: A(sol) = A(liq) 3 (
constraints: P is constant
variables: M X, 7] liquid
Awith B
pepa e P . sol _  liq
equilibrium conditions: N|:,UA = fig J solid
Aonly
number of degrees of freedom: f=M-N=1 R
type of solution: T=T(X")
SCHEME 3
(X=0;T=T) G (T2Y=S% - AT = G, (T2)-S,/@ - AT-RTX
(X=0;T=T72) G, (T?) = G (T3) _
-8, - AT = -8, - AT-RTX
SCHEME 4
G *(T)=G,*(T?)- S AT; a =solliq (5)

It follows that the change in the equilibrium temperature is given by

RT x, 6)
ALS,

S

AT =-

where A.S, =S} - S is the entropy of melting of A which is, as we know, equal
to the enthalpy of melting divided by the melting temperature A'SH; /IT;and as a
result of which Equation (6) can be written as

(o]
AT=_RTTa 7)
AH,

S

The temperature T in the numerator of Equations (6) and (7) is close to T, and for
that reason we will formulate the final result as

0o 02
AT:—RBLX:—RUgX. (8)
AsSA AsHA
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Indeed, AT is negative: there is a depression of the equilibrium temperature. And all
other things being equal, the depression of the melting temperature is the greater,
the lower the heat of melting of the main component (A).

For the case that the solute is present in each of the two phases, the X in Equation
(8) has to be replaced by AX = X"- X A variant of the equation with AX is the
following equation for the initial slopes in TX phase diagrams:

dx” dX* _ AH,
dT  dT  RT®’

©)

The superscripts o and B are for the low-temperature form and the high-
temperature one, respectively.

The expression for the depression of the freezing point, Equation (8), usually is
referred to as Van 't Hoff's Law, after Jacobus Henricus van 't Hoff (1852-1911).

osmotic pressure

The last case considered in this section is a typical example of the
inventiveness of matter: in finding a way out, when faced with an inequality of
chemical potentials.

In 1748 the French Abbé J.A. Nollet carried out an experiment which is more or
less as follows. He first filled a pot with a mixture of water and spirit of wine. He
sealed the pot with a piece of pig's bladder and next immersed the whole thing in a
barrel with water. Much to his surprise the bladder expanded and finally burst. The
explanation is as follows. The bladder material is permeable for water but not for
the spirit. As a result the spirit has to remain in the pot. The water inside, having a
lower chemical potential than the water outside, tries to compensate the difference
by driving back the influence - the mole fraction - of the spirit, i.e. by absorbing
more and more water from outside.

In a more formal set-up, see Scheme 5, a solution of A and B is inside a vessel,
provided with a vertical glass tube and having a membrane at the bottom. The
membrane is permeable for the solvent A but not for the solute B. Outside the
vessel there is just pure A.

The inequality between the chemical potentials of A inside and outside is removed
by the hydrostatic pressure of the column of liquid in the tube - by the osmotic
pressure I1. The inside potential will have an extra term (66; /6P)-I7 =V, which
compensates the term —RT X™ see Scheme 6; as a result

n =5—,7,;-x"". (10)
A

The mole fraction variable X ™ is, in the case of the dilute solution, equal to the
quotient of the amount of solute and the amount of solvent, i.e. ng / na. When this
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quotient is introduced in Equation (10), the denominator part will be na v,;"Q, which
is, still in the case of high dilution, the volume of the whole inside part of the
system. In this volume V there are ng mole of solvent. Taking these things into
account, Equation (10) changes to

I7=n5'7. (11)

In Equation (11) we recognize the ideal-gas equation!

constant P
System
substances: A, B (A>>B)
equilibrium: A (in) = A (out)
constraints: constant T and P .
variables: M7, X™
I . . in _ out A |inside
equilibrium conditions: N[,u}( = 1y J Awith
B
number of degrees of freedom: f=M-N=1 outside
type of solution: m=rnxm
SCHEME 5
outside inside
(X=0; M=) G, =G, —~RTX" +V,"@- 1
* li * li
(X=0; 1= 0) G =G," _
0 = ~RTX™ +V," -1
SCHEME 6

The important observation to make is that the osmotic pressure caused by ng mole
of solute in a ‘liquid space’ is equal to the pressure exerted by the same amount of
matter ‘dissolved’ in an empty space, having the same volume as the liquid and
being kept at the same temperature. Van 't Hoff's name is firmly associated with the
osmotic law, Equation (11).

Looking over the relationships derived in this section, we may ask ourselves

to what extent they do depend on the choice of solvent, the choice of solute and
their combination. We also might ask ourselves to what extent it is imperative to be
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sure that the dilute solution is composed, indeed, of (1-X) N,y particles of solvent
and X N,y particles of solute (as an example, if we want to calculate the freezing
point depression for 2 g of NaCl dissolved in 100 g of water, do we have to take
into account that each ‘molecule’ of NaCl gives two particles, an ion Na* and an ion
CI, and is it necessary to take 18 g-mol'1 for the molar mass of water, instead of
e.g. 36 g-mol™ assuming that water is composed of molecules/particles (H,0),?).
As for the choice of substances (and assuming that the mixture really contains
(1-X) Nay particles A and X N,y particles B) the following can be observed. The
relative lowering of the vapour pressure resulting from the addition of a soluble but
not volatile substance, apparently, is independent of the choice of (combination of)
substances. The same holds true for the osmotic pressure, which is as substance -
independent as the ideal-gas pressure (for that matter osmometers are used to
determine the molar masses of the large protein molecules). The freezing point
depression depends on the choice of solvent and does not depend thereafter on
the choice of solute.

The question about the particles of solvent and solute is a fundamental one - an
answer is not easily given. In the case of NaCl in water, one has to take into
account the electrolytic dissociation of NaCl (the other way round, freezing point
depression provides information about the degree of association or dissociation of
the solute molecules). The degree of association or dissociation of the solvent
molecules, on the contrary, cannot be derived from the depression of the solvent’s
freezing point brought about by a solute (see, e.g, Oonk 1981).

The ensemble of solvent laws, derived above, often are referred to as the
‘osmotic laws’. The fundamental characteristic behind the osmotic laws is the ideal
behaviour of the chemical potential of the solvent at high dilution.

Equations have been derived for vapour pressure lowering, freezing point
depression and osmotic pressure as a function of solute mole fraction in ideal dilute
solutions. In these cases the solvent - whose chemical potential behaves as in
ideal mixtures - is present in two phases. In the case of vapour pressure lowering
and freezing point depression the equations contain, apart from solute mole
fraction, only pure solvent properties pertaining to the same equilibrium. The
osmotic-pressure law is identical with the ideal-gas law.

EXERCISES
1.  the solute is present in both phases
e How do the relationships derived for the lowering of vapour pressure (AP/P),
the freezing point depression (AT) and the osmotic pressure (/7) change if
the solute is not only present in the phase considered so far - and where it

has mole fraction X - but also in the other phase with mole fraction Y? (NB
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For the case of freezing point depression, the answer has already been
given; Equation (9)).
e Can AP/P and AT be positive and /7 negative?

2. chemical potentials of A in liquid and vapour versus pressure

e Make a drawing in which by straight lines the chemical potentials of a pure
substance A, for the liquid and the vapour states at constant temperature, in
the vicinity of the equilibrium vapour pressure, are given as a function of
pressure.

e How has the figure to be changed and in what sense does the equilibrium
pressure change if

a. the temperature is increased;
b. anon-volatile substance is added which is soluble in the liquid?

3.  chemical potentials of H,O in liquid and vapour versus temperature
e Make a drawing in which by straight lines the chemical potentials of liquid

and gaseous water at 1 atm pressure are represented as a function of
temperature in the vicinity of 100 °C.

P
i
™
vapour -] Ar
iii
liquid _| Nact
ii

e How has the figure to be changed and in what sense does the equilibrium
temperature change, if
i.  the pressure on the system is increased;
ii. saltis added to the system;
ii. argon is added to the system?

4.  the molecular formula of a hydrocarbon

The equilibrium vapour pressure of pure benzene (C¢Hg) is 9954 Pa at 20 °C. The
equilibrium pressure over a solution of 2 g of a non-volatile hydrocarbon in 100 g
benzene - at the same temperature - is 9867 Pa.
e Find the molecular formula of the hydrocarbon for which it is known that its
carbon content is 94.4 wt%.
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5.  the molar mass of the solvent

The freezing point of pure benzene (CgHs) is 5.50 °C at 1 atm; its heat of melting is
126 J-g". B is a substance which is soluble in liquid benzene and insoluble in solid
benzene. The freezing point of a solution of 2 g B in 100 g benzene is 4.93 °C.
e  Calculate B's molar mass.
e Will the same value be found for B's molar mass, if a fictitious molar mass of
100 g-mol'1 is taken for benzene?

6. initial slope of solidus

In § 213 experimental liquidus and solidus temperatures - derived from cooling
curves - are given for the system NaBr+NaCl; see Table 213:4. It is known that the
cooling curve technique often yields incorrect solidus data (<—006; Figure 006:8).
e Use the liquidus data to calculate the initial slope of the liquidus at the NaCl
side, and from it the initial slope of the solidus. NaCl's heat of melting is
28 kJmol™. The result must be in agreement with the calculated solidus
shown in Figure 213:4.

7.  the intervention by a foreign gas

In a vessel-with-manometer, kept at constant temperature, pure liquid substance A is
in equilibrium with its (pure) vapour. The system in equilibrium is exposed to an
intervention by which a foreign gas is pressed into the vessel (the gas does not
dissolve in the liquid and with gaseous A it gives rise to an ideal gas mixture).
e What kind of imbalance is induced as regards the chemical potentials of
liquid and gaseous A?
e  How will the system react to nullify the imbalance?

8.  an equation for the relative change in partial pressure

e For the case considered in Exc 7 - where a foreign gas is pressed into a
vessel in which liquid A is in equilibrium with gaseous A - derive an
expression for the relation between the relative change in A's partial
pressure, AP, /P;, and the pressure exerted by the gas.

e  Show that the relation can be modified to

in which V,” is the molar volume of liquid A and n %° and V % are the
amount of gas and the volume occupied by the gas phase, respectively.
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Three kinds of equilibrium are considered where the solute and not the solvent is
present in two different phases in equilibrium. The theoretical framework is the ideal
dilute solution, again.

three cases

Three cases are considered in which the substance B is present in each of

two phases in equilibrium under isothermal conditions. The first case is the
equilibrium between a gas, which is pure B, and a liquid phase, which is a solution
of B in solvent A. In the second example pure solid B is in equilibrium with B
dissolved in liquid solvent A. In the third case A and C are two immiscible liquid
solvents and B the solute, soluble in A as well as in C. In all of the three cases, the
liquid phases are ideal dilute solutions with B as the solute.
In contrast to the equilibria in § 208, there is no pure-substance situation free of B
- and it means that, in the equilibrium relationships to derive, there will remain a
Gibbs-energy property. It has, however, the advantage that, from the relationships
found, the dependence on temperature can directly be derived - and for two of the
cases the dependence on pressure as well. As always, the dependences on
pressure and temperature are related to an enthalpy effect, and a difference-in-
volume property, respectively.

solubility of gas in liquid

It is obvious, see Scheme 1, which is the scheme under here, that, when the
external pressure P is increased, more and more B will dissolve in the liquid.
Inversely when the pressure is released bubbles of gaseous B will escape from the
liquid - think of a strong bottle of champagne which is opened.

System
substances: A and B
equilibrium: B(vap) = B(liq) P
constraints: constant T
. as
variables: MIX%M P 9 B
equilibrium conditions: N[y,’;" = ygap] liquid
Awith little B
number of degrees of freedom: f=M-N=1
type of solution: X = x5 (P)
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The recipes for the potentials are, if we take the ideal approximation - ideal gas and
ideal dilute solution

ug' =Gg"*+RTInP ; (1
Uy =G5 +RTIn X[ 2)

After substitution of the recipes into the equilibrium condition
ug =ug” 3)

it directly follows that the result, the relation between the mole fraction of B in the
liquid phase and the pressure of the gas, can be written as

Xg =k P. (4)

The proportionality constant k is given by

AGO Go vap _ Go lig
k=exp| == |=exp| 22——B—|;
p( RT J p[ RT ’ ©®)

and it is clear that k is a function of temperature.
The result is known as Henry's Law, and it dates from 1803; see also §207.The
constant k is often referred to as Henry's Law constant.

solubility of solid in liquid

In this example, see Scheme 2, we consider the equilibrium at constant
temperature and pressure between pure solid B and its dilute solution in solvent A.
There is just one variable, which is the mole fraction of B in the liquid phase. There
is also one condition:

p" = g (6)
The system is invariant (f = 0), which means that the mathematical solution will be a

certain fixed value for the only variable X[ . Its value can be found after the
introduction of the x recipes in Equation (6). The recipes are

,LIEOI — G‘;sol’ (7)
and
Uy =G +RTIn Xy . (8)
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System
substances: A and B N 4
equilibrium: B (sol) = B (liq)
constraints: T and P constant

liquid
A with

variables: M[X5'] little B

solid B

equilibrium conditions: N[ g5

=g’ ]
number of degrees of freedom: f=M-N=0

type of solution: X‘./;q = numerical value

SCHEME 2

The value of the mole fraction of the liquid phase - the saturated solution - follows
from

In XY = -AGS/RT, 9)
where
AGE =G5 -Gy, (10)

which at constant T and P is just the difference between two numerical values (to
be taken, e.g., from thermodynamic tables: the table for pure solids and the table
for solutes in solvents).
partition of solute between two solvents

We now consider the equilibrium between two different ideal dilute solutions
of the solvent B. Again temperature and pressure are kept constant. The system,

see Scheme 3, consists of two solvents A and C which are liquid and not miscible
with one another. The equilibrium condition is

Hp = Hg; (1)
and the recipes for the potentials are
up =Gy +RTInX', (12)

up =G" +RTIn X" (13)
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System
substances: A,Band C ) (
equilibrium: B(lig I) = B(liq 1)
constraints: T and P constant liquid Il
C with little B
variables: M {X’,X”} liquid |
A with little B
equilibrium conditions: N [ﬂé = p,’g’}
number of degrees of freedom: f=M-N=1
type of solution: X =X(X")
SCHEME 3
The relation between X 'and X ", we are looking for, is
InX—” _ _(Ggll — Gg’) _ AG; (14)
X'~ RT  RT’

At constant T and P the right-hand member is a constant: the relation between
X"and X' simply is

X”
The constant k is the partition coefficient. The result is referred to as the partition
law and is named after Walther Hermann Nernst (1864-1941) - Nernst's partition
law.

influence of temperature

The results obtained for the three kinds of equilibrium all have the same
structure in that they generally can be given as

AGY(T)
RT

Ink = , (16)

where k denotes, in respective order, Henry's Law constant, the mole fraction of the
solute in the saturated solution and the partition coefficient. Realizing that

AGS = AHg - TASY, (17)

§ (209)



Phase theory 249

the general result can also be given as, see also § 007,

AHZ N AS;

Ink = .
RT R

(18)

Neglecting ACp, one can say that Equation (18) gives the dependence of k on
temperature; it can, when comparing the values for the temperatures T; and T, be

expressed as
oL A1) 19)

Generally for the change with temperature we can write

d(Ink) _ AHg : (20)
a7 RT
and in the modified form
(o]
d(Ink) :_AHB . 21)
d(1/T) R

As remarked before («110), the last of these equations is an invitation to plot
data in a In k versus 1/T diagram (Clausius-Clapeyron like plot): if the range of data
is relatively small a straight line will be obtained. The slope of the straight line is
determined by AHg; or, the other way round, the slope provides experimental
information on AH; .

Great care must be exercised as regards the use of superscripts - the small
open circles. If one likes, one can change from B’s mole fraction to its molality
(«-207). In that case the numerical value of AS; will change and with it the
numerical value of AGS. The enthalpy propertyAHgZ, on the other hand, is
insensitive to the change to other units: as long as the solution is an ideal dilute
solution its Hg - the partial enthalpy of the solute - is a constant, i.e. independent of
B’s mole fraction . In other terms, when In k is expressed in mole fraction(s) and
plotted against 1/T and next expressed in molality(ies) and again plotted against
1/T, the second plot is shifted with respect to the first such that the two are parallel.

Equations have been derived for the solubility of a pure gas in a liquid, for the
solubility of a pure solid in a liquid and for the partition of a solute between two
immiscible liquids. The equations have a common structure: the effect - solubility,
partition coefficient - is related to the difference in partial Gibbs energy of the solute
in the two phases.
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EXERCISES
the Kritchevsky-Kasarnovsky equation

In Nordstrom and Mufioz (1985) one can read on p.77 "Since most gases dissolve in
sea water at the surface, the effect of pressure on the solubility is not normally
considered to be important. The effect of pressure on the solubility of gases produced
in the deep oceans (e.g. He) can be estimated from the Kritchevsky-Kasarnovsky
(1935) equation In (K/k°) = (V IRT)-P"

In this equation k represents Henry's Law constant.

In the ideal gas and ideal dilute solution approximation and in terms of molality of
solute B, and after rearranging, the equation can be given as

(o] P (e}
mf = mg -Eexp[—(VB IRT)-P]. (B)

e What is the meaning of the symbols mf, m3, and Vg ?

e Give the derivation of the equation (B).
On several occasions the non-ideal behaviour of the gas is accounted for by replacing
- in equilibrium equations like (B) - pressure P by fugacity f.

e Would you, to that end, replace each of the two P''s of equation (B) by f?

helium in deep ocean water

The solubility of helium (He, molar mass 4 g-mol'1) in water at 25°C is said to be
about 1 ml per 100 ml.
e  To what molality (mye) does this correspond?
e Up to what molality does helium dissolve in deep ocean water at a depth of 8
km?
NB use the formula given in Exc 1, Equation (B), the partial volume of helium in water
(Vi) being 30 cm*mol’™

calculation of molality and Gibbs energy

For the substances A (liquid) and B (solid) and for ideal dilute solutions of B in A,
data are given for the standard (T = 298.15 K; P = 1 bar; molality of B, m = 1)
thermodynamic properties:
G*"=-1000; G*°'=-2500; GZ =3200; all three expressed in J-mol .
The molar masses of A and B are 100 and 250 g-mol'1, respectively.
e For the saturated solution of B in A (at 298.15 K and 1 bar), calculate a) its
molality, and b) its molar Gibbs energy.
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4,

simultaneous saturation?

The substances A and C are liquid at room temperature and virtually immiscible;
substance B is a solid - soluble in A as well as in C.
In an experiment B is added little by litle to a tube containing A and C;
thermodynamic equilibrium is guaranteed during the whole experiment.

e  Will the two liquid phases be saturated with B at the same time, or not?

a system for storage of thermal energy

e Show that the equilibrium between solid Na,SO, and solid Na,SO, 10H,O
and solution of Na,SO, in water is invariant at constant pressure.

e Using the solubility data given below and valid for 1 atm, determine the
temperature of the invariant equilibrium, and estimate the heat effect of the
reaction Na,SO,4-10H,O — Na,SO, + 10H,0.

NB Owing to the position of the transition temperature and the considerable heat
effect, the system can be used for the storage of thermal energy.

t/i°C molality of Na,SO, solid in equilibrium with solution
10 0.629 decahydrate

20 1.331 "

30 2.890 "

40 3.375 anhydrate

50 3.269 "

60 3.179 "

mixing of salt and water

A person, interested in calorimetry, found a table on the decrease in temperature
that goes together with the mixing of equal weights of water and a given salt. Part of
the table is NaCl 4 °C; KCI 12 °C; NH,CI 14 °C; NaNO; 9.5 °C; KNO; 10 °C; and
NH4NO3 25 °C. The table inspired him to do some simple experiments. First he
mixed, in a plastic beaker, 50 g KCI with 50 g water, both having a temperature of
21.0 °C, and observed that the temperature dropped to 8.0 °C. In a second
experiment he mixed just 16 g KCI with 50g water, both again 21.0 °C, and
observed, to his surprise, that the temperature dropped to 7.7 °C.
e What is your interpretation of the observations?
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This time the distinction between solvent and solute is absent. Two-phase equilibria
are considered for systems in which two substances of equal ‘quality’ mix ideally in
the mixed phases they are giving rise to. The set of equilibrium equations is solved
for three cases: the isothermal and the isobaric equilibrium between liquid and
vapour and the isobaric equilibrium between liquid mixture and pure solid.

three examples of ideal equilibria

Three cases of equilibrium between two phases are considered for systems

in which the mixed phases are ideal mixtures of the two components. In the first
case an ideal liquid phase is in equilibrium with an ideal vapour phase at isothermal
conditions. For the second case the liquid + vapour equilibrium is considered again,
but this time under constant pressure. In the last case the two substances A and B
are immiscible when solid; the equilibrium, which is considered, is between liquid
mixture and one of the pure solids.
In the first two cases there are two composition variables. The structure of the
recipes for the chemical potentials is such that one of the composition variables can
easily be eliminated from the two equilibrium equations - providing explicit
relationships for the equilibrium curves in the phase diagram.

isothermal liquid + vapor equilibrium
As can be seen in Scheme 1, the mathematical solution - of the set of

equations N acting on the variables in the set M - corresponds to two curves in the
PX plane.

System
substances: A and B
equilibrium: A(liq) = A(vap); B(liq) = B(vap)
constraints: constant T vapour
variables: M [P, X", X"P| Aand B
equilibrium conditions: N = [y”q = 3 19 = ""”’} liquid
: A A 7B 8 Aand B
number of degrees of freedom: f=M-N=1
type of solution: X' = XM(P) ; X = XP(P)

or P=P(X); X = XX

SCHEME 1
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The liquidus is one of these curves and it gives the relation between liquid
composition and the pressure indicated by the manometer. The other is the
vaporus and it represents the relation between vapour composition and pressure.
Liquidus and vaporus have common points on the axes X = 0 and X = 1 : the
vapour pressures of the pure substances, P; and Py, respectively.

In Scheme 2 the situation is sketched which is obtained after the introduction of the

vap

function recipes - for A’'s chemical potentials - in the condition yﬁq = li4

(P=P; X £0) Gl + RTIN(1-X™)=GS +RTINP+RTIn(1- X**)

(P=Pg; X=0) G, =G, +RTInP;
RTIN(1-X"™)=RTIn(P-(1- X**)/ P?)

SCHEME 2

The result of Scheme 2 can be expressed as
P-(1- X"*)=(1- X"9)- Py. (1)
On the same lines, starting from /9 = 15, we obtain
P-x" = X"4.p2, (2)

The liquidus equation, pressure as a function of liquid composition, is obtained
simply by adding the Equations (1) and (2)

P=P(X")y=(1-X").Pg + X" .P2. (3)

In the PX plane, as follows from Equation (3), the liquidus is the straight line
connecting P; and Py, see Figure 1.

The vaporus is obtained by eliminating X" from Equations (1) and (2); it is a
rectangular hyperbola, or rather part of a rectangular hyperbola, represented by

P2-Pe

P= P(Xvap ) = vap o vap .po
(1= X" yPS + XS

The asymptotes of the hyperbola are the lines P=0and X =PJ /(Ps - Py).

The width of the two-phase region in the PX phase diagram is determined by the
relative difference of the vapour pressures of the pure substances.
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For X" = 0.5 the width of the two-phase region is

P - P?

Xvap _ X/iq ~ _ )

X 1

FIG. 1. Equilibrium at constant temperature between ideal liquid and ideal
vapour mixtures

isobaric equilibrium between liquid and vapour

Just like the isothermal situation, there is one degree of freedom

F=M[T, X" X" | N[ = 1 g’ = g | =1;

Level 2

(6)

and it means that X as well as X** can be expressed in T. In the TX phase
diagram the representation of X"(T) and X**(T) are the liquidus and vaporus

curves, respectively.

Again, the equilibrium is self-supporting in the sense that it provides itself the
necessary information on the molar Gibbs energies of the pure components
(otherwise expressed, the information needed comes from the involved phase
change itself - think of heat of vaporization). Neglecting the influence of heat

capacities we can formulate the following scheme, Scheme 3.
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AG,(T)=Gy®(T)-GJ(T) = AH, T AS,
AG,(T?) =AH, -T2AS, =0 ~
AG,(T) =-AS(T-T?)

SCHEME 3

The change in Gibbs energy of component A, as follows from Scheme 3, is given
by
AG,(T)=-AS,(T -T,), (7)

in which ASQ is the entropy of vaporization, the quotient of the heat of vaporization
and boiling point temperature. Similarly for component B,

AG(T)=-AS(T -Tg5). (8)

After substitution of the recipes for the potentials into the equilibrium equations, the
following relations are obtained.

(1- X"y = (1= X" )exp(AG, / RT); 9)
X" = X" exp (AG, /RT). (10)

By addition of the last two equations, X™ is eliminated and X** is obtained as a
function of temperature:

X*P(T) = 1-exp(AG, /RT)
exp(AG; / RT)—exp(AG, /RT)’

(1

which is, in other words, the formula for the vaporus. The formula for the liquidus is
obtained by combining Equations (10) and (11):

1-exp(AG, /RT)
exp(AG; / RT)—exp(AG, /RT)

X"(T)= exp(AG; /RT). (12)
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Phase diagrams, calculated with Equations (11) and (12) and using Equations (7)
and (8), show lens-shaped two-phase regions. An example is represented by
Figure 2, where the two-phase region is pronouncedly wide: in the middle it extends
from X' =0.20 to X =0.80.

450 |- v
TIK
400 |- VL .
350
L
|
0 X 1

FIG.2. Phase diagram depicting the isobaric equilibrium between ideal
vapour and liquid phases. Calculated with AS, = AS; =11R

Generally, the width of a two-phase region is determined by two factors; these are
the magnitudes of the AS” and the difference between T7 and Ty . This is clearly
shown by the equation

X" = X" exp{AS4(TZ - T)/RT}, (13)

which is obtained by combining Equations (10) and (8).
The smaller the AS  and (T2 - T2 ) are, the narrower the two-phase region will be.

In the case of metals, for the equilibrium between (mixed-crystalline) solid and
liquid (of which the treatment for ideal mixtures is exactly the same), the AS” values
are smaller by a factor 10 in comparison with the liquid-vapour values. All other
things being equal, the two-phase region of Figure 2 would reduce, at 400 K, to the
boundaries X = 0.466 and X = 0.534 (<004, for Trouton’s rule, and Richard’s rule).
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For AS,=AS, =0 the two-phase region is infinitesimally narrow (think of a
second-order transition <—004). And when T, = TS the ‘two-phase region’ in the
TX plane is just the horizontal line between T, and T; - a type of diagram that can
be expected when A and B are a pair of optical antipodes (Figure 006:3c).

equilibrium between pure solid(s) and liquid mixture

In the foregoing cases each of the two phases in equilibrium is an ideal

mixture. This time the case is considered where two substances A and B mix
completely and ideally in the liquid state and, at the same time, do not mix at all in
the solid state, i.e. do not give rise to mixed crystalline material. The solid-liquid
phase diagram - at isobaric conditions and excluding the formation of compounds -
will then have the appearance of Figure 3. It has two liquidus curves which intersect
at the eutectic point. The left-hand liquidus represents, for the equilibrium between
pure A and liquid mixtures, the composition of the liquid phase as a function of
temperature. The right-hand liquidus has the same function for the equilibrium
between liquid mixtures and solid B.
At the eutectic temperature the liquid mixture with the eutectic composition can at
the same time coexist with solid A and solid B. In other words, the eutectic point
represents the invariant equilibrium between the liquid and the two solid phases -
invariant, of course, at fixed pressure.

For the equilibrium between solid B and the liquid mixture, the equilibrium
condition is

uE = uf; (14)

and the recipes of the potentials are

,UEOI — Ggsol; (15)
U =GJ +RTIn X. (16)

The right-hand liquidus accordingly is the solution of the equation
AGg+ RTInX=0. (17)
In the simplest case, i.e. neglecting Cp influences, Equation (8) for AG; can be

introduced whereafter the following relation is obtained for liquidus temperature as
a function of mole fraction

ASy T

- BB (18)
AS; —RInX
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The analogous formula for the left-hand liquidus is

AS,T?

= —ATA (19)
AS; —RIn(1- X)

L+Sg

\'

FIG. 3. Simple eutectic TX phase diagram; the eutectic point is the
intersection of the two liquidi

From these liquidus formulae it follows that the depression of the freezing
point for given X increases with decreasing AS". Substances with low entropies of
melting give rise to large depressions of the freezing point (see also § 208). The
influence of entropy of melting is shown in Figure 4.

A B

1000

TIK

0 — X 1
FIG. 4. Equilibrium between pure solid A and liquid mixtures of A and B.

Liquidus curves for different values of entropy of melting: (0.5;
1.0; 2.0; and 4.0) times R. Open circles mark points of inflexion
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The formulae derived for equilibrium curves in PX and TX phase diagrams are
simple, without exception. As ‘diagnostic formulae’, they represent a sound starting
point for the evaluation of experimental phase diagrams. Apart from a pocket
calculator, the properties of the pure substances are needed - and only as far as
these properties are related to the phase change studied: phase equilibria are ‘self-
supporting’.

EXERCISES

1. deviation from ideal vapour pressure

For the isothermal equilibrium between ideal vapour mixtures and non-ideal liquid
mixtures, for which the deviation from ideal-mixing behaviour is given by
GF=0 X(1 - X), the equation for the liquidus is

. Qx? o Q(1- X)?
P=(1-X)P, -exp{RT }+X-PB ~exp{(RT ) }

e  Give the derivation of this formula.

e Modify the formula to a ‘diagnostic formula’ with the help of which the
interaction parameter Q) can be read from a PX liquid + vapour phase
diagram; that is to say, calculated from P(X=)2) and
P (X=4) = 112 (PS - PY).

2. like and unlike
Vapour-pressure data are given below for two systems: i. at 60 °C for a combination

of chemically like substances, namely methanol and 1-propanol, and ii. at 100 °C for
the unlike combination of isobutylalcohol and toluene (the data can be found in Ohe

1989).
o Use the pressure data, which are expressed in Torr, to calculate the value of
Q; see Exc 1.
A B Pz Py P(X"=0.5)
methanol 1-propanol 151.5 633.8 398.4
isobutylalcohol toluene 559 570.5 736.9
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entropies of vaporization from phase diagram data

Liquid mixtures of n-pentane (CsHi;) and n-hexane (CgH44) - intuitively - are
expected to be nearly ideal. If so, the isobaric liquid + vapour equilibrium in the
system {(1-X) CsH, + X CgHqs} will allow the evaluation of the entropies of
vaporization of the two substances.
e Use the set of data, which are printed under here, to calculate the
entropies of vaporization of n-pentane and n-hexane.
The data, which are valid for P = 1 bar, are from Tenn and Missen (1963).

tl°C X" X'
35.6 0 0
41.2 0.253 0.103
43.6 0.342 0.167
475 0.478 0.250
51.0 0.600 0.350
54.5 0.690 0.461
56.8 0.755 0.542
59.3 0.801 0.620
61.1 0.845 0.688
63.1 0.892 0.769
64.2 0.912 0.812
68.0 1 1

point of inflexion in ideal liquidus
The ‘ideal’ liquidus curve for the equilibrium between pure solid A and liquid
mixture of A and B can be written as
X(T)=exp {AS(T-T, )IRT}, where X = X,
e Show that for 0 < X < 1 there will be a point of inflexion if (AS, /R) < 2.

e Verify the positions of the points of inflexion in Figure 4.

solubility of anthracene in benzene

Estimate the solubility of anthracene (C14H10) in liquid benzene at 25 °C.
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melting point heat of melting
CeHs 5.5°C 9.9 kJ-mol™
CiaH10 217 °C 28.8 kJ-mol™

6. from TXto PX

Use the data and the result of Exc 3 to predict/calculate the PX liquid + vapour
phase diagram in the system { (1-X)CsH, + X CgH44 } at 60°C.

7.  narrow two-phase regions?

1550

t°C

1450

1350

Dy

Er

261

The figure which is shown resembles a published phase diagram on the lanthanide
system Dy + Er. It looks more like an EGC diagram (such as Figure 211:13) than a

true phase diagram in which the two -phase regions have a ‘visible’ width.

e Perform a calculation in order to find out if the diagram - from a ‘visibility
point of view’ - is wrong or not.

Entropies of melting are about (4/3) times R.
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heteroazeotrope

Toluene (boiling point 383.78 K; heat of vaporization 33.18 kJmol") and water
(373.15 K; 40.866 kJ‘moI'1) are virtually immiscible.
o Estimate the temperature at which a heterogeneous mixture of the two
substances will start to boil (temperature of heteroazeotrope).

the ortho and para forms of H,

Hydrogen (H,) exists in two forms, which are ortho-hydrogen (o-H,, nuclear spins
are parallel) and para-hydrogen (p-H, spins antiparallel). In the presence of a
catalyst (active coal) a rapid transformation between the two forms can be realized,
as a result of which the equilibrium composition can be determined as a function of
temperature. At zero K the equilibrium composition is 100% para; at 298.15 K it is
25% para. The normal boiling point of equilibrium hydrogen (e-H;) is 20.28 K, the
composition being 99.8% para. A mixture of 25% para and 75% ortho is referred to
as normal hydrogen (n-Hy). In the absence of a catalyst the interconversion is so
slow that n-H, can be condensed to liquid. The normal boiling point of n-H, is
20.40 K.

e For the non-reacting system {(1-X) para + X ortho} calculate the isobaric
(P = 1 atm) liquid+vapour equilibrium diagram, assuming ideal gas and
ideal mixing behaviour. Calculate the mole fractions to four decimal places.
The entropies of vaporization are 5.36 times R.

e In a virtual TX liquid+vapour experiment, the catalyst being absent, the
experimental circumstances are adjusted such that the vapour phase has
the composition of e-H,. Does de introduction of the catalyst have an effect
on the composition of the liquid phase?

e In the presence of the catalyst the invariant equilibrium between solid,
liquid, and vapour is realized. Give the system formulation for this case.
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§ 211 NON-IDEAL SYSTEMS - GEOMETRICALLY

The correspondence between Gibbs energy and phase diagram is studied by
means of qualitative, graphical representations of isobaric-isothermal cross-
sections of the Gibbs energy space.

non-ideal systems

In the last three sections of this volume systems are considered where at least
one of the forms, in which the two components mix, deviates from ideal-mixing
behaviour. Again, a restriction is made to isothermal or isobaric conditions. And
even so, and for most of the cases, the equilibrium equations do not lead to explicit
formulae for the relation between mole fraction variables and temperature or
pressure. In other terms, for given temperature or pressure the compositions of the
coexisting phases have to be calculated in a non-analytical manner, that is to say
geometrically or numerically. The geometric approach, with a key role for Gibbs
energy versus mole fraction diagrams, is the subject of this section. In the following
section the problem-of-two-composition-variables is reduced to a ‘one-mole-fraction-
problem’; that is to say, a problem that can be tackled in an analytical manner. The
numerical approach, at the level of a pocket calculator, is the subject of the last
section.

As a matter of fact, the Gibbs energy versus mole fraction diagram, the GX
diagram is a pre-eminent tool for the understanding of binary equilibrium. Sketches
of GX diagrams are extremely useful vehicles for thinking and talking about phase
diagrams. Moreover and most importantly, the GX diagram surpasses the notions of
ideality and non-ideality: it is free from any theoretical model whatever. Therefore,
the true purpose of this section is to demonstrate the power of GX diagrams.

Gibbs energy versus mole fraction diagrams
Let o and B be two forms, such as liquid and vapour, in which the two
substances A and B, system {(1 — X) mole of A + X mole of B}, are completely
miscible. Then, the molar Gibbs energies of mixtures of A and B in each of the two
forms are generally represented by
G*(T,P,X)=(1- X)G,*(T,P)+ XG*(T,P)+ RT LN(X) + GE*(T,P,X)+ C-X; (1)
G/(T,P,X)=(1- X)G/(T,P)+ XG(T,P)+ RT LN(X)+ GE/(T,P,X)+C-X . (2)
The first two members at the right-hand side of Equations (1) and (2) represent the

Gibbs energy contributions of the pure components A and B before mixing. The third
term
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RTLN (X)=RT{ (1- X)In(1- X)+ XIn X}, 3)

which represents the Gibbs-energy effect of ideal mixing, is the same for o and B.
The deviation from ideal-mixing behaviour is given by the fourth term; the excess
Gibbs energy, which is different for o and B. The last term, where the value of C is
arbitrary, but necessarily the same for o and B, is referred to as the linear
contribution («205).

Whenever, for a given T and P, the two curves representing the two Gibbs
functions have one or more points in common, there will be the possibility of
equilibrium between phases (<—203; in particular Figure 203:3). Equilibrium
between and a-phase of composition X? and a B-phase of composition X* ; and
only so if the overall composition of the system (X° satisfies the
condition X% < X° < X? . In the GX diagram, the compositions of the coexisting
phases are given by the points of contact of the common tangent line. In terms of
chemical potentials, the equilibrium compositions of the phases are the solution of
the set N of equilibrium conditions («203)

N[ ps = afls i = uaf |- (4)

Purely mathematically (i.e. if one would ignore the existence of chemical
potentials), as follows from Figure 1, the two conditions (two signs of equality) for
the points of contact of the common tangent line are

(CIEE
oX X ) AX

FIG.1. Towards a ‘more mathematical’ formulation of the two conditions
for the common tangent

§ (211)



Phase theory 265

The operator A, has the function of indicating that the difference is taken between
the value of a property in B and the value of the same property in o, and such that a
and B have taken their equilibrium compositions. In the following the operator A
without the subscript ‘e’ is used for a difference property such that o and B have the
same composition.

Under isobaric conditions the difference between G,” and G,* can be given
as

Tr

G;ﬂ(r)_e;a(r)sAG;(T)zAG;(T:T,)+jT(%J dT, (6)
P

where T, is a reference temperature. If T, is taken as T, , the temperature at which

for pure A there is equilibrium between a phase o and a phase B, then the first term
at the right-hand side of Equation (6) will vanish, because

AG,(T=Tg)=0. (7)
Hence, and because (0AG, /8T ), = -AS,,,

AG;(T):—jTTX AS(T)dT ~-AS (T -T2); 8)

similarly for pure B
AGH(T)~-ASg(T - T2). 9)

equilibrium between liquid and vapour

As a first example of the relation between Gibbs energy cross-sections and
phase diagram, the case is considered where = vapour and a = liquid, and where
the excess parts of the Gibbs functions are negligible (ideal-mixing behaviour in
vapour as well as in liquid), see Figure 2. At temperatures above B'’s boiling point
(T5) the G—curve for the vapour is entirely below the one for the liquid: for all
compositions the whole amount of matter is gaseous. Similarly, at temperatures
below T, the G-curve for the liquid is below the one for the vapour: the whole
amount of matter is liquid, no matter the composition of he system. For
temperatures between T; and T; the two curves intersect, and, for overall
compositions between the points of contact, there will be equilibrium between liquid
and vapour. The matter divides itself over a liquid and a gaseous phase, respecting
the lever rule. Note that in Figure 2 the distances between the G-curves for X =0
are indicated. These distances are given by Equation (8).
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FIG.2. Relation between Gibbs-energy-versus-mole-fraction cross-
sections and phase diagram for the isobaric equilibrium between
liquid and vapour

In the case of Figure 3, and compared with Figure 2, the G-curve of the liquid
has a greater curvature - caused by a negative excess Gibbs energy, characteristic
of an attractive interaction between A and B. The phase diagram has a maximum, a
stationary point («<—005) where the liquidus and vaporus touch one another.
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«

vap

lig

FIG. 3. Isobaric equilibrium between liquid and vapour. Relation between
Gibbs-energy-versus-mole-fraction cross-sections and phase
diagram-with-maximum

the equal-G curve

The liquidus and vaporus curves in the TX plane are the loci of the points of
contact of the common tangent lines drawn to the G-curves; see Figures 3 and 4.
The dash-dotted curves, which are drawn in the phase diagrams, are the
equal-G curves, EGC for short. In a TX or PX diagram, the EGC is the locus of the
points of intersection of the G-curves. Or, in other words, the EGC is the solution of
the equation

AG(T,X)=0. (10)
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After substitution of Equations (1) and (2), the EGC equation reads
(1= X)AG,(T)+ X AG(T)+ AGE(T, X)=0; (11)

the LN(X) terms of a and B have cancelled one another, and so have the linear
contributions C-X. In the theory of equilibrium between phases, the EGC is a
powerful tool: it permits a considerable simplification of the thermodynamic
description of equilibria between two mixed, or solution phases. In §212 the EGC is
one of the means to circumvent the problem-of-two-composition-variables.

equilibrium between three phases — two liquid phases and vapour

As a next step, and as an example of the use of the equal-G curve, we
consider the equilibrium between vapour and liquid for the case where the liquid
mixtures have a positive excess Gibbs energy. Just like the negative excess Gibbs
energy in the case of Figure 3 is giving rise to an EGC, which is above the line
connecting T, with Ty, a positive G* will produce an EGC below the line T Ty.
Moreover, a positive GF may give rise to equilibrium between two liquid phases -
the appearance in the phase diagram of a region of demixing; see Figure 4
(«206;—> 212).

1Te 4
vapour /'/ vapour 1
a /
/’’ /
T: N ‘/' /
N .»" EGC ,
\ K] s 0
N oL~ '/
EGC ./
./
‘/
'd
liquid T .
liquid
// ROD \ // ROD '\
/ \ / N\
0 X 1 0 X 1

FIG.4. Isobaric equilibrium between liquid and vapour. Positive excess
Gibbs energies of liquid mixtures i) make that the equal-G curve is
bent down, and ii) give rise to a region of demixing
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At this place we consider the case where a large positive G5 makes that the (liquid
+ vapour) equilibrium interferes with the region of demixing. If so, there is room for
a situation of equilibrium between three phases (L, + L, + V), for which the system
formulation is

F=M[T, X5, X", X% | N[ 4y = il = s g = g =g |=0. (12)

And from this expression it follows that the isobaric equilibrium between the three
phases is invariant: a unique situation with fixed values for the four quantities of the
set M, say, indicated as Ts, X5, X5',Xs", see Figure 5 with its three-phase
equilibrium line.

T
Ry B ————o
L vap
Fe X3 X5 X3 ¢
0 X

FIG.5. Three-phase equilibrium line connecting the points that represent
the compositions of the phases

From the three points on the line, three pairs of two-phase equilibrium curves are
emanating. One pair for the equilibrium (L, + L;); another pair for (L, + V); and the
third pair for (L, + V). In Figures 6 and 7 it is shown how the phase diagram
straightforwardly follows from the combination of binodal (the boundary of the region
of demixing) and equal-G curve. The important things to keep in mind are i) the
three-phase equilibrium line has two points on the binodal, and ii) the EGC
invariably is situated between liquidus and vaporus - for (L, + V) and (L; + V).

Sketches of the GX sections for the three-phase equilibrium temperatures,
corresponding to Figures 6 and 7, are shown in Figure 8. The fact that linear
contributions do change nothing in the world of phase equilibria, makes that the
common tangent lines can be given no matter what slope - e.g. slope zero as is
done in the case of Figure 8.
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Level 2

The equilibrium between liquid and vapour interferes with the

equilibrium between two liquid phases. The correspondence
between diagram with equal-G curve and binodal (left) and phase
diagram with three-phase equilibrium (right)

FIG. 7.
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Analogous to Figure 6 - with the distinction, however, that this
time the EGC’s minimum is absent
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Wal/ A/

FIG.8. Sketches of the GX sections for the three-phase equilibrium
temperatures in Figure 6 (left) and Figure 7 (right)

types of phase diagram

The phase diagrams Figures 2, 3, 6, 7, and also the one with a minimum in
the (L + V) two-phase region, implied in Figure 5 left-hand side, are the basic types
of TX phase diagram in the case of two mixed forms. Not only for the equilibrium
between liquid and vapour, but also for the equilibrium between liquid and mixed
crystalline solid, and any other combination of two forms in which the components
are miscible. The issue of fypes of phase diagram is readdressed in the following
section.

solids of fixed composition in equilibrium with liquid

The Figures 9, 10, and 11 pertain to systems where solids of fixed

composition are in equilibrium with liquid mixtures. In the case of Figure 9 the solid
phases just are the component solids; the phase diagram is the simple eutectic
phase diagram. The symmetrical phase diagram in Figure 10 is characteristic of
systems where a pair of optical antipodes gives rise to a racemic compound, a
racemate.
In Figure 11 the relative positions of the Gibbs energies are such that the 1:1
compound is a so-called incongruently melting compound:. on heating the
compound changes into (liquid P + solid B) at the three-phase (compound + liquid
P + solid B) equilibrium temperature (isothermal section b). In the GX diagram for
section c, a (dashed) line can be drawn for the metastable equilibrium between
solid B and liquid; the point of contact corresponds to a point on the metastable
extension of the (L + Sg) liquidus in the phase diagram.
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FIG. 9. Isobaric equilibrium between liquid mixtures and solids of
constant composition. Relation between GX sections and phase
diagram for the case of a simple eutectic: the only solid phases
are the pure component ones
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FIG. 10. Isobaric equilibrium between liquid mixtures and solids of constant
composition. The latter are the two pure component solids and a 1:1
compound which fully dissociates on melting. The relative positions of
the G-points for the solids in the GX sections are such that the
compound is congruently melting
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FIG. 11. Analogous to Figure 10 - will the distinction, however, that this
time the relative positions of the G-points make that the
compound is incongruently melting
crossed isodimorphism

Finally, Figures 12 and 13 are for systems where the molecules of A and B
can replace one another in the crystal lattice; the two components, however, having
different crystal structures. The phase diagram in Figure 12 shows a eutectic type
of three-phase equilibrium, and the one in Figure 13 a three-phase equilibrium of
the peritectic type. Owing to the fact that the phase diagrams in Figures 12 and 13
can be regarded as the stable result of two, each other crossing, solid-liquid loops,
the term crossed isodimorphism is used to refer to this situation.
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FIG. 12. From EGC diagram to phase diagram with a eutectic three-phase
equilibrium. Two, each other crossing (solid + liquid) Equal-G
curves invariably involve a phase diagram showing incomplete

solid-state miscibility
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FIG. 13. The peritectic analogue of Figure 12

The qualitative GX diagram is a powerful tool for grasping the ins and outs of binary
phase diagrams. Unlike theoretical and empirical models, it has the advantage of

being free from any limitations.

EXERCISES

1.  validation of linear contributions

For the case of Figure 1, the equilibrium conditions in N, Equation (5), are satisfied for
X“=X%and X? =X’
e Prove that the two conditions are satisfied for the same X values, when equal
linear contributions are added to each of the two G functions; i.e. when G “is
replaced by G “= G “+ C X “; and similarly for G*.
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2. from G-curves to phase diagram

Using transparent paper, or otherwise,
construct (liquid + vapour) phase diagrams
for a number of combinations of the G-
curves given here, and labeled a, b, and c.

Some suggestions

PXor TX liquid vapour
PX a
PX
™

(L

3. metastable extensions

Prove, with the help of G-curves, that the condition of minimal Gibbs energy
requires that the metastable extensions of equilibrium curves - in PX and TX phase
diagrams - fall inside the two-phase regions.

Y Y
\ )
y+p° v+P
a X B p
\
oa+p a+f
correct wrong

4. isothermal solid+vapour equilibrium
S e The system is considered in which, at
constant temperature, two pure solid
®s, components, either individually or
together, are in equilibrium with a
gaseous mixture of the two components.
For the relative positions of the Gibbs
vap energies shown here, construct the PX

phase diagram.
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5.  phase diagram for given ROD and EGC

6. from EGC diagram to phase diagram

A B
A
liquid /
/
4 .\ N /
Y -
L Y
T N B ’,‘ \
- . /.
/ .
A} s
N, - o
0 X 1

277

Construct the TX (liquid + vapour)
phase diagram corresponding to the
figure with the boundary of a closed
region of demixing (ROD) in the liquid
state and the equal-G curve for the
liquid to vapour transition.

The two substances A and B are
isomorphous in form a. From a certain

moment

(temperature) on, and for

intermediate compositions, the form
makes its appearance (is stabilized).

7. phase diagram for EGC and two ROD’s

—

/
/

/ / - \ROD\
/ 7/

\ \ROD

Transform this EGC diagram into
the corresponding phase diagram.
Make sketches of the GX sections
for the two three-phase equilibrium
temperatures.

For the purely hypothetical case
implied in the sketch, the region of
demixing (ROD) in the solid state
is below the ROD in the liquid, the
solid-liquid equal-G curve having
a maximum inside the ROD'’s.

sketch
X

the
phase

e Make a of
corresponding

diagram.
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8.

10.

Level 2

overlapping two-phase regions

The individually correct (o + ) and
(B + y) two-phase regions are partly
overlapping.

e Work out the consequences of
this situation by constructing one
or more GX diagrams, and
thereby revealing the true stable
phase diagram.

Clue. For T = T,draw the G-curve for
B and mark on it the points
corresponding to the equilibrium with
o and the one with y; and so on.

the system formulation for a symmetrical binary system

Generally, the equilibrium between four phases in a binary system is invariant. This
is e.g. the case for the equilibrium between two liquid phases and two solid phases,
the latter being the two pure solid components A and B.
e For the case that A and B are a pair of optical antipodes, D and L, the
equilibrium between the four phases is monovariant, due to symmetry.
e To demonstrate this, first, construct the GX diagram for the four-phase
situation and, next, write down the system formulation such that the
conditions are given in terms of G and (6G/ oX).

azeotropy and Gibbs-Duhem

Along the liquidus and the vaporus in the TX plane, the liquid and the vapour
phase, in combination, satisfy the equilibrium conditions in chemical potentials;
and, on its own, each of the two phases respects the Gibbs-Duhem equation
(< 203):

(1- X“)duy + X“dug +S*dT =0; o= lig, vap.

o Demonstrate that dT = 0, for X7 = X** = X : equality of composition goes
together with a stationary point, an extremum in the phase diagram

(« Exc 003:2).

Clue. To get started, subtract the Gibbs-Duhem equation for the liquid from the one
for the vapour.
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§ 212 NON-IDEAL SYSTEMS - ANALYTICALLY

On the basis of a mathematical model for the Gibbs energy, or rather the excess
Gibbs energy, formulae are derived for a variety of binary phase-diagram
characteristics. In essence, the procedure is a deepening of the magic formula
approach put forward in § 206.

aim and approach

The aim of this section is to examine how binary phase diagrams reflect the
deviation from ideal mixing behaviour, read, the excess Gibbs energy as a function
of the system variables. This is realized by using simple models, models that can
be looked upon as extensions of the magic formula (<—206)

GE = OX(1- X). (1)

One of these models is the ABO model, in which Q is made a linear function of both
temperature and mole fraction.
To realize this goal, and as already stated («+211), the problem-of-two-
composition-variables is reduced to a one-mole-fraction-problem. More precisely,
for those classes of systems where each of the two phases-in-equilibrium has a
variable composition, the treatment is directed either to the spinodal (TX systems)
or to the equal-G curve (TX and PX). For the classes of TX systems, where only
one of the two phases in equilibrium has a variable composition, on the other hand,
there is one equilibrium equation, the solution of which is the relation between
phase composition and temperature. Accordingly, for all of the TX systems
examined, there is one condition, one equation to be solved - an equation of the
type

53G" =0, ()

in which & represents an operator, acting on a Gibbs-energy-related property G
As a next step, and in order to set up formulae that give temperature as an explicit
function of temperature, all Gibbs energies are taken as linear functions of
temperature. This comes down to neglecting heat capacities, as a result of which
the corresponding enthalpies and entropies are independent of temperature,
depending only on composition:

G(T,X)=H(T,X)-T S(T,X)= G(T, X)=H(X)-T S(X). 3)
The (didactic) advantage is in the fact that the solution of Equation (2), defining a

characteristic curve in the TX phase diagram, directly can be written down as an
explicit relation:

T(X) = dH"15S" - 4)
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the ABO model

The extended magic formula for the excess Gibbs energy, referred to as the
ABO model, has the form

GE(T, X)= A(1 —gj X(1- X)[1+B(1-2X)], (5)

in which A, B, and © are system-dependent constants. The constant A is a
measure of the magnitude of the excess function; it has the dimension of energy.
The dimensionless B is a measure of the asymmetry of the function with respect to
X = 0.5. The dependence on temperature is reflected by O, a parameter with the
dimension of temperature.

Before putting the ABO formula into action, it is useful to give a short survey of its
characteristics and thermodynamic implications. To start with, cross-sections of the
excess function are shown in Figure 1, for A = 18200 J'mol™: B = 0.2; and
O = 2565 K - numerical values that go well with the mixed crystalline state in
{(1 = X) NaCl + X KCl }.

‘_T)
£ L\I |
= |
4t 4 .
\—|N
| _ I
“o I RN
2 | 2 | .
| | \\\\ Q)
F N - 1
|1 N
0 L L < L O L 1 1 |
0 2000 0 1
TIK X

FIG. 1. Cross-sections of the function GE(T,X), Equation (5), for
A=182kJmol"; B=0.2; and © = 2565 K. Left: for X=0.5, as a
function of temperature. Right: for T = 875 K, as a function of mole
fraction

The expressions for the excess enthalpy and excess entropy functions are

HE(X)=AX(1- X)[1+B(1-2X)],  and (6)

SE(X)=(A/0)X(1- X)[1+B(1-2X)] . (7)
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The quotient of HE and SF is just @, a property which is often referred to as
compensation temperature: at T = @, the H* and S compensate one another, in
the sense that G5 becomes zero, or rather goes through zero - changing sign.
Enthalpy-entropy compensation is one of the guiding principles in experimental
thermodynamics. The reason is in the fact that it is often observed, that the quotient
of enthalpy change (AH) and entropy change (AS), for a given class of systems, is
system-independent. As an example, for the class of common-ion alkali halide
mixed crystals, having the NaCl type of structure, it is observed that the parameter
A (Equation 5) is system-dependent, whereas O is not. The latter has appeared to
be system-independent: the class of systems is characterized by a uniform value,
which is © = 2565 K (van der Kemp et al. 1992).

For the system {(1 — X) A + X B} the full expression for the (molar) Gibbs energy is
G(T, X)=(1- X)G,(T) + XG;(T)+RT{(1— X)In(1- X)+ XInX} +

+A(1—;jX(1—X)[1+B(’I—2X] ; (®)

and the expressions for the chemical potentials are

T, X)= G +RTIn (1= X)+ xA(1- L1+ 83-4x)): (02)

(T, X)=G5(T)+RTIn X +(1- X)*A (1 — 8[1 +B(1-4X)]. (9b)

The expressions for the (integral) entropy and enthalpy functions are (still
neglecting heat capacities)

S(X)=(1-X)S, + XS5 —R{(1- X)In(1- X)+ XIn X} +_ (10)
+(A10)X(1- X)[1+B(1-2X)] ’

H(X)=(1- X)H, + XHg + AX(1- X)[1+ B(1-2X)] . (11)

the Gibbs function has points of inflexion
The Gibbs energy expression
G(T, X)=(1- X)G,(T) + XG;(T)+RT{(1— X)In(1- X)+ XIn X} + QX(1- X)(12)

made its appearance in §206 as the second of two magic formulae - part of its
magic being that it accounts for the existence of critical points of mixing.
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If the asymmetry parameter B is set at zero, the findings of §206 can be

summarized as follows (see also Figure 2):

e For negative values of A (1-T/©) the Gibbs function is entirely convex; it means
that demixing is excluded.

e For A (1-T/@) > 2 RT the function is partly concave - the function has two
points of inflexion. The situation of minimal Gibbs energy is realized by an
equilibrium between two phases, the compositions of which are given by the
points of contact of the double tangent line (see hereafter, the phases being
labeled | and II).

e The critical temperature of mixing, T;, makes its appearance for
A(1-TI©)=2 RT:

A
T.=—— 13
¢ AlO+2R (13)
Q=A(1-TO)
02=2-RT
Demixing
q
~
/ ugp
LCP ~
/  no demixing oRT
/
0 /’
no demixing
'

FIG.2. Interms of the model G5 = 2X (1 - X), with 2= A (1 — T/©), there
will be demixing whenever ©2> 2-RT. The model accounts for the
existence of regions of demixing with upper critical points (UCP),
as well as for regions of demixing with lower critical points (LCP)

As follows clearly from Figure 2, the model not only accounts for upper critical
points but also for lower critical points. The lower critical points are for regions of
demixing having a minimum.

[(besides) By virtue of the linear contribution property (<« 205), Equation (8)
may be reduced to

G'(T,X)=RT{(1- X)In(1- X)+ XIn X} + A(1 —8 X(1- X)[1+B(1-2X)]. (14)
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For B = 0, the G function is symmetrical with respect to X = 0.5, and the
determination of the compositions of the coexisting phases, X; and Xé’, is a first

derivative problem. The situation can be formulated as

f=M[T,X'|-N[(6G'/X);] =0, (15)

because there is one independent composition variable (as X" = 1 - X/).

For this case the operator 6, Equation (2), is the first partial derivative with
respect to mole fraction. And, according to Equation (4), the solution of the
equation under N simply is,

A(1-2X)

Tan(X)=
o Rln(1_xj+A(1—2X)
X ) o

, (B=0) (16)

it is the formula for the binodal, the boundary of the region of demixing.]

spinodal

The spinodal, which in the TX plane is the locus of the points of inflexion, is
the solution of the equation
°G
Z2_0 17
v (17)

According to Equation (4), the solution can be written as

0°H /oXx?

_carer 18
0°S10X? (18)

SPIN ( )

and after substitution of the second derivatives, and rearranging, it takes the form
2A-X(1- X)[1+3B(1-2X)]
Tsein(X) = 2A .
R+6X(1—X)[1+38(1—2X)]

(19)

Notwithstanding the fact that the spinodal does not give the exact position of the
coexisting phases, it has a key position in the phenomenon of demixing. In the
present context, the spinodal defines the extension of the region of demixing over
the temperature scale; and its extremum coincides with the critical point.

The mole fraction of the critical point follows from dTspy /dX = 0: its value (X¢) is
the solution of the equation

(18 B)X2 —(2+18B)X +(1+3B) =0, (20)
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and subsequently, the critical temperature (T¢) is found by substitution of X¢ in
Equation (19). Clearly (read, from Equation (20) it follows that), the position of the
critical point on the X scale is fully determined by the value of B.

two Gibbs functions have one or two points of intersection - the equal-G curve

Two idealized cases are considered where two substances A and B are
miscible in two different forms o and B, and where o phases are in equilibrium with
B phases. The first is the isothermal equilibrium between a non-ideal liquid mixture,
whose volume is neglected, and an ideal mixture of ideal gases (idealized
treatment). The second case is the isobaric equilibrium between a non-ideal form o
(the low-temperature form) and an ideal form B (the high-temperature form).

The fully ideal, isothermal and isobaric equilibria have been treated already
(«-210), making use of chemical potentials. This time the treatment is based on
equal-G curves.

In the idealized treatment of isothermal liquid + vapour equilibria, the molar
volume of the liquid is neglected with respect to the molar volume of the vapour.
It means that, because of (6G / 6P)r = V, the variable P does not appear in the G
function of the liquid. The two G functions now are (<« 204, 205)

G"P(P,X)=(1- X)G3"® + XG5"® + RTInP + RT{(1- X)In(1- X)+ XIn X} (23)
G"(X)=(1-X)G," + XGz" +RT{(1- X)In(1- X)+ XIn X}+GE"(X). (24)

At the temperature selected for the isothermal equilibrium, the G° and G properties
are related by the equilibrium pressures of the pure components, Py andPy, as
(«-208)

G," =G5"* + RTInPZ; (25a)
G5 =G5 +RTInPg. (25b)

The equal-G curve (EGC) is the solution of the equation
G (P,X)-G"(X)=0: (26)

GE/iq(X)

INPeoo(X)= (1= X)INP + XInPg + =

In the In P vs X diagram the EGC is obtained by adding to the zero line, which is
INPyero (X)=(1=X)InP; + XInPy, (28)
the excess Gibbs energy of the liquid mixtures divided by RT.
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In the example, Figure 3, the excess Gibbs energy is negative the EGC is below
the zero line. The other way round, from the experimental diagram it can be read
that GF " (X = 0.6) is about - 0.22 RT = -564 J-mol ™.

59

5.8

5.7¢

— LnP / Torr

5.6

vapour

5.5

0 — X 1

FIG. 3. Isothermal equilibrium between liquid and gaseous mixtures of
chloroform (A) and acetone (B) at T = 308.35 K. (Apelblatt et al.

1980)

For isobaric equilibria between a non-ideal, low-temperature form o and an
ideal, high-temperature form 3 the molar Gibbs energies are

G*(T, X)= (1= X)G,*(T) + XG*(T)+ RT {(1- X)In(1- X)+ XIn X}; (29)
G“(T, X) = (1- X)G,*(T)+ XGy*(T)+ RT {(1= X)In (1= X)+ XIn X} )
+GEY(T, X) '

The equal-G curve (EGC) is the solution of the equation

AG(T,X)=G*(T,X)-G*(T,X) =0, (31)

which, after substitution of Equations (29) and (30), reads

AG(T, X)=(1- X)AG,(T)+ XAG4(T)- GE*(T,X) =0, (32)
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or, in terms of enthalpy and entropy,

(1= X)(AH, —TAS,)+ X(AHg - TAS;) - (HE*(X)-TSE*(X))=0. (33)
In line with Equation (4), the formula for the EGC becomes

(X
(X

(1= X)AH, + XAHg — HE“(X)
(1= X)AS, + XAS; — SF*(X)

, (34)

TEGC(X): i’; ; =

where the pure component properties AH*, the heat of transition, and AS*, the
entropy change on transition, are related through the transition temperature; e.g. for
component A, AH, =T2'AS,,.

To obtain a transparent relationship between GF directly and EGC, one can realize
that the left-hand side of Equation (33), for given X, wil be zero at
T = Tesc (X). For the excess part of the expression at the left-hand side:

HE“(X) = TSE*(X)= H™*(X) = Tggo(X)-S™“(X) = Gggo(X),  (35)

in which the right-hand side of the identity represents the excess Gibbs energy
along the EGC as a function of mole fraction. When this modification is introduced
in Equation (33), the solution of the equation takes the form

GEa (X)
Ton(X)=T. X)- EGC —, 36
EGC( ) ZERO( ) (1—X)ASA+XASB ( )
where
1- X)AH, + XAH;,
Tyeno(X) == X)AHA + XAy (37)

T (1= X)AS, + XAS,

In the TX diagram the distance from zero line to EGC is given by (minus) GF
divided by a system property, namely the weighted entropy of transition of the pure
components. One could say that in the TX case the entropy change is acting as a
scale factor, whereas in the PX (liquid + vapour) case that factor is RT, the T of
which is set by the investigator. Figure 4 is an illustration; it is the TX counterpart of
Figure 3: a lowering of pressure goes together with an elevation of temperature
(« 005). Generally, the zero line is close to the straight line between T, and T,
it coincides with that line if AS, = AS;, and also when T2 =T5 .

In a further simplification the subscript EGC of GF, in Equations (35) and (36), is
dropped. It comes down to neglecting the change of G* with temperature in the o
to B transition range. Or, in terms of Equation (5), and T,, representing the mean
temperature of the transition range,
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Gese(X)=>GH(T =T, X)= A(1 —T%j X(1- X)[1+ B(1-2X)] (38)

and, in shorter form,
GEGC(X): X(1—X)[a)+a)'(1—2X)] (39)

The simplification is exemplified in Figure 1: within the small rectangle the change
of the excess Gibbs energy with temperature is virtually negligible.

A B

65

vapour

60

T/K-273.15

7

—>
oL

B

¢
(&)

0 —> X 1

FIG. 4. Isobaric equilibrium between liquid and gaseous mixtures of
chloroform (A) and acetone (B) at P = 760 Torr (Reinders and de
Minjer 1940)

types of phase diagram

An important observation to be made is that type of excess behaviour is not
synonymous with type of phase diagram. In other terms, two systems showing the
same excess behaviour may have quite different phase diagrams. The equal-G
curve is a pre-eminent vehicle to make this clear — as is illustrated by Figure 5. The
five equal-G curves in Figure 5 all correspond to ideal liquid mixtures, in
combination with solid mixtures having G (X) = X (1 - X) -640 R-K, the entropies
of melting invariably being equal to 8R. In all five cases the critical temperature of
mixing is T¢ = 320 K.
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450 T 7

350

250

FIG.5. The five equal-G curves, a, b, c, d, and e, all are for the
combination of ideal liquid mixtures and solid mixtures which
have, in all five cases, the same excess Gibbs energy, involving
the region of demixing shown. In spite of the equality in mixing
properties, each case corresponds to a type of phase diagram
which is different from the others. For the EGC marked d the
phase diagram is completed by dashed curves; it displays a
minimum and, separated from it, a peritectic three-phase
equilibrium
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In Figure 5, there are two types of equal-G curve: type (0), absence of extremum
(a-, and c'), and type (-), presence of minimum (b-, d-, and e-). In three cases (c,
d-, and e-) the solid + liquid equilibrium interferes with the region of demixing
(ROD), i.e. with the solid + solid equilibrium:

e-  the EGC minimum is inside the ROD ; the phase diagram will show a eutectic
three-phase equilibrium; type of phase diagram [e];

d- the EGC minimum is outside the ROD; following the EGC from left to right,
first @ minimum (in EGC which coincides with minimum in phase diagram)
and then a peritectic three-phase equilibrium; the phase diagram (dashed
lines) has type code [-p];

¢ type (0) of EGC; phase diagram with peritectic three-phase equilibrium, [p]-

The equal-G curves a- and b- are too far above the ROD to involve a three-phase
equilibrium:

a-  type (0) of EGC; phase diagram without extremum, [0];

b-  type (-) of EGC; phase diagram with minimum, [-].

As an observation, to have a type of phase diagram [e] it is necessary that part of
the EGC is inside the ROD; for the types [p] and [-p] this is not strictly necessary.

The findings are summarized in the scheme which is shown, and which also
includes the possibilities for a negative excess Gibbs energy. The Roman numerals
were given by Bakhuis Roozeboom, who originally addressed the issue (Bakhuis
Roozeboom 1899).

10} EGC Three-phase equil ? Type of diagram BR
0 0) N [0] [
- (0) N [0] [
- (+) N [+] Il
+ (0) N [0] [
+ (0) Y o] \Y
+ ) N -] I
+ ) Y [e] v
+ ) Y [-p]

SCHEME: Types of phase diagram for G % (X) = » -X (1- X), GF ™ being negligible

Bakhuis Roozeboom used G-curves for his derivation - such as is the subject of §
211. It explains why in his classification [-p] is missing. Besides, there is not much
‘space’ for a system to produce a type [-p] diagram.
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miscibility in one phase, immiscibility in the other.

If, under isobaric conditions, the substances A and B show miscibility in only
one of the two phases in equilibrium, then there will be only one composition
variable, and one condition will be needed to establish the relation between
temperature and composition. In the simplest case A and B are miscible in , and
phase o is either pure A or pure B. Taking B = liquid and o = solid (pure A), the
system formulation is

f=M[T, X]-N[ 5" = ¥ | =1. (40)

The equilibrium condition can be written as

AG,(T,X)=0; (41)

and in view of Equation (4), the solution of the equation, the liquidus temperature
as a function of X can be written as the quotient of AHy and AS, (which are the
changes on melting of A’s partial enthalpy and A’s partial entropy):

L AHL(X) AHj, + X%-A[1+ B(3 - 4X)]
T AS,(X)  AH, /TS -RIn(1- X)+ X3(A1@)[1+B(3-4X)]

T, 0(X) (42)

The expression after the second equality sing is according to the ABO model. In
order to avoid confusion: the variable X in Equations (40)-(42) is not A’s, but B’s
mole fraction in the liquid phase!

the presence of a compound

As a last, instructive example, the case is considered where a 1:1 compound
on melting dissociates into a liquid mixture of its constituents:

AB (sol) — A (lig) + B (liq). (43)

In the TX phase diagram, the equilibrium involved in the melting reaction,
corresponds to two two-phase fields that are bounded by the line X = 0.5 and the
liquidus curve. The latter has a maximum at T,, the melting point of AB; see
Figure 211:10.
In terms of chemical potentials, the equilibrium condition for the ‘chemical‘ reaction
is

Hag = Hp + g (44)

From the GX cross-section, Figure 6, it is read that the condition of minimum Gibbs
energy is given by

Gl 55 =0-5(1 + 147), or G3g = 4 + il (45)
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In Equations (44) and (45) yj‘,’g’ and Gj‘g are for the amount of AB composed of
1 mol A+ 1 mol B.

liq
B

liq
A

X

FIG.6. GX section for equilibrium between 1:1 compound, wich
dissociates on melting, and liquid mixture

To avoid excessive writing, and realizing that in the central part of compositions the
influence of parameter B is weak, the equilibrium description is worked out for the
parameters A and O, putting B = 0.
With

Artt = ' + pig - Gl (46)

the liquidus temperature as a function of liquid composition, X, according to
Equation (4), is given by

T (X)= ArH; _ Hﬁg’? +ng -HY
Hase AgS; S,’c’\q + qu - 32%’
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The change in (partial) enthalpy is given by

AgH; = H + X2A+HZ +(1- X?-A-H3% (48)
and the change in (partial) entropy by

AgS; =S, —RIn(1- X)+ X*(A10)+S;" ~RInX +(1- X*-A/©O-S33  (49)

The trick is now to find the relation between the experimental properties in the last
two expressions and the experimental melting properties of the compound AB. The
latter are AB’s heat of melting A,Has, and AB’s entropy change on melting A;,Sas,
where AySag = AnHas! T

The situation is sketched in Figure 7, from which it follows that

A Hug =H +H +0.5 A HSY (50)
A, S, =S, +S." 1+ 2RIN2+0.5(A/©)- S, (51)

as a result of which the formula for the liquidus is

ApHag +{X* +(1- X} 0.5} A
" A,S,s —RIn4X(1- X)+{x2 +(1- X)? —0.5}(A/@)'

Ti10,5 (X)

1A
i H”q I 4_O i
I 4 A \{0 Fostos \{ S'I“(;.sso.s

_ H'a ideal ,——\ o
H" 2 Rin2{| __———>3S."
ideal I, Sa
S; liqg gf~—

H, e [ Sty 5805
*sol > sol
[ ®
HB S" sol SB
Ao 5805 A
> X > X

sol

FIG. 7. Enthalpy and entropy diagrams for the equilibrium between 1:1
compound, which dissociates on melting, and liquid mixtures of
which the excess Gibbs energy is given by ©Q X (1 — X), with
Q=A(1-T/0)
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concluding remarks and back to section 005

Certainly, every material has a heat capacity, and its negligence in matters of
equilibrium between phases is permitted only as long as it has a minor influence. In
practice, the influence of heat capacity is limited every time that there is a large
difference between the enthalpies/entropies of the phases in equilibrium. The other
way round, it is also true that there are phenomena that can only be attributed to a
dominating role of heat capacity. An example is found in the re-entrant behaviour of
bcce iron («-004). And closed regions of demixing («+—211:Exc 5) go together with
large excess heat capacities, just like the ‘re-entrant region of demixing’ appearing
in Exc 4.

For those cases where the influence of (excess) heat capacity is (assumed to
be) limited, the formulae derived above are of great value - as diagnostic formulae -
for a first inspection and thermodynamic analysis of experimental phase diagram
data.

With or without heat capacities, whenever the forms of a system and their
Gibbs functions are defined in terms of the variables, it is possible to calculate the
system’s phase diagram. The other way round, information about the system’s
Gibbs functions can be derived from its phase diagram - it is one of the issues of
the next section. And one of the observations to be made is that, although, the way
from given functions to phase diagram is unique, the way back, from phase
diagram to Gibbs function, is not. This ‘inconvenience’ is related to the fact that the
Gibbs functions are defined in terms of variables that all are independent, whereas
the phase diagram is a representation of the manner in which the variables depend
on one another (—Exc 13).

At the end of this section it is worth while to look back at section 005 with its

non-thermodynamic interpretation of the occurrence of extrema and regions of
demixing. The interaction between molecules A and B was said to have a neutral
character or a non-neutral one - either attractive or repulsive.
At this stage we know that neutral character corresponds to (virtually) ideal mixing;
and it is clear that attractive extra interaction is a primitive image of negative excess
Gibbs energy, and repulsive extra interaction of positive excess Gibbs energy. That
being the case, we also know now that the excess Gibbs energy is composed of an
excess enthalpy term and an excess entropy one - and that the interplay between
enthalpy and entropy, as a rule, is such that excess Gibbs energy and excess
enthalpy have the same sign. In the case of NaCI+KCI both excess enthalpy and
excess entropy are positive: the enthalpy effect is partly ‘compensated’ by the
entropy effect; as a result, the excess Gibbs energy is also positive. Partial
compensation is also the case for chloroform+acetone, the three excess properties
being negative (—Exc 5). In the case of ethanol+water, on the other hand, it seems
that the enthalpy effect is ‘overcompensated’ by the entropy effect: the TX
(liquid+vapour) phase diagram has a minimum («—Exc 006:6); at room temperature
the PX (liquid+vapour) phase diagram just fails to have a maximum (Ohe 1989);
and the heat of mixing at room temperature is negative («Exc 205:7).
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Simple mathematical models, for the deviation from ideal mixing, permit the
formulation of equations for the typical curves in binary phase diagrams - such as
the spinodal, equal-G curve, and liquidus. In spite of its simplicity, both from a
mathematical and a physical point of view, the approach is capable of explaining
the major part of the phenomenology of binary equilibria, and capable also of
providing an opening to the thermodynamic interpretation of phase diagrams.

EXERCISES
1. spinodal and binodal for a trigonometric excess function

The basis for this exercise is a G function with a purely hypothetical, trigonometric
type of excess part: G(T, X) = RT {(1 — X) In(1 = X) + X InX} + C-sin2x X + A-X, where
C is a temperature and mole fraction independent parameter, whose value is set at
1000 J-mol™".

e Derive the formula for the spinodal, and make a graphical representation of
it; take 0< (T /K)< 1000.

e For T = zero kelvin, determine the X values of the two binodal points (this
can be done in the usual graphical manner; note however, that these values
follow from tan2n X = 2x X).

e Guided by the results already obtained, estimate the course of the binodal.
From the estimated binodal, read the X values for T=0.75 T¢.

. For T = 0.75 T¢ calculate - to three decimal places - the X values of the
coexisting phases (the binodal points) by means of the linear contribution
method. In this method, the value of A, in A-X, is changed until the double
tangent line becomes horizontal.

Procedure: for A = 0 calculate the G values for the X-values read from the
estimated binodal; from the difference between the two G values calculate the
starting value for A, and with that A calculate a series of G values around the
estimated positions, in steps of AX = 0.005; from the difference in G values of the
two minima, calculate the correction to be applied to A and execute a new cycle
in steps of AX'=0.001; and so on (—213).

2.  small solid-state solubility

Sodium chloride (A) and rubidium chloride (B) both have the NaCl-type of structure.
Owing to the difference in size between the Na'-ions (ionic radius Na* 1.02 A) and
the Rb™-ions (1.52 A), however, their miscibility at room temperature is poor - and
certainly lower than for the combination of NaCl and KCI (K*-ion 1.38 A).
e  For the equilibrium between two phases (I) and (ll), sharing the same form,
and such that X5 — 0 (I is almost pure A) and X} — 0 (Il is almost pure
B), show, starting from N[ﬂi\ = uh = ,ug] that the ABO model
provides the relationships
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InXg =-A(1-T/0)(1+B)/RT, and
InX} =-A(1-T/0©)(1-B)/RT, (see Oonk 2001)

e To get an idea, calculate, for T = 298.15 K, the solubilities in one another
of NaCl and KClI, and NaCl and RbClI.

A /J-mol” B O/K
NaCl + KClI 18200 0.2 2565
NaCl + RbCl 42000 0.2 2565

3.  conditions imposed on excess enthalpy and entropy

Guided by Figure 2, which pertains to the excess Gibbs energy function
GE(TX)=A (1 - T/ ©) X (1 — X), figure out which conditions are imposed on A
(representative of excess enthalpy, heat of mixing) and also on A/© (representative
of excess entropy) for a system to have an upper (or, lower) critical point.

4.  ‘re-entrant region of demixing’

For a hypothetical binary mixture the non-linear part of the Gibbs energy (which is
in fact the Gibbs energy of mixing) is given by
G'(T,X)= RT{(1— X)In(1-X)+ XIn X + X(1- X)(a+bT+cT2)},

where a =5; b=-0.016 K"; and ¢ = 0.00002 K.
e Find out, guided by Figure 2, the nature of the system’s demixing
behaviour in the temperature range from 200 to 600 K. Construct the
phase diagram. Use temperature steps of 50 K.
e Do both Sf and HF change sing on passing the given temperature range
(« foregoing Exc)
e Derive the expression for the system’s excess heat capacity.

5. indirect evaluation of heat of mixing

The two phase diagrams, Figure 3 and 4, along with the heats of vaporization of
the pure components (31.4 kJ-mol™* for chloroform, and 31.3 kd-mol™ for acetone),
permit the (or rather, a rough) determination of the system’s heat of mixing - due to
the fact that they pertain to different (mean) temperatures.

e For each of the two diagrams, calculate for X = 0.4, which is close to the
composition of the extremum, the value of GE ' being valid for the
prevailing temperature. Next, from the two G values, calculate the value
of HF™ (X = 0.4).

NB By direct (= calorimetric) measurement, for T = 323.15 K, the heat of mixing,
HE19(X) = X(1- X){-6962-1732(1-2X) +1077(1-2X? | smol"; (Morcom 1965).
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9.

Level 2

isothermal EGC for change from solid to liquid

Just write down, or derive the EGC expression for the isothermal (PX) equilibrium
between mixed crystals, having negligible excess volumes, and ideal liquid
mixtures. All second-, and higher-order derivatives of the Gibbs energies may be
neglected.

types of phase diagram

Mixed crystals, having G5(X) = @ X(1-X), and ideal liquid mixtures share six
different types of phase diagram: [0], [+], [-], [e], [p], and [-p].

e  Show that, by the extension of the excess function to Equation (39), i.e.
GF X)=X(1-X)w+ o (1-2X)], the number of possible types increases
from six to eleven (that is to say, if the occurrence is excluded of points of
horizontal inflexion).

the liquidus formula for a compound
Derive the expression for the liquidus curve pertaining to the equilibrium between
compound A,B,, which is fully dissociating on melting, and liquid mixture, whose

excess Gibbs energy is given by G (X) = X (1 - X) .
The case has been studied by Kuznetsov et al. (1975). The authors write the

solution as
RlnHm— X)(m+n)}m {X(m+n)ﬂ .
m n

+9{m-x2+n(1—X)2—m'”}:AHAB S
T m+n T, T

where AH, g is the enthalpy of melting for the amount of compound giving

(m mol A + n mol B).
equations for the isothermal liquid + vapour equilibrium

In the idealized treatment of isothermal binary liquid+vapour equilibria the
equilibrium pressure (P) and equilibrium composition of the vapour phase (X'*) can
be given as explicit functions of the composition of the liquid phase (X). The
formulae are

P(X)=(1-X) P2 exp(G5 /RT)+ X P2 exp(G5 /RT)

XY (X) =[P(X)]"'X P§ exp(Gg | RT)
e  Starting from the two equilibrium conditions in terms of chemical potentials,
write down the derivation of the two formulae (consult § 210 for the fully
ideal case; see also Exc 210:1).
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10.

1.

12.

the pressure above which mixed crystals are stable

For the isothermal transition at T = 1043 K from liquid to mixed-crystalline solid in the
system {(1-X) NaCl + X KCI} calculate the position of the EGC in the PX plane; say,
in order to have an idea of the pressure above which the material will be solid no
matter its composition («EXxc 6).
Suppose that the only data available are the isobaric phase diagram, at P = 1 bar,
with its minimum at T = 933 K and X = 0.5, along with the melting properties of the
pure components of the system. For convenience, assume that the difference in
excess Gibbs energy between liquid and solid can be given by AAX(1-X), and such
that AA is independent of temperature.

e Complete this exercise by making a sketch drawing of the stable part of the

phase diagram.

TIK AS [(JK mol™) | AV /(cm®*mol™)
NaCl 1073.8 26.22 7.55
KCl 1043 25.20 7.23

heat effects derived from phase diagrams

Use the phase diagrams in Figure 005:5 to estimate the heats of melting of optically
active (D-, L-), and racemic (DL-) IPSA.

Next, give the heat effect of the (racemization) reaction, in which solid DL is formed
out of 1 mol solid D and 1 mol solid L.

a rule of thumb for minimum azeotropes

The maximum azeotrope in Figure 5 is due to the fact that the difference between
the boiling points of the pure components is small enough to make that the
negative excess Gibbs energy of the liquid is capable of producing an equal-G
curve with a maximum. Positive excess Gibbs energies are capable of producing
minimum azeotropes - that is to say, as long as they are small enough to preclude
(the interference of) a region of demixing, i.e. the occurrence of a heteroazeotrope.
As a rule of thumb, minimum azeotropes are not found if the difference between
the boiling points of the components is greater than 0.2 times the boiling point (in
kelvin) of the lower boiling component.
e Demonstrate the rule, assuming that the excess Gibbs energy is given by
Equation (1), and that the entropies of vaporization are in accordance with
Trouton’s rule («004).
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13.

Level 2

unique and not unique

NaF and RbF are completely miscible when liquid. Their solid-state miscibility is
virtually negligible, the TX (solid+liquid) phase diagram being eutectic. The change
from solid to liquid has been studied by Holm (1965); his experimental data for the
liquidus at the NaF side are the first two columns of the table. The temperatures in
the third column are calculated liquidus temperatures, based on the values of
3.185 R and 0.5 R for NaF’s entropy-of-melting and heat-capacity-change-on-
melting, respectively, and putting the parameters of the AB®© model to
A =780 J'mol'1; B =1.18; and © = infinite.

XroF t/°C tI°c
0.0000 994.5
0.0526 974 .1 973.7
0.1085 951.4 951.6
0.1914 919.4 918.6
0.3005 873.0 873.2
0.3725 841.8 841.3
0.5107 771 772.9
0.5994 723 721.9
0.6769 670 670.7

e In order to appreciate the significance of the concluding remarks
formulated above, extend the table with two more columns of calculated
liquidus temperatures: 1) ignoring the change in heat capacity, and using
the values given for A, B, and ©; and 2) ignoring again heat capacity, and
putting A = -6155 J'mol'1; B=0;and ©=817 K.
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§ 213 NON-IDEAL SYSTEMS - NUMERICALLY

In the preceding section the problem of solving the equilibrium equations in terms
of chemical potentials was circumvented by using the concepts of spinodal and
equal-G curve. This ‘shortcoming’ is repaired: by showing how the solutions of
the equations - the mole fractions of the coexisting phases - can be calculated
with the help of a pocket calculator provided with conditional steps. And as a link
to Volume |Il, some elementary examples of phase-diagram analysis are
presented, showing how phase-diagram data can be used to calculate excess
Gibbs energies.

linear contributions

For equilibria between two phases in a binary system where the phases have

variable compositions, the equilibrium compositions of the phases can be
determined by means of a programmable pocket calculator provided with
conditional steps.
Geometrically, the problem corresponds to the location of the points of contact of
the common tangent line to two Gibbs functions. By the use of linear
contributions («205) the problem can be reduced to finding two minima, such
that the two minima are on the same level.

sol liq

FIG.1. By means of linear contributions, the points of contact of the common
tangent line can be made to coincide with minima

The computational procedure is worked out for two cases of isobaric (TX)
equilibria. The first, the calculator routine ROD, is for regions of demixing. The
second, the routine LOOP, is for the case where the phases are in different
forms; denoted by solid (superscript ‘sol’) and liquid (superscript ‘liq’). The
computations are made in terms of Gibbs energy divided by RT, where R is the
gas constant. Two routines, REDLIQ and REDSOL, are used for the calculation
of the excess functions, given by the Redlich-Kister expression.
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Gibbs energy functions

Generally, the molar Gibbs energy of a homogeneous mixture of (1 — X)
mole of A and X mole of B, under isobaric conditions, as a function of
temperature and composition is expressed as

G(T,X)=(1- X)G,(T)+ XG4(T)+ RTLN(X) + G5 (T, X), (1)
where

LN(X)=(1- X)In(1= X)+ XIn X. @)

In the case of ROD there is one G function, and it is indicated by GLIQ. In ROD,
GLIQ is not convex over the whole composition range: it corresponds to a
separation into two phases; their compositions are given by the points of contact
of the double tangent line. In the case of LOOP there are two G functions: GLIQ
for the high-temperature form (liquid); and GSOL for the low-temperature form
(solid). When these two functions intersect, a common tangent line can be drawn;
the two points of contact correspond to the compositions of the coexisting
phases.

After division by RT, and the incorporation of linear contributions, the Gibbs
functions GLIQ and GSOL are given by

GLIQ=LN(X)+ GE'™(T,X)/RT + AX; 3)
GSOL =~-[(1- X)AG,(T)+ XAGL(T) |/RT+LN(X) + G=**/(T, X)/RT + AX. (4)

The A operator stands for liquid minus solid. From Equations (3) and (4) it follows
that a two-fold use is made of the property of linear contributions. First, and as the
heart of the method, by the common term AX. And second, through the pure-
component parts; such that GLIQ is freed from the pure-component Gibbs
energies, GSOL containing the differences between them.

The numerical values of G,-*(T) (i= A, B) follow from [see Equation (109:13)].

GIT:G(T):H(T,)—TS(T,)+C,{T—T,—Tln[%]:l, (5)

r

where T, is set to T; (i=A, B), the temperature at which the pure component
changes from the low-temperature to the high-temperature form.

The excess parts of GLIQ and GSOL are given by REDLIQ and REDSOL:
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rEdUa (1 X{g;q (T%r +(ggQ(T%T](1_2X)+ [ggq(T%Tj“ J2xY +[gi’a(T%TJ(1 _zx)ﬂ ;o (6)

REDSOL = X(1- X){g’sm (T%T +[QSOI(T%TJ(1 —2X)+(Q§OI(T%T](1 -2X)’ +(9501(T%T](1‘ 2X)3} - ()

The main calculator routine, for ROD as well as for LOOP, is TXD. In TXD the
value of the linear contribution parameter A is varied, until the points of contact
coincide with minima. In this manner, the complex search for the points of contact
has been reduced to locating the positions of two minima; carried out by the
routine MINGIB. A complete listing of the routines, written in RPN (Reverse
Polish Notation), is given at the end of this section. The definitions of the input
registers are summarized in Table 1. Additional registers, addressed by the
routines, are 06; 07; 36-42; and 46-48. In TXD, flag 07 directs the calculations to
ROD (both phases described by GLIQ); and flag 08 directs the calculations to
LOOP (one phase described by GLIQ, the other by GSOL). The routine DELMU
takes care of the calculation of the AG™ by means of GIT.

Table 1: Use of input registers
00 X (mole fraction)
01 X (for liquid, or ‘left-hand phase’)
02 X (for solid, or ‘right-hand phase’)
03 A (parameter linear contribution)
04 AGmin (tolerance in the difference between the levels of the two minima)

05 AX (step size)
10 R (gas constant = 8.314472)

11 Component A’s melting- or transition point

12 B’s melting/transition point

13 A’s enthalpy of melting/transition

14 B’s enthalpy of melting/transition

15 T (thermodynamic temperature)

16 A’s entropy of melting/transition

17 B’s entropy of melting/transition

18 A’s change in heat capacity on melting/transition
19 B’s change in heat capacity on melting/transition

21-24  the four parameters in REDLIQ
31-34 the four parameters in REDSOL
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a hypothetical sample system

To give an idea of the working of ROD and LOOP, a hypothetical system
is taken. Its liquid mixtures are ideal; its Gibbs energies are linear in temperature;
and its solid state excess Gibbs energy is given by the (ABO type of) expression

GE(T, X)=20000X(1- X)(1— j[1+0.2(1—2X)] Jmol™. (8)

2000 K

The melting points of the components A and B are set at 900 K and 1100 K,
respectively; and their entropies are both equal to three times the gas constant;
and by these properties the heats of melting of the components are fixed to 3R
times their melting point.

Prior to the calculations by ROD and LOOP, the positions are calculated
of the system’s spinodal and solid-liquid equal-G curve (EGC) («212). The two
curves, shown in Figure 2, are used to make a proper choice of the starting
values for the mole fractions of the coexisting phases.

region of demixing

For the boundary positions of the region of demixing, i.e. for the mole
fractions X' and X" of the coexisting phases | and II, the procedure is as follows;
explained for T = 600 K.

One Gibbs function is needed, and it is fully defined by the values of the four
parameters in REDLIQ, Equation (6). Their values are 2.80635 (—reg. 21);
0.56127 (—reg. 22); 0 (—reg. 23); and 0 (—reg. 24). At 600 K, the X values of
the spinodal are about 0.15 and 0.66; it means that the X values to be calculated
are in the intervals 0<X<0.15 and 0.66<X<1. The starting values, therefore, can
safely be set at X' =0.08 (—reg. 01) and X" = 0.83 (—reg. 02).

A first ROD cycle is carried out with steps AX = 0.01 (—reg. 05). A simple rule for
the tolerance is AGmin = 0.1AX; accordingly 0.001 is stored in register 04. The
result found by ROD is 0.04 for the left-hand mole fraction (in reg. 01) and 0.85
for the right-hand one (in reg. 02). Besides, the less logical choice of starting
values 0.20 and 0.60 yields 0.05 (in reg. 01) and 0.86 (in reg. 02)!

For the second cycle the step size (in reg. 05) and the tolerance (in reg. 04) are
set at 0.001 and 0.0001, respectively, and ROD is restarted. This time the
calculated mole fractions are 0.044 and 0.851. The third cycle yields 0.0445 and
0.8513.

As a remark, if X' approaches zero and/or X" — 1, the program may come to a

stop due to log zero. If that happens, the program should be restarted with a
smaller step size in mole fraction.
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1000

solid
800 | 1

solid | solid 11

600

400
0 X 1

T2 =900 K T2 =1100K

AS, = 3R =24.94 JK"mol™ AS; = 3R =24.94 JK'mol™

HE*" = 20000 X(1- X)[1+0.2(1- 2X)] Jmol™'
SF =10X(1- X)[1+0.2(1-2X)] JK"mol”’

FIG.2. Calculated TX phase diagram with solid-liquid loop, including
the equal-G curve (EGC); and region of demixing, including the
spinodal (SPIN)

solid-liquid loop

The equal-G curve for the solid to liquid change has a minimum, and the
mere fact implies that a good guess can be made of the positions of the solidus
and liquidus curves; the latter in particular. At T = 950 K, e.g., the liquidus is in

the vicinity of X = 0.50; and the solidus in the vicinity of X = 0.80.
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For a calculation at T = 950 K the input numbers are the four parameters in
REDSOL, Equation (7): 1.32932 (—reg. 31); 0.26586 (—reg. 32); 0 (—reg. 33); 0
(—reg. 34); the parameters of REDLIQ, Equation (6), all are zero (—reg. 21-24);
temperature 950 (—reg. 15); melting points 900 (—reg. 11), 1100 (—reg. 12);
entropies of melting 24.94 (—reg. 16,17); heats of melting 22450 (—reg. 13), and
27440 (—reg. 14).

For the first cycle, step size 0.01 (—reg. 05) and tolerance 0.001 (—reg. 04); and
starting values of mole fractions 0.50 (—reg. 01), and 0.80 (—reg. 02).
Calculated mole fractions are 0.53 for the liquid, and 0.83 for the solid phase.
After three cycles the mole fractions calculated are 0.5261, and 0.8276,
respectively.

The complete calculated phase diagram is shown in Figure 2.

analysis of the region of demixing in sodium chloride + potassium chloride

Sodium chloride (NaCl) and potassium chloride (KCI), both having the
NaCl-type of crystal structure, show complete subsolidus miscibility. Their solid-
liquid TX phase diagram is like Figure 2. Experimental data pertaining to the
solid-state region of demixing are shown in Table 2. The data stem from
isothermal equilibration experiments of long duration (annealing). The
compositions of the coexisting phases were determined by means of X-ray
diffraction; via the cell parameter of the cubic cell, which increases to the extent
of 10% from pure NaCl to pure KCI.

Table 2: Experimental data pertaining to the equilibrium between two solid
phases, | and I, in the system {(1-X) NaCl + X KCI}; Bunk and
Tichelaar (1953)
(T/K)-273.15 X X'
309 0.021 0.889
391 0.061 0.771
447 0137 0.634
466 0.195 0.542
472 0.191 0.521
488 - 0.335

Generally, the thermodynamic analysis of region-of-demixing data starts with the
choice of a model for the excess Gibbs energy. For the case at hand, a
convenient choice is the expression
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G5(T, X)= X(1- X){g,(T) +g,(T)(1-2X)}, (9)

and such that the coefficients are linear functions of temperature,
g =h-Ts, i=12 . (10)

The ABO model is a special case, having h;/s; = h,/s,; as a result of which the
quotient of g; and g, does not change with temperature.

In terms of the model defined by Equation (9), the expressions for the chemical
potentials of the components A (here NaCl) and B (KCl) are («212)

#y =Gy +RTIn(1- X)+ X*{g, +g,(3-4X)}; (11)
pg =Gy + RTINX +(1- XY {g, +g,(1-4X)}. (12)

The compositions of the coexisting phases | and Il, are the solution of the set N
of equations

N=N[ sy = pdt; st = 11§ | (13)

For a given T, the equilibrium compositions of the phases can be calculated for
given g; and g,. The other way round, if for a given T the compositions are
known, the same two equations in N, can be used to calculate the two unknowns
gsand g,. The two equations from which g, and g, can be solved are

{(XTP=(X'P}g, +{(X"P(3-4X")-(X'(3-4X)|g, =RTIn(1- x')-RTIn(1- x") (14a)
{A-X"P-(-X'P}g, +{(1-X"P(1-4X")-(1-X'P(1-4X")}g, =RTInx' ~RTInx" (14b)

When applied to the experimental data in Table 2, the values for g, and g, are
obtained that are shown in Table 3.

The calculated g; values (indeed) show a nearly linear dependence on
temperature. By least squares, the relationship found is

g, =(29787 - 24.509 T /K) Jmol" . (15)

In addition, the quotient of g; and g, as follows from the numbers in Table 3, has
a fairly constant value of about 0.26. These facts demonstrate that the calculated
result goes well with the ABO model. And such that A = 29787 Jmol”"; B =0.26;
and O = 29787/24.509 K = 1215 K. With these values, the equilibrium mole
fractions - calculated for the experimental temperatures - are the ones in the last
two columns of Table 3. As an observation, the mean difference, each time taken
as an absolute number, between experimental and calculated mole fractions is
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0.006. This figure is rather representative of the experimentally attainable
precision.

Table 3: Result of thermodynamic analysis applied to the data in Table 2,
which are again shown in the first three columns of this table.
Columns 4 and 5 give the calculated values of Equation (9)'s g4
and g, expressed in Jmol™; and column 5 their quotient. Columns
6 and 7 give the mole fraction values calculated in terms of the
overall result of the analysis

TIK X X' g, g, 9,/9, X X'
58:1 0.021 0.889 15478 3832 0.25 0.020 0.887
664.1 0.061 0.771 13554 3568 0.26 0.063 0.769

5
720.1 122 7 2 14 624
F()) 0137 0.634 68 309 0.25 0.140 0.6
73;9.1 0.195 0.542 11661 3024 0.26 0.194 0.543
74:.1 0191 0.521 11402 3399 0.30 0.220 0.509

mathematical versus physical significance

The above thermodynamic analysis of the region of demixing in NaCl +
KCl led to the linear expression, given by Equation (15), for the leading
coefficient g, of the excess Gibbs energy. In terms of Equation (10), one could
say that g, is composed of an ‘enthalpy part’ h; of 29787 Jmol”, and an ‘entropy
part’ s; of 24.509 JK'mol™. This observation immediately suggests the question
to what extent do the two numbers reflect the real situation; the real excess
enthalpy and the real excess entropy of the system.
Real excess enthalpies, to start with, are accessible by the methods of
calorimetry. For NaCl + KCI the excess enthalpy has been determined, in an
indirect manner, by means of solution calorimetry; see e.g. Bunk and Tichelaar
1953. The value found for the leading coefficient h; is 17.7 kJmol”'. Excess
entropies, rather inaccessible to experimental determination, are found by
combining excess enthalpies with excess Gibbs energies derived from phase
equilibria. For NaCl + KCI the leading coefficient s; of the excess entropy,
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calculated that way, has the value of 6.90 J K" mol™ (Van der Kemp et al. 1992).
The real g4, as a result, is

g, =(17700-6.90T /K) Jmol". (16)

This real g4, and the other one, Equation (15), are shown in Figure 3, labeled
‘phys’ and ‘math’, respectively. Equation (16) has physical significance: it
represents the real property. Equation (15) has a mathematical rather than a
physical significance: it allows, along with the result obtained for g, a
computational reproduction of the phase diagram to the extent that the
experimental data are reproduced within their uncertainties.

An important observation to make, is, that the two lines in Figure 3 intersect at
T = 686 K, the centre of gravity of the experimental data. The mathematical
result, therefore, has the physical significance of including, for the mean
temperature of the data, the real excess Gibbs energy property. Generally, and in
general terms, TX phase diagram data are capable of providing the true Gibbs

energy function for their mean temperature, but not its precise dependence on
temperature.
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FIG.3. For the mixed crystalline solid state in the system NaCl + KClI,
the dependence on temperature of the leading parameter g, of
the excess Gibbs energy, Equation (9). The line labelled ‘phys’
represents the real property; the line marked ‘math’ is the
outcome of the elementary thermodynamic analysis described
in the text
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the solid-liquid loop of NaBr + NaCl

Before the arrival of the differential methods of microcalorimetry, cooling curves
played an important part in the experimental determination of TX solid-liquid
phase diagrams. For systems showing subsolidus miscibility, cooling curves yield
reliable liquidus temperatures, but fail to provide reliable information on solidus
temperatures (<006, Figure 8). A speaking example of a cooling-curve result is
the phase diagram reported by Gromakov and Gromakova (1953) for
{(1 = X) NaBr + X NaCl}, Figure 4 and Table 4.

Notwithstanding the above statement on the reliability of solidus temperatures
read from cooling curves, it is quite well possible to derive the true solidus from
the position of the liquidus. And, at the same time, obtain information about the
excess Gibbs energy. This is worked out here in an elementary manner, i.e.
neglecting any heat capacities, and assuming that the liquid mixtures of the
system are ideal.

The connection between the phase diagram and the solid-state excess Gibbs
energy is provided by the formula for the equal-G curve («—212):

Gese (X)

Tee (X)) =T, X)- + =
ecc(X) =Tzero(X) (1= X)AS, + X AS,

(17)

(1= X)AH, + XAH,
(1- X)AS, + XAS;

with T o (X) = (18)

To calculate the solid-state excess Gibbs energy, along and from the EGC, the
numerical values are needed of the melting properties of the components A = NaBr
and B = NaCl. Component NaBr melts at 7,/= 1015 K, with a heat of melting of
AH, =26 kJ'mol™; accordingly, AS, = (26000/1015) JK"mol™". Component NaCl ‘s
melting point is 1073 K, and its heat of melting 28 kJ'mol™.

In the approach followed here, and as a first step, the liquidus is taken as an
estimate of the EGC (why not?). From the EGC, the excess function is calculated;
and next, with the calculated excess function the phase diagram is calculated. As
the last step, the liquidus and the solidus of the calculated diagram are moved -
with conservation of the distance between the two in terms of mole fraction - to let
the calculated liquidus coincide with the experimental one.

In the first step of the approach thought up, and for each of the nine intermediate
liquidus points, taken for EGC points, the value of the excess Gibbs energy is
calculated; third column in Table 4. Next, the calculated values are divided by
X(1 - X), to give the numbers in the fourth column of the table. The latter, by linear
least squares, produce the expression

GESY (X)) = X(1- X){2135 + 429(1- 2X )} Jmol ™. (19)
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With this excess function and the known melting properties of the components, the
routine LOOP is put into action, to calculate, for the nine isothermal sections the
mole fractions of the implied liquidus (fifth column, Table 4) and solidus points
(sixth column). The last but one column of the table displays the solidus mole
fractions obtained by the shift in the last step of the procedure. The calculated
solidus is shown in Figure 4: the ‘optimized’ solid-liquid loop is four times less wide
than the experimental data would suggest.

NaBr NaCl
1080

1060

T/K

1040

1020

FIG. 4. The system NaBr + NaCl. Solid-liquid phase diagram. Drawn
curves with dots represent the experimental liquidus and the
calculated solidus. Open circles represent experimental solidus
temperatures as read from cooling curves
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Table 4: The system {(1-X) NaBr + X NaCl}. Experimental data (first two,
and last column); and course of thermodynamic analysis as
described in the text, the last but one column giving the optimized
solidus points for the experimental temperature. All numbers are in

Sl units
X T" GF | GFIX(1-X) X" X X! T
0.0 | 1015
0.1 | 1012 | 2284 2538 0.105 | 0.101 | 0.096 1011
02 | 1012 | 380.5 2378 0.201 | 0.205 | 0.204 1011
0.3 | 1014 | 479.1 2281 0.295 | 0.317 | 0.322 1012
04 | 1018 | 529.1 2205 0.385 | 0.424 | 0.439 1012

0.5 1024 | 524.9 2099 0.479 | 0.533 0.554 1013

0.6 1031 493.6 2056 0.568 | 0.631 0.663 1015
0.7 1040 | 410.0 1952 0.670 | 0.732 0.762 1022
0.8 1050 | 301.6 1885 0.774 | 0.825 0.851 1032
0.9 1061 164.1 1823 0.883 | 0914 0931 1048
1.0 1073

The contents of this section should be an incentive to do elementary calculations in
the field of thermodynamic analysis of phase diagrams. The NaBr + NaCl case
clearly demonstrates the usefulness of doing some simple calculations in the pre-
publication phase of experimental research. The professional approach to phase-
diagram analysis is a substantial part of Volume Il on the Equilibrium Between
Phases of Matter.
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EXERCISES
1. Chanh’s data set

Small changes in the data for the region of demixing in a given system can have a
great influence on the separation of g into h and s. This becomes clear when the
analysis of the region of demixing in NaCl + KCI, as described above, is repeated
for the set of data published by Nguyen-Ba-Chanh (1964).

T/K X X'

473 0.015 0.938

573 0.031 0.907

623 0.049 0.866

673 0.070 0.814

698 0.099 0.764

723 0.121 0.702

748 0.171 0.594

763 0.224 0.497

. First, for the data triplets calculate the values of g; and g,. Next, by least
squares, fit the parameters h; and s; in g,=h;— Ts; to the values calculated
for g;. And, if you like, use the result to refine the findings formulated above
under mathematical versus physical significance.

2. excess function constants from critical coordinates

Knowing that, at the critical temperature T¢ of a region of demixing, the second and
the third derivatives of the Gibbs energy with respect to mole fraction are zero for
the critical composition X¢, formulate the two recipes with the help of which the
excess coefficients g; and g, in Equation (9) can be calculated from the values of
Tc and Xc. The two recipes have the form g;= a,R T¢, where a; is an expression in
X.; you know already that for g,= 0, a;= 2.

e  Apply the two formulae two times to the coordinates of the critical point in
NaCl + KCI, which to this end should be determined with the help of the
data in Table 2, and for the second time, to the data given in the preceding
exercise.

e  For each of the two cases, calculate the uncertainties in g; and g, resulting
from an uncertainty of 0.02 in the mole fraction of the critical point.
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analytical check

Analytically, the mutual thermodynamic consistency of the computed mole
fractions of the solid phase, as given in the last but one column of Table 4, and the
mole fractions of the liquid phase, in the first column, can be checked as follows.
e  First, introduce, in the equilibrium condition for the chemical potentials of
B = NaCl, the recipes of the two members, taking into account that (i) the
liquid mixtures are ideal, (ii) the solid mixtures, approximately, respect
Equation (19), and (iii) the melting properties of NaCl are given.
e Next, from the resulting equation, solve the mole fraction of the liquid
phase for given temperature and mole fraction of solid phase.

isothermal liquid+vapour equilibrium

Write a routine LVPX, in RPN or otherwise, with the help of which, in terms of the
idealized model («212; Exc 212:10), with GE"(X) = X(1 — X)}{ g1+ g» (1 — 2X)}, for
a given temperature, the equilibrium vapour pressure and the composition of the
vapour phase can be calculated as a function of the liquid phase’s composition.

elementary analysis of isothermal liquid+vapour data

The data in the table pertain to the isothermal, T = 353.15 K, equilibrium between
liquid and vapour in the system {(1 — X) n-heptane + X benzene} (Brown 1952).

In terms of the idealized model, and the liquid-state excess Gibbs energy
expressed by Equation (9), the data can be used to evaluate the numerical values
of the constants g; and g, - in a primitive manner, and according to two different
methods, which are the total vapour pressure method and the EGC method.

By the first, the equilibrium vapour pressure as a function of liquid composition is
used to assess the values of the parameters of the excess function, and such that
the difference between calculated and experimental pressure is minimized (Barker
1953). By the EGC procedure, the parameters are derived from the position of the
EGC in the InP,X phase diagram (Oonk and Sprenkels 1971; Oonk et al. 1971;
Oonk 1981).

e According to the total vapour pressure method, the calculations can be
carried out as follows. First, for the liquid composition 0.4857, for g, = 0,
determine, by means of LVPX («—Exc 4), the value for g; for which the
experimental pressure of 650.16 Torr is calculated. With that value and
g2 = 0, calculate for all of the compositions the corresponding vapour
pressures. Compare the calculated pressures with the experimental ones,
and thereby fix the sign of g,. Next, in a series of calculations in which g,'s
value is varied, and every time, for given g,, the value of g, is adjusted such
that for X = 0.4857 the experimental pressure is calculated, find the values of
g+ and g, that give the best reproduction of the set of experimental pressures
- the values that yield the lowest value for the sum of the squares of the
difference between calculated and experimental pressure.
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e  Owing to the fact that the two-phase region is rather narrow, the position of
the EGC virtually coincides with the curve defined by X = 0.5( X" + X** ).
For nine values of X, in steps of 0.1, calculate from the EGC the value of
G4 Equation (212:27). Following the route outlined above for the
NaBr+NaCl case, and leading to Equation (19), calculate the values of the
two constants.

. For each of the two results, calculate, for each of the nine experimental
mole fractions of the liquid phase, the corresponding vapour pressure and
the composition of the vapour phase. Calculate also, for the two results the
values of Ay, and Ap, which are the mean of the absolute difference
between calculated value and experimental one, for vapour composition
and pressure, respectively.

P /Torr X" X

428.28 | 0.0000 0.0000

476.25 | 0.0861 0.1729

534.38 | 0.2004 0.3473

569.49 | 0.2792 0.4412

613.53 | 0.3842 0.5464

650.16 | 0.4857 0.6304

679.14 | 0.5824 0.7009

708.78 | 0.6904 0.7759

729.77 | 0.7842 0.8384

748.46 | 0.8972 0.9149

758.44 1.0000 1.0000

6. an application of LOOP

As a follow-up of Exc 212:10, use the routine LOOP to calculate, for the system
{(1 = X) NaCl + X KCI}, the compositions of the solid and liquid phases at
P = 0.00 kbar and T = 1043 K. For convenience, assume that the liquid mixtures
are ideal, so that, as a result, the excess Gibbs energy of the solid mixtures is
given by 13000 X (1 — X) Jmol™.
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an application of ROD

For the system {(1 — X) NaCl + X RbCl}, calculate by means of the routine ROD,
the compositions of the coexisting solid phases for T = 788 K, which is the
temperature of the eutectic three-phase equilibrium.

First, use the equations and the data in Exc 212:2 to assess the starting values of
the mole fractions to three decimal places. Next, use ROD to obtain, in three steps,
the result to five decimal places.

unilateral region of demixing

Systems, like {(1 — X) SiO, + X MgO}, whose components show a great difference
in physico-chemical nature, quite often have liquid-state regions of demixing that
occupy a unilateral position in the TX phase diagram. Purely mathematically, a
unilateral region of demixing can be accounted for by an excess function of the

type
GF=B(1-X)X,

in which B is a positive parameter and the exponent n a number greater than 1.
The maximum of the function is at X = 1/(n+1).
e For B independent of temperature derive the expression for the spinodal,
and show that the mole fraction of the critical point is given by
Xc=[(2n+1) - (2n* = 1)**)/(n + 1)°.

unilateral ROD in SiO, + MgO

In this exercise, which is a follow-up of Exc 8, use is made of data by Hageman
and Oonk (1986) for the region of demixing in the SiO,+#MgO system. The
coordinates of the critical point are T¢ = 2240 K, and, from a thermodynamic
analysis of the complete set of data, X¢ = 0.156. A mixture, having an overall mole
fraction of
X =0.125, equilibrated at 1987 K and subsequently quenched to low temperature,
showed phases having mole fractions X' = 0.022, and X" = 0.410.

The purpose of this task is to use the experimental data to assess the values of the
parameters (n, h, and s) in GF = B (1 — X)"X, with B = h — Ts. The following route is
suggested:

° From the critical data the value of n is calculated, and also the value of B at
the critical temperature.

. From the data for 1987 K, the value B has at that temperature is
calculated. NB For given n only one condition/equation is needed to
calculate B; out of the possibilities, a convenient condition is the equality of
first derivatives, which is one of the double tangent conditions, Equation
(211:5).
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e The result for 1987 K is checked in a graphical manner; by drawing the
double tangent in a plot of function values around the compositions found
for the two phases. First, the parameter A of the linear contribution in
Equation (3) is adjusted such, that the function values are the same for
experimental equilibrium compositions.

e The values of h and s are derived from the two values calculated for B.

10. an amusing side-effect

An amusing side-effect of the use of higher-order excess functions in thermodynamic
phase-diagram analysis is the (unexpected) appearance of uncommon types of
phase diagram. As an example, the function

GH(T.X) = X(1 = X)L A(T) + C(T) (1 - 2X)7],

which is symmetrical with respect to the equimolar composition, can give rise to a
spinodal curve that has two maxima separated by a minimum, type [+ — +].
e By logic, and drawing GX sections, discover the phase equilibrium diagram
that goes together with the strange spinodal.

APPENDIX

The routines printed here are meant for a Hewlett-Packard RPN scientific pocket
calculator.

LBL “ROD”; CF 08; SF 07; XEQ ‘TXD”; RTN.
LBL “LOOP”; CF 07; SF 08; XEQ “DELMU”; XEQ “TXD”; RTN.

LBL “DELMU”; RCL 11; STO 36; RCL 13; STO 37; RCL 16; STO 38; RCL 18; STO 39;
XEQ “GIT”;, STO 06; RCL 12; STO 36; RCL 14; STO 37; RCL 17; STO 38; RCL 19; STO
39; XEQ “GIT”; RCL 10; RCL 15; +; +/—; ST: 06; : ; STO 07; RTN.

LBL “GIT”; 0; STO 40; FS? 01; XEQ 02; XEQ 01; RCL 40; RTN; LBL 02; RCL 15; RCL 36;
:; LN; RCL 15; +; RCL 36; +; RCL 15; —; RCL 39; +; ST-40; RTN; LBL 01; RCL 37; RCL 38;
« — ST+ 40; RTN.

LBL “TXD” LBL 01; RCL 01; STO 00; XEQ “GLIQ"; STO 46; RCL 02; STO 00; FS? 07;
XEQ “GLIQ"; FS? 08; XEQ “GSOL”; STO 47; RCL 46; RCL 47; —; RCL 02; RCL 01; —; : ;
ST+ 03; RCL 01; STO 00; SF 05; XEQ “MINGIB”; XEQ “GLIQ”"; STO 46; RCL 00; STO 01;
CF 05; RCL 02; STO 00; FS? 07; SF 05; FS? 08; SF 06; XEQ “MINGIB”; FS? 05; XEQ
“GLIQ"; FS? 06; XEQ “GSOL”; STO 47; CF 06; RCL 00; STO 02; RCL 46; RCL 47; —; ABS;
RCL 04; X<=Y?; GTO 01; BEEP; RTN.
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LBL “MINGIB”; LBL 04; FS? 05; XEQ “GLIQ”";, FS? 06; XEQ “GSOL”;, STO 48; RCL 05; ST+
00; FS? 05; XEQ “GLIQ"; FS? 06; XEQ “GSOL”; RCL 48; X>Y?; GTO 04; LBL 05; FS? 05;
XEQ “GLIQ” FS? 06; XEQ “GSOL”;, STO 48; RCL 05; ST- 00; FS? 05; XEQ “GLIQ™: FS?
06: XEQ “GSOL”; RCL 48; X>Y?; GTO 05; RCL 05; ST+ 00; RCL 00; RTN.

LBL “GLIQ"; XEQ “LNX”; RCL 00; RCL 03; -; +; XEQ “REDLIQ”"; +; RTN.

LBL “GSOL”; XEQ “LNX”"; RCL 00; RCL 083; +; +; XEQ “REDSOL"; +; RCL 00; RCL 07; -, +;
RCL 41; RCL 06; ; +; RTN.

LBL “LNX”; 1; RCL 00; -; ENTER; LN; -; RCL 00; ENTER; LN; +; +; RTN.

LBL “REDLIQ";1; RCL 00; —; STO 41; RCL 00; —; STO 42; 3; Y*; RCL 24; .; RCL 42; X%
RCL 23; +; +; RCL 42; RCL 22; +; +; RCL 21; +; RCL 00; +; RCL 41; »; RTN.

LBL “REDSOL”;1; RCL 00; —; STO 41; RCL 00; —; STO 42; 3: Y*; RCL 34; .: RCL 42; X%
RCL 33; +; +; RCL 42; RCL 32; +; +; RCL 31; +; RCL 00; -; RCL 41; «; RTN.
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LEVEL 0
001 equilibrium

001:1 vessels with water in thermal contact
It is plausible to assume that the heat involved in changing the temperature of a
quantity of water by one degree is proportional to its mass and more or less constant
between the given temperatures, say C units per kg, so that
10(t. — 50)-C + 5(t, — 25)-C = 0.
Equilibrium temperature t, = 41 % °C

001:2 vessels with water in thermal contact
The equilibrium temperature (46.4 °C) differs considerably from 41 %4 °C (foregoing
exc). Apparently the property C is different for different substances.
10-(t, =50) Cpy,0 +5°(f, =25) Cyy,50, =0
Csto4 =0.34 CHZO

001:3 sulphuric acid poured into water
The heat of mixing (of two different substances) comes into action; the final
temperature is not the same.

002 variables

002:1 the air’s pressure at the Puy de Déme
725 Torr and 639 Torr, respectively.

002:2 pressure at top and bottom
101329 Pa.

002:3 Fahrenheit’s temperature scale
r_t 9 % ~17.8°C 35,6 °C
°F °C 5

002:4 two phases and their amounts of two substances

added together in phase L, in phase L
n(A) n(C) n(A) n(C) n(A) n(C)
10 10 6 2 4 8
5 5 3 1 2 4
6 4 4.8 1.6 1.2 24

2 8 0 0 2 8
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002:5 ethanol and water saturate a space
P =(300/760) - 101325 Pa
PV

V=5010"m® n="—=0.722mol
RT
T=333.15K
ethanol mole fraction in vapour - in equilibrium with liquid at 60 °C and 300 Torr - is
about 0.57.
amount of ethanol = 0.57 - 0.722 mol = 0.41 mol
amount of water = 0.43-0.722 mol = 0.31 mol
003 the rules of the game

003:1 three variables subjected to two conditions
There is one independent variable, because of M — N = 3 — 2 = 1. Taking X as the
independent variable, then

{Y(X):—ZX
ZX)= X

003:2 phase diagram or not?
The phase diagram is supposed to be the graphical representation of the mole
fractions of pairs of coexisting phases as a function of T (or P). Hence, for every point
of the vaporus there has to be a corresponding point on the liquidus. In the case of
figure a) this obvious rule is violated. In the case of b) the rule is respected; however,
for thermodynamic reasons, as will be seen later on, the two curves are allowed to
make contact in an extremum only.

a) b)

003:3 derivation of lever rule
from “law of conservation of substance B”
i.e. overall amount of B = amount of B in o + amount of B in
X {n(a) + n(A} = X* - n(a) + X" - n(f)

003:4 a system formulation
In addition to the three liquid phases I, Il and Il there, obviously, is a vapour phase V
M =M[ P, X3, X¢, X5, X2, X5, X, X5, X¢ |

N=N[ gt = pip = s = i, pty = i = g = 1af, e = il = g = il |

f=M-N=9-9=0
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003:5 amounts of three phases out of three substances
n(a) = 0.846 mol ; n(p) = 1.538 mol ; n(y) = 0.615 mol

003:6 the experimental advantage of a small vapour phase
In liquid + vapour equilibrium experiments with low vapour pressures and carried out
such that the vapour phase occupies but a small fraction of the space, the equilibrium
composition of the liquid phase is ‘forced’ to be equal to the overall composition, X°
(before the experiment adjusted by the investigator), within experimental uncertainty.
As an (extreme) example, if X° = 0.0500 and X** = 0.99 and n(liq) = 10° n(vap), then
X" = (calculated value) 0.0499906.
As a result: the answer is X" = 0.20 and P = 287.7

003:7 naphthalene is added little by little to toluene

1 J
0.25 0.5
X’

003:8 does an empty place matter?
Each new open place makes that the number of variables will be one less, just like
the number of conditions; in the end fremains equal toc —p + 2.

004 pure substances
004:1 the position of phase symbols

fields: B top; y right; o bottom left
increasing entropy: o, 3, v
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004:2 zero Celsius and zero Celsius
A=AV _ap
Q
apply Sl units
273 K:(~1.63-10®m?-mol ™)
- 6008Jmol ™’
= 0.0075 K the answer is 7 mK

(611-101325) Pa

004:3 water'’s triple point pressure
A priori:
the data indicate that the result will be close to 0 °C
and (4.579/760)-101325 Pa = 610.5 Pa
Calculations:
e lin. least sq. of pairs {y = In (P /P ™; x = (273.15 + ) "}
fory = 0, calculate x — 273.15 + ¢ /°C = 273.159
e lin.leastsq. of pairs {y =In (P*”); x = (273.15+ ) }
for x = (273.159)", calculate y — P = 4.5822 Torr
or P" data — P=4.5822Torr
result:
t=0.01°C; P=4.5822 Torr = 610.9 Pa; rounded: 611 Pa.

004:4 carbon dioxide’s metastable normal boiling point
QU = 17 kd:mol”
Tobp = 185K

004:5 the substance water under high pressure
liquid — solid at 100°C:  at about 2.5 GPa
triple point (Il + V + /): in vicinity of (=19 °C; 0.32 GPa)
see also (Fletcher 1970)

004:6 a rule to be respected by metastable extensions
— for spontaneous change the shaded field is
e at the a. side of (o + B): B—)a} v
eatthepBsideof (B+v): y—PB ®
e at the y side of (a + v): oa—y
® this is the absurdity!

004:7 a phase diagram acts as a thermobarometer

800 e Triple point at 620 °C and
- . 0.55GPa
e Equilibrium (I+111):
600 - T dt/dP = 530 K-GPa™.
e | | ¢ Rules for equilibrium
lines (metastable
200t i extensions)
e Il at high-pressure side
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004:8 superposition of stable and metastable

P

o

®)

|
|
|
|
|
|
z
/%
v
//

004:9 Antoine’s equation
A=15.7576 B =2408.66 C =62.060
with these values the following pressures, expressed in Torr, are calculated
289.15 433.56 759.94 1267.95 2025.98
the mean absolute difference in experimental and calculated pressure is just 0.03

Torr (and partly due to round-off effects)!
x

004:10 supercritical fluid

T

004:11 iron: the heat effect of magnetic change
rounded to an integer in kJ-mol™: 8; heat needed 35.6 kJ

004:12 boiling water altimeter
Combine d(InP)/dT (from the Clapeyron equation) with d(InP)/dh (from the
barometric formula <—002); heat of vaporization 41kJmol™.

005 binary and ternary systems
005:1 a unary diagram made to look like a binary one

triple point —  eutectic type of three-phase equilibrium
boiling curve —  two-phase region like region of demixing in Figure 3
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005:2 the amounts of the phases during an experiment

n(e)  n(p)  n(L)

<
O O A A
O AV OO
vV V VO

005:3 phase diagram and cooling curve

temp. (interval) phase(s) change in temp. is
600 to 515°C liq fast
515to ~ 350 °C lig + sol (LiCl) slow

at 350 °C liq + sol (LiCl) + sol (KCI) zero
350 to 200 °C sol (LiCl) + sol (KCI) fast

005:4 a reciprocal system
Two variables:
X (the fraction of the cations that are K*)
Y (the fraction of the anions that are Br’)
a composition square, of which the vertexes are occupied by the pure substances:
NaCl (X=0; Y=0); KCI (1; 0); KBr (1; 1); NaBr (0; 1)

005:5 increasing repulsive interaction and the phase diagram
The change to liquid is more and more “postponed” to higher temperatures: the A
liquidus (except for its initial part) is moving upwards, and the eutectic point is moving
up to B’s melting point. From a certain “moment” on the A liquidus will be interrupted
by a (liquid + liquid) region of demixing - together involving a monetectic three-phase
equilibrium.

005:6 overlapping two-phase regions
The two three-phase equilibrium temperatures are given by the intersections of the
(B + L) solidus and the upper solvus of the (o + B) field. The (a + L) field is between
the two three-phase equilibrium lines; and such that the (metastable parts of) the
(B + L) liquidus and the (o + B) lower solvus are inside the field.

005:7 the construction of ternary phase diagrams
R = racemate = compound AB; Q = quasiracemate = compound AC
section stable solids single-phase fields  two-phase fields invariant triangles

i) c L c+L
R R+L

ii) ” (A) L (A+L)
(B) (B+L)
C Cc+L cLQ
Q Q+L
R R+L

i) A 2times L A+L ALR
B B+L BLR
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C C+L CLR
Q Q+L CQR
R R+L LQR

e temperature is just above or just below m.p. of A and B

005:8 the appearance of an incongruently melting compound
The sequences of the (two -) and single-phase fields are, when considered from high
to low temperature and from left to right (assuming that B’s melting point is below the
peritectic temperature):
L
(A+L) L
(A+AB) (AB+L) L
(A+AB) (AB+L) L (L+B)
(A+AB) (AB+B)

005:9 ternary compositions having a constant ratio of the mole fractions of two

components
AR Xp for Q; SB: X, for Q
AP : Xg for P; PB; X, for P

Ratios: AP : PB = RP : PS
(AP - RP): (PB - PS)
AR:SB QED

005:10 cyclohexane with aniline - mixing and demixing
Temperature 19.5 °C - the milky aspect of tube 1.
Initial slopes (negligence of solid-state solubility), given as d 7/dX: at cyclohexane (C)
side 245 K; at aniline (A) side 56 K.
The phase diagram, from low to high temperature:
at —11 °C three-phase equilibrium solid C + liquid (X = 0.93) + solid A;
at -2 °C three-phase equilibrium (lower boundary of region of demixing) solid (C) +
liquid (X = 0.035) + liquid (X =0.88);
critical point (top of region of demixing) at 31.2 °C (Xc = 0.43);
the liquid+vapour two-phase region is bent downwards (repulsive aspect of
interaction between C and A), but does not give rise to a minimum.

006 distribution and separation

006:1 a room saturated with water
From P-V = n-R-T it follows n = 255.53 mol;
This amount corresponds to 4.603 kg;
The increase is 5.6% per degree.

006:2 solubility of potassium permanganate in boiling water
Just as an observation,
by linear regression of Inm as a function of (t + 273.15)'1, the solubility at 100 °C is
calculated as 3.92 molkg™.
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006:3 the space needed to remove an impurity
V=196 dm’

006:4 extraction and clever use of solvent
One time with 1 kg : 0.010 mol of S remain in water;
two times with 0.5 kg:  0.0056 mol of S remain in water.

006:5 distillation with a fractionating column
In terms of mole fraction, and X;, for the azeotropic composition.

]
(e
o
o
]

first drop X=0 X=0 X=05 X=X, X=0
residue X=1 X=1 X=05 X=1 X=Xy,

006:6 single-step distillation of wine
In spite of the need of liquidus data for X > 0.9, the answer seems to be “yes”.

100

90

80

006:7 vacuum distillation

.n[%j_w[1_1j
P, R\T, T,

T;=n.b.p; P> =15 Torr; P, =760 Torr ( =1 atm); AH=11-R' T,
p-xylene T,/K= 303
2-nitro—p—xylene 379
4—methylbenzaldehyde 352.

006:8 distillation with steam
TX diagram: it has the type of Figure 005:4.
o The distillate, with overall composition X = 0.045,
contains 21.22 mol of water
o water layer 21.13 mol; aniline layer 1.09 mol
e 21.13 mol of LI contains 0.148 mol of aniline:
15% of the yield!
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006:9 a congruently crystallizing compound
H2

A AB

e  Overall composition: a—b—c—d
b—c: B crystallizes
c—d: A;B and B crystallize together;
mother liquor: a—b—r
e 2molAy7sB : 1 mol B;or, 0.5 mol A;B : 1 mol B
NB It makes no difference whether or not the solid material is continuously removed

(see next exc).

006:10 an incongruently crystallizing hydrate

H,0
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e  Mother liquor a—->b-or—g
b —r: B crystallizes
r—g: Hcrystallizes
atg H crystallizes together with A
e Solid material not removed: for overall composition from ¢ to H, solid B
reacts with the invariant solution (r) to produce the hydrate H.

006:11 recrystallization
i) 2 g of impurity
o todissolve 98 g KCIO;:  0.1744 kg of water needed,;
e remains in solution at 0°C: 5.77 g of KCIO3;
yield = (98 -5.77)g=9223g; 94%
i) 10 g of impurity
o to prevent any recrystallization of KMnO,: 0.3544 kg of water needed;
e remains in solution at 0°C:11.70 g of KCIO3
yield = (90 - 11.70)g=73.30g; (87%)
NB. It is tacitly assumed that the two salts do not influence each others solubility
in a given amount of water (— Exc 13)
See also (Mulder and Verdonk 1984).

006:12 a saturation problem
A and C become saturated at the same time (!),
as a result, after the addition of 1.2 g of C:
solid phase B 0.2g
liquid phase A contains 0.8 g of B
liquid phase C  contains 0.2 g of B

saturation of A with B cup = s )
distribution of Bover Aand C:  : up = 1§ 2)
from (1) and (2): cus = (3)

(3): saturation of C with B

006:13 back to the analogy — the text around figures 1 and 2

e Let, in the triangle ABC, point a on the side AC and point b on the side BC
represent the saturated solutions. Then, the whole phase diagram is defined
by the straight lines Ab and Ba.

e The solubility curves in the rectangular YX diagram have the same course as
the vaporus curves in the PX diagram; that is to say, if the latter, in contrast
to Figure 006:2, is not plotted upside down.

At three-phase equilibrium the liquid phase has X' =0.273; Y = 0.478.

007 chemical equilibrium

007:1 the exerted pressure
P =14 decabar.
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007:2 the equilibrium constant of the ammonia equilibrium
Extrapolated value 6.50-10° atm™ = 6.42:10° bar”

NB The square of this value corresponds to the K defined by Equations (9) and (10).
The value of the AG® property becomes AG® (T = 723.15 K) = 61 kd-mol™"; P° = 1 bar.

007:3 Clausius-Clapeyron plot of Horstmann’s data
About 175 kJ-mol™

007:4 the equipment to be used
¢ vessel-with-manometer, because there is only one degree of freedom:

2+a) M (2+a) T (2+a)

1 1-a) . X 0.5a 1.5a

Ko = (2+a)’ XNH3 = =

f ZM[TrPra]_N[ﬂNF&,C/ = Hpy + ke Maey =05 py, +1.5 ﬂH2J= 3-2=1

007:5 three pure substances taking part in a reaction
Pure substances: there are no composition variables.
f :M[T,P]—N[/JA + Ug :ﬂc] =2-1=1:
only one of the variables T and P can be chosen in an arbitrary manner.
The answer is NO!

007:6 Professor Denbigh’s example from the zinc smelting industry

Three phases
vap

F=M[T.P.XGP X | ~N[ 5 + B = tizno + tici 5P + S, = Mo + HES | =2

“‘’=f+p-2=3; Zn, CO, CO,

Four phases

f =M[same] —N[same plus il = /122”} =4-3=1
“c"=3; Zn, CO, CO,

see also (Denbigh 1955)
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101 differential expressions

101:1 the ideal gas

p_RT (ﬁj _R [@j __RT
v oT), Vv ov )y v?

%P _, 0% _,RT P _ R _ P
oT? ov? V3 ovoT  VvZ2 9ToVv
r-Pv [ij v (ﬂ) _P

R P), R V) R
T T T 1 T
oP? ov2 oVoP R oPoV

101:2 the Van der Waals gas

dpz(fj dV+[an ar={-_RT__, 2 dV+( R ]dr
v ), aT ), (V-by? V3 (V-b)

101:3 integration of different expressions along different routes

expression route change
(A) (1) 71
(A) ) 71
(B) (1 25
(B) ) 39

(A\), the calculated change of which is independent of the route followed,
corresponds to the total differential of a function Z of X and Y:

Z(X,Y) = X2 Y® + constant
(B) is not the total differential of a function Z of X and Y.
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101:4 a simplistic method

V(T +dT.p +ap)~ BT +dT) _ R(T+dT)

(P +dP) P[H@)
P

_RT+dT)(y_dP)_RT Ryr RT\p_  47dp
P P P P P?

dv =V(T+dT,P+dP)—V(P,T):%dT—gdP

102 work heat energy

102:1 q and the cross-differentiation identity

q:(ﬂ) daT + (ﬂj +P|dV

oT )y oV );
This form does not obey the cross-differentiation identy
2 2

v, oU (6P]

74

oveT eToav  \oT

as (0P/0T)y is not equal to zero.

102:2 units and conversion
1J =1 N-m (newton x meter)
=1kgm-s Zm=1 kg-mz-s )
1Pa=1Nm?=1Jm?®
1m’=1JPa’
1 cm*atm = 10° m® x 101325 Pa = 0.101325 J

2

102:3 reaction between zinc and sulphuric acid

P=1atm

AW = —[PdV at isobaric conditions = — P [dV = -PAV = -RT
—-RT =-8.3145 J-K"-mol " x 298.15 K = 2479 J-mol ™
—PAV =—1atm - RT/IP x 10° = -24.47 atm x dm®>mol” = —24.47 liter x atm-mol’’
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Solutions

The work added to the system per mole generated hydrogen is —2479 J = 24.47

liter x atm

103 heat capacity and enthalpy
103:1 a classroom calorimeter
heat added 750 J-s™ x 120 s = 90000 J
rise in temperature 9.05 K
heat capacity 90000 J / 9.05 K = 9.94 kJ-K
103:2 a drop calorimeter
the effect is 64.80 x 333.5 = 21.61kJ per 100 g
which is 13.73 kJ-mol™'; therefore
(Hr — Haz3) for T=800 K is 13.7 kJ-mol ™'
the mean specific heat capacity of copper is 0.410 J-K'-g ™.
103:3 a cycle passed by a monatomic gas
P /atm V /dm® TK
A 1 24.45 298
B 1 48.91 596
C 2 24.45 596
change nature Qrev/d Wiy /AJ AU/ AH/J
1 isobaric 6194 —2478 3717 6194
2 isothermal -3435 3435 0 0
3 isochoric -3717 0 -3717 -6194
cycle -957 957 0 0
103:4 heat at constant pressure
Qrev = dU + PdV Qrev = dH - VdP
dH=dU+ PdV+VdP  and (q.,)r =dH
By the way, in the text it was first discovered that at constant P the heat added to
the system corresponds to the change of (U +PV) which was subsequently defined
as H; in this exercise first H is defined.... to descover that at constant P...
103:5 choice of zero point

U=H-PV = U=-PV
oxygen gas U=-RT=-2479 Jmol

diamond U=-1Pax3417x10° m>mol" = -3.4 x 10° J-mol
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103:6 heat added to silver bromide
T=313.71K
50.763 J-K"mol’
Robie et al. (1978) give 50.734 obtained with heat of melting of 9.163 kJ-mol “and

the given Cp formula.

103:7 an interpolation formula for Cp for diamond

30 [~

20

\ 2 0.2 kymol”
x~ 150 ~ 30 kJ-mol”

JK'mol" |-

0 | | | |
400 800 1200 1600

TIK

31.42kJ-mol”

104 the ideal gas — expansion and compression

104:1 a simulation of isothermal compression
e FrompV =nRT, n=0.040 mol
e AW=nRTIN2=69.3J=-AQ
e AT =-AQ/ (heat capacity) = 2 mK

104:2 adiabatic compression
* Qev=0;We =-PdV=—(RT/V)dV
dU=(C+CJ* )dT
dU =W,e,;(C + CF*)dTIT =-R(dV/V)
(C +CF®) In(T,/T;) =-RIn(V,/V;)
forC=0 T,=872K
e forC=500J-K’ T,=306 K

104:3 adiabatic compression of helium
e AS=CpIn(T,/ T;)— RIn (P, / P;), which in this case = 0. State B: T=749 K
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Solutions

800

TK |-

500 -

200 ‘ ‘
0 5 10 Plbar

v

104:4 expansion of a Van der waals gas

(AU), = [,V (@uiav), av - aj‘”dv a[_ViJrVi]
2 1

with V> =2V, , (AU)r = a /(2V) (AU)r=70J - mol
70 J are taken: the temperature of the whole set-up is lowered by 0.005 K

104:5 volume quotients for a cycle
Adiabatic dU = W,,, which for the ideal gas gives rise to

C,dT =- (RTjdV C, £=—R% C,dInT =-RdInV

v

oo s

so that Vo _Ve or Ve _Ve

Va Vs Va Vo

104:6 an equation for an adiabatic

Ideal gas: dU =CydT; Cp=Cy+R

adiabatic: dU = W, =-PdV

taking P and V as the two independent variables, dT for the ideal gas can
be given as dT = (V/R) dP + (P/R) dV, the adiabatic now satisfies the
equation

Cyv (WVR) dP + Cy (PR) dV = - PdV, from which it follows
(Cv/R)(dP/P)=-(Cp/R)(dV/V),ordInP/dInV=-Cp/Cy Equation (1)
upon integration it follows from Equation (1): P -V ' = constant

for each point in the PV plane d InP/d InV has one single value: through the
point there goes just one adiabatic; or, in other words, adiabatics do not
intersect.
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104:7 ideal gas, expansivity and compressibility

1(oV . 1 1(oV . 1

a=—|— idealgas a=— Kx=—-—|— idealgas x =—

V\aT Jp T vV \oP ) P

dV=(Z—\;j dT+[ﬂj dP =aVdT —«VdP or dInV =adT —xdP
P T

cross-differentiation identity: (a—aj :—[a—’(j
oP), \oT Jp

ideal gas 0 = 0

104:8 sothermal compression of Van der Waals gas
1 [ ov j 4 ( oP )
K=——|— Kk =-V|—
vV \oP); ov );

ideal gas KID=% ; (1-a)" fora— 0 is 1+«

For the van der Waals gas, substitution (6P / 6V)r, see Exc 4.

_£2 V) o

+ __RIV_ _2a_ RT _V __2a_ RT _(1+£)_2j
YT (v-b? V2 (V-b) (V-b) V2 (V-b)

a

RT a _  RT
v?

V-b) V2 (V-b)

b
v

: b
correction term =-—+—
vV pVv?

105 chemical energy

105:1 formation of liquid water
Strictly speaking, if one specifies the PT circumstances for the enthalpy

effect, one should also specify P and T for the energy effect;
the difference between the two effects is AgH — AgU = P-ArV, where
ARV =V 0 =V, =112V,
PV,,, and PV, are about equal to RT which is 2479 J-mol™ at 298.15 K;

PV,,,0 is about just 2 J-mol™;
as a result, the difference P-AgV is about - 1 (1/2)RT and rounded to kJ it is

-4,

105:2 formation of gaseous water
o 243 kJ-mol”
e forliquid H,O we have at 1 atm (1 bar)
AHy o =-284x10% at T = 373.15K

AHy o =—286x10° at T=298.15 K
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A¢Cp 0 =2x103 /75~ 3x10 J-K-1-mol -

by the way,
AfCPHZO = CPHZO _CPH2 -1/2 CP02

105:3 reaction between graphite and carbon dioxide

e Atconstant P, AQ=AH=172.8 kJ-moI"1;

o the work performed by the system equals + PAV, AV =2V, -V, V¢,
which is, in the ideal-gas approximation for CO and CO, and using the given
density of graphite, 2RT/P — RT/P — 5.3x10° m*mol ™.

+ PAV = 2479 — 0.5(!) = 2478 J-mol”
e AU = (heat taken by the system) — (work done by the system)
=172.8-2.5=170.3 kJ:mol
(the influence of the volume of graphite is really negligible)

105:4 enthalpy of formation
Taking ethanol (C,HsO), the following two possibilities present themselves - with E for
ethanol

a) AHy, = He(P =1unit, T =400 K) - 2 H(P =T = 400)~3 H,, (P = ,T=400)
~ 0.5 H, (P =1; T =400)

b) AHS = He(P =1, T =400) Y~ 2 Ho(P = 1T = 298)~3 H,,, (P = 1,7 =298)
- 0.5 Hy, (P =1;T =298)

The information needed, starting from A H3,, .

b) for E: Cp liquid from 298.15 K to boiling point at unit pressure (b.p); heat of
vaporization at b.p; Cp gas from b.p. to 400 K
a) in addition: the Cp ‘s of graphite, hydrogen and oxygen.

105:5 reaction between hydrogen and chlorine

In an isolated system the energy is constant: the chemical energy released by the
reaction is stored in the vessel with its contents - rise in temperature, say from T, to
T.. The easiest way to show that there is, under these conditions, no "conservation of
enthalpy" is to consider the limiting case, in which the vessel has zero heat capacity
(i.e. to consider its contents only). Assuming ideal-gas behaviour and taking 1/2 n
mol H,, then we have for H, + Cl, — - 2HCI

Hbegin = Ubegin + nRTb

Hend = Uend + nRTe

AH =AU +nR(Te—Tp)=0+nR(Te—T,) =0

105:6 formation of magnesite
AHygeo, = —1113.28 kJmol™
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105:7 standard formation energies

PV A’ (298.15K)
J-mol” kJ-mol”
graphite 0.53 -0.001
silicon 1.21 -0.001
oxygen 2478.97 —2.479
carbon monoxide 2478.97 -111.769 = 0.170
carbon dioxide 2478.97 -393.509 +0.130
quartz 227 -908.222 + 1.000

CO: A Uo=Ugo~ U ~1/2U8, = (Hao ~RT)~ (HE - PV,) ~1/2(H3, ~ RT)

= 111769 Jmol™

105:8 acetic acid from methanol and carbon monoxide

To
the

start with, the heat effect at 1 atm and 298.15 K, i.e. AHj,, , is calculated from

heats of combustion.

CH30OH + 3/20, — CO, + 2H,0 -725.7

co + 1/20, — CO, -283.0

2C0O, + 2H,0 — CH5COOH +874.4

CH3OH + Cco — CH3;COOH -134.3 kJ-mol”

AHZ,s =-134.3 kJmol

Next, for each of the three substances, the difference in H° corresponding to the
change in temperature from 298.15 K to 500 K, has to be calculated.
methanol

Hgo — Hies = Cp, (T, —298.15K)+AHY + Cg (500K ~T,)
— 81.6 (338 —298.15) + 35300 + 44 (500 — 338)

= 45.68 kJmol”
carbon monoxide
Hgoo- Hagg = 29.1(500 — 298.15)

= 5.87 kJmol”
acetic acid
Hepo — Hyes = 123.4 (391 —298.15) + 44400 + 67 (500 — 391)
= 63.16 kJmol”
Finally

AHS,, — H3g = 63.16 — 4568 — 5.87 = 11.6 kdmol”

AHSs = —-134.3 + 11.6 = —122.7 kJmol
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105:9 combustion of benzoic acid

Solutions

e GCgHsCOOH + 7.50;,—> 7CO, +  3H,0; AH=-3227 kJ-mol’

7CO, - 7C + 70, +2755
3H,0 - 3H, + 150, +858
CeHsCOOH d 7C + 3H2 + 02 +386

AH = -386 kd-mol”

e CgHsCOOH(sol) + 7.50, — 7CO, +3H,0(liq); AH = —3227 kJ-mol’’

CsHsCOOH(liq) — CgHsCOOH(sol)
3H,0(liq) — 3H;0(liq)

-17
-123

CeHsCOOH(liq) +7.50, — 7CO, + 3H,0(vap); AH =-3121 kJ-mol’

105:10 a reaction in a bomb calorimeter
e Reaction C,H;0,+20, — 2CO;+ 2H,0
equal amounts of gaseous species at both sides:
(AQ)y ~ (AQ)p = AH = AH° in ideal-gas approximation
1.874 K x 15250 J-K™ = 28578 J (per 1.96 g)
molair mass: 60 g-mol'1
AcH° = -875 kJ-mol” (heat of combustion)

2C0, +2H,0 — C,H,0,+20, +875

20, +2C - 2CO, -787.0
2H, + 0, — 2H0 ~571.7
2H, +2C + 0, > C,H,0, 484

AH° = 484 kJ-mol

106 entropy

106:1 absolute entropy by graphical integration
/' T

-
2 Kl
cal,’K ol 25K x 0.0005 cal, K *mol”

0.005 |- P
= 0.0125 cal,, K -mol
about 45.5 times and to be
multiplied by 4.184 yields
2.38JK " :mol”

0.000 L L

0 200 TIK

See also Table 109:1a
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106:2

106:3

106:4

106:5

106:6

106:7

absolute entropy of liquid sodium chloride
The value given in Robie's table is 170.33 J-K™-mol”

gaseous mercury and the Sackur-Tetrode equation

It is clear that the entropy values have been calculated by means of the S-T
equation.

The equation implies a constant Cp , having the value of 2.5 R.

(from g, = CpdT it follows dS = (qrev /T =) (Cp/T)dT and Cp = T (6S / 3T)p)

orientations up and down

aS = (RIN) In (W, / W,) = (RIN) In2" = RIn 2

each possible orientation of one unit can be combined with two orientations of all
the other units.

substitutional disorder of red and blue molecules
See § 204 "the ideal mixture"

cylinder with internal piston and entropy

42
S
Arbitrary
units
40 |
38 |

4 6 8 10 12 position
NB If the piston can freely move, it will spontaneously move to position 8, i.e. the
position of maximal entropy. See also Figure 001:2.

uniform pressure at maximum entropy
V;+ V,=const=V
SIR= n,InV, +n,InV, =InV," V;2 =InV;""«(V - V,)"

condition dS/dV, = 0, or(d(\/,"’ -(v-v,)"?)/dv,) -0

this leads to n, Vo =ns>V,
and with V, = n, (RT /P,) and V; = n; (RT /P,)
it follows P, = P, !



340 Solutions

106:8 two vessels with helium in thermal contact
Along with T + |AT] there is a P + |AP| and P — |AP| with T — |AT]. From PV = RT,
(AP/IAT)y = RIV = PIT and hence AP/P = ATIT.
Next
ERln{ L }—Rln{ P }
2 (T+[AT N(T-1AT]) (P+1AP)(P-]AP])

:_gRln[1-(ATTj2]+R'”[1—(Am

2 2 2
zﬁR{ﬂj _R[ﬁj =§R[ATJ
2\ T p) 27T

AS =

106:9 supercooled water made to crystallize

During a "reversible simulation" of the spontaneous change, first heat is added to

one mole of water to bring its temperature from —5°C to 0°C and next the same
amount of heat is withdrawn as a result of which part of the water crystallizes to ice.

e The amount of heat added is 5 x 75 = 375 J.
The entropy change is
21315dT 375
J-263.15 T 27315

e 375/6000=1/16

=1.386 - 1.373 = + 0.013 J K"

107 characteristic functions

107:1 the Maxwell relations differently

Substitute dS :(EJ dT+[§j dv
oT ), v )y

indU=TdS - PdVand obtain

dU:T(§J dT + T(ﬁj ~P|dv
aT ), v )

Next apply the cross-differentiation identity to the last dU
2 2
T 0°S _T 0°S +[6Sj _[@]
ovoT oTov oV ), \oT ),

[asj (an
Hence | —| =| —
ov ); oT )y

107:2 differential coefficients of energy
FromdU = TdS - PdVit follows

), ) )

- —T(ﬂj - P(ﬂj =TaV+PxV
ot Jo 0P ),

s (2] 7(25) p(2) 6, -pov
oT Jo o7 )y "\oT s




Solutions 341

107:3 total differential of enthalpy
dH =TdS +VvdP

=T (ﬁj dT+(§j dP}+VdP
ot Jp oP )y

=cpdrfr(ﬂj dP +VdP
oT )p

=CpdT —TaVdP +VdP

So, if you want to “correct” H for changes in P and T you need to know the heat
capacity; the volume; and the cubic expansion coefficient.

107:4 model system with equation of state
e dH=TdS+VdP

oP T oP T oT P
Maxwell and V=—+b

Hr does depend on P: Hy (P,) = Hr (P1) + b (P2 — Py)
e dU=TdS-PdV

[auj :T[as) _P[av] :_T(avj _P[av]
oP )r oP ) \oP); oT o \oP);
_1R_p _ﬂ]:o

P P?

At constant temperature the energy is independent of pressure.

107:5 Van der Waals gas - change of enthalpy with volume
From dH = TdS + V dP it follows

AR EIR 9
ov ). \av ) lav);

and with one of the Maxwell relations
)15, )
oV )r oT ), oV Jr
Rearranging the VDW equation, P = RT/(V - b) — a/V 2,
(@] = —RTb/(V -b)* +2a/V?
ov );

107:6 change of heat capacity with pressure
Cp =-T(6°G/0T?)

3
[aC"J =-T 4 62 = (cross - differentation identity)
oP ); oPoT

2°G %

oT?%P | oT?
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107:7 Gibbs energy of a hypothetical system
S=-—B-BINT —yInP -c-oP;

V=yTIP)+5+¢T,
H=o-BT+5P;, Cp=-P
(aP aT)v =(yP+oP?)/(yT)  from Equation (107 : 25).
U=a-BT—yT—¢PT;
dU=(%j dT+(an dp;
oT Jo oP ),

ou ou ou oP 2 2
C,h=|—=| =|= — | | = =-B-v-20P —(9*Iy)P?;
Y @Tl @TL+@PLQTL prv-2eP=lel)

under isothermal (T = T,) conditions

AQrev = TaJ-(dS)T =TajP=P2 (_ l—(pjdp

P=p, P

P.
=T, In 20T, (P, -P})
1

107:9 Joule-Thomson coefficient

(aH] (an (aTJ
From — | | = =-1
oT )o\0H J;\ OP ),
(ﬁj =C, and (ﬁj from
oT )p OH );

dH =TdS +VdP,ie, (ﬁj :T(Ej +V
oP ). \oP),

and one of the Maxwell relations.

107:10 difference between Cp and Cy

From dU:(@J dT+(@j dP it follows
oT )p oP );
(auj (auj (auj (an
Ch=|—| =|=| +|—=| | =
oT ), \oT Jo \oP);\oT ),

See Exc 2 for [auj and (6U] and Equation (107:25) for[apj .
oT )p oP ); v

107:11 enthalpy as a characteristic function

dH =TdS+VdP ; T:(@j and V:(@j
as ), oP )
o(ﬁH—B=H$Gﬂj
aS )y

. U:H—PV:H—P[aHj
S

+ on(2) (29 ()] (22) 2]
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o -(2),-1%)
v\t ), oT ),

use dT =(ﬂj dS+[£] dP from which
S )p oP )

1:(ﬂj (ﬁj {ﬂj (%j
oS )p\oT ), \oP)s\oT )y,
(aT] (aTj (asj (6Tj .
andalso | — | =|—| |—| +|—1 ;
oP ), 0S )p\ 0P ), \ 0P s

0S oS\ (oP) (oV
— | from|—| |—=| |—=]| =-1
oP ), oV )p\0S ), \ 0P )

107:12 energy expressed in T and P
If U would be characteristic for T and P then it would be possible to derive V from
U(T, P);
for the ideal gas U does not depend on V:
V cannot be derived just from U(T);
Therefore
U impossibly can be characteristic for T and P

107:13 a cosmetic imperfection?
The expression in the thesis gives the dependence of a Gibbs energy property on T
and P. Mathematically speaking, taking into account that the energy property is
provided with (T,P), a more consequent expression would be
AG(T,P) = AU(T,P) + PAV — TAS.
If the latter is meant to state that energy is a function of T and P, and that the volume
and entropy properties are constants, then the expression is incorrect from a
thermodynamic point of view, as follows from the differential coefficients in Exc 2.

108 Gibbs energy and equilibrium

108:1 entropy versus energy diagram

dU =TdS-PdV
) -
oS )y,
positive slope of U versus S
i.e. positive slope of S versus U

-()-(5)
08?2 \as), \oT),

U versus S is convex (second derivative is positive)
i. e. Sversus Uis concave
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(75}

ﬂ spontaneous at constant U

» U <—— spontaneous at constant S
U decreases

108:2 a fancy device
Take 1 mol water and suppose that n mol of it crystallizes. Then
AS =751In(273.15/268.15) — n 6000 / 273.15.
Constant entropy demands that AS = 0.
As a result n = 0.06308.
AU=5x75-n6000 = 375 — 3785 = -3.5J

108:3 Gibbs energy of ideal gas
S:_(ae] :_[56] “RInP =S°(T)-RInP
P P

oT oT
V:[ﬁj _RT

oP). P
H=G+TS=G° +TS° +RTInP - RTInP = H°(T)

U=H-PV =H° —P%:HD(T)—RT =U°(T)

by the way, in H°and U° the superscript ° has lost its meaning

108:4 ammonia’s Gibbs energy of formation
% N2 + % H2 —> NH3
for 25 °C and all gases at a certain pressure P

AGyy, =G +RTIn(P/bar)-%G" -%RTIn(P/bar)- ;G - 1RTIn(P/bar)
= A,G”" —RTIn(P/bar)
~16410 - RTIn(P/10°Pa)

=-16410+RTIn10° - RTIn(P/Pa)
=-16410+28540 —RTIn(P/Pa)

AGRE =+12.13 kJ - mol”

108:5 an equation of state for real gases
On integration from 1 Pa at constant temperature
G(P)= G(P =1Pa) + RT InP + B(P — 1Pa);
on generalization, and neglecting Bx1Pa,
G(T,P)=G(T)+ RTInP+B(T) P
H(T,P) = H°(T) + B(T) — T (dB/dT)
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108:6 the concept of fugacity
f(TP) = Pe B(T)P/RT
for N, at 673 Kand 101325 Pa  f= 101369 Pa

108:7 water + ice under a higher pressure
The two lines have to be lifted up; the line for ice, with its greater molar volume,
more than the line for water: the point of intersection is at a lower temperature.

108:8 the calcium carbonate equilibrium under a higher pressure
With G(T =T)=Gy(T =T,)-S(T-T,)
B = CO,, Ca0, CaCO,4
o p_ Gea00,(T2)=Goso(To) = Gro, (To) = (Scaco, = Seao = Seo, )T ~T,)
- RT

Goaco, (To) = Goao(To) = Goo, (T,) = O for T, = 1160 K

Scaco, — Scao — Sto, =-144J - mol”

forP=125bar T=1175K

108:9 the calcite and aragonite forms of calcium carbonate
Calcite at 1160 K
Gg:é% —Ggqao — Gco2 =0

aragonite at 1160 K, as a result of G > G

ARA
Gtaco, ~Goao —Goo, >0

ARA
Gcaco, > Geao + Goo,

aragonite has already passed the equilibrium curve: it changes spontaneously into
CaO and CO,
Conclusion: aragonite decomposes at a lower temperature

108:10 Jiquid and gaseous water in equilibrium
e 373.15K; 1 atm.
AG = AH - TAS =0 so that AS = 109.52 J-K™"-mol™
AU=AH-PAV~AH-PV*®~AH-R T=37763 J-mol”
e 37215K;1atm.
AG = AH - TAS =110 J-mol”
e 374.15K; 1 atm.
AG =-110 J-mol”

108:11 lowest Helmholtz energy as a criterion for equilibrium
Starting from Equation (6), and replacing Equation (8) by A = U — TS, the criterion
expressed by Equation (11) becomes (dA)ry < 0.
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109 data and tables

109:1 partial derivatives of H-TS

)l )

=Cp,-Co-S=-5
)2, (2
oP ). \oP ), "\oP);
r(Z) vi-1(Z) -v
oP )y oP )

109:2 completion of a table

5.74 0 0 0

33.15 0 0 0

205.15 0 0 0
197.67 -110.53 89.36 -137.17
213.79 -393.51 2.92 -394.38
42.62 -157.32 -93.11 -129.56

109:3 the essential information of a table
The information needed is:
the entropy of each of the five substances;
for the compounds the heat of formation:
for MgO and SiO, from the elements;
for Mg,SiO, either from the elements or from the oxides.

109:4 thermodynamic table for corundum
e AH°=-1675.700 kJ- mol” AfS°= -313.505 J-K"-mol”
0
AG” = _1582.228 kJ-mol”
« with the above values and A,CS = -13.665 J-K"-mol”
AH® =-1677.092kJmol” o "
A;G° = -1550.084 kJmol
A;S° =-317.521JK"-mol”

109:5 thermodynamic table for helium from the Sackur-Tetrode equation

Cp, fromC;, = T[Z—?j , is constant and equal to %R.
P

(H? — H3g)/ T = 14.589 J-K"-mo""
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S?=151.308 J-K"-mo"’
~(Gf —H3gg)/ T = 136.72 J-K™":m0"”’

109:6 extrapolation formula for Gibbs energy
T T T
Hy —H, =[] (cpy v dT)dT = [7(Cp, +CHT - O))T
=Cp, (T-0)+C'[(3T7-306%)-0(T-0)]

T 1
T(CPH +'|'€CdT)

S-S, =], = dT
=CP9 In(£j+C’[(T—9))—9ln(§j}
G =H -TS;

109:7 silver oxide
by least squares: a = 49.397 J-K'mol™; b = 5.5841 x 10? J-K*mol”

T/K (H? ~Has) 87

calc Table calc Table

400 7.016 7.042 |141.502 141.570

500 14.469 14.509 |158.108 158.212

109:8 water versus steam

(HS —H%)/T | S2 —(G2 —H%g)/T| C8 AH° AG°
298.15 |water | 0.000° 69.95f= 69.95 75.19{ ~285.830' —237.141%
steam| 00007 |183.839=| 18383 33.587 | 241814 )| -228.560 )
1800 | water 59.2363ll 259.372)1 200'133)] 49.68% -251.2012 —147.0352’1
steam | 34783 J |250.37 J| 22450 J |a068J|-251.201]] 147035

9 the selected zero points;

" independent of choice of zero point, but different owing to difference in state, i.e.
liquid versus gaseous;

2 independent of choice of zero point and equal, in view of equality of state;

% different values owing to difference in zero point.

109:9 «-quartz - molar volume and compressibility
Molar volume 1 N, - Vipicor = 227 x10° m® -mol”

isothermal compressibility 1.8x10™" Pa’
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109:10 «-quartz - Gibbs energy at high pressure
AG =V AP ~ V P for high pressure and starting from low pressure
=113.5 kJ-mol”
from V=V,(1-xP)
AG = VP (1 -%xP)=108.4 kJ-mol”
4 Y % lower

109:11 the change in Gibbs energy resulting from a change in pressure
G (P)-G(m)=[ V(P)dP

P P( oV
-1 {vn [ (ﬁl dP]dP
etc.
=V(m)(P-m)+ V()P -m) +tv'(m )P -m)

this result is just a Taylor’s series

109:12 bulk modulus
Taking Mg as M, =-V (S—C] , i. e. isothermal bulk modulus, we obtain
T

109:13 forsterite at high pressure
V() (P —1) = 235.8 kJmol™
V(T )(P - m)’ =-6.70
" 3
V' (@m)P-m)’ =0.13

a =sol; B =liq; y = vap
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110 pure substances

110:1 G*T diagrams around a triple point
see bottom foregoing page

110:2 benzophenon, a monotropic substance

G*

L L
20 40 60 t/°C
just a simple calculation:
G" - G* = 16700-52.000 T
G- G =13800-46.200 T
G’ - G* = 2900- 588T
= O0for T = 493K

110:3 a phase diagram analogue

6




350 Solutions

110:4 a negative degree of freedom?

6

110:5 Antoine equation for 1-aminopropane
Atn.b.p. P=760 Torr, so that T=320 K

dinP_ B _ clapeyron) 2H
dT  (T-Cy RT?
i 2
aH = 2RT > =30.81kJmol’
(T-C)

110:6 heat of melting along the melting line
dH=TdS+VdP

=T (asj dT+(§j dP}+V dP
oT )p oP ).

:c,,dT—T(ﬂj dP+V dP
oT )p

H _pc, AL _7[AY ) L av
dP dP oT )p
with Clayperon

:TACP-AV_T(aAV] LAV
AH T Jp
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110:7 vapour pressure over 1,4-dibromobenzene

H° S° G°
t ture 25 °C
emperature (kd'mol™y | (K mol) (kJ-mol™")
standard pressure 1 Pa 74.00 458.57 —-62.72
standard pressure 1 atm 74.00 362.73 -34.15

NB the values shown are of limited significance as Cr influences and the
dependence of G* on pressure could not be taken into account

110:8 monoclinic and orthorhombic sulphur
Hso, —Ho, ~Hgo =-296810
Hso, —Ho, ~Hgn =-297210
AH=Hg, -H, = 400Jmol”
AG=AH-T AS= 75 Jmol”

e FromAG=AH-TAS=0itfollows T =367 K.

e |t follows that o has the lowest Gibbs energy at 25 °C. In other words,
formation properties of sulphur compounds refer to elementary sulphur in
the orthorhombic form.

The answer is —296.81 kJ - mol’

110:9 caesium chloride
by subtraction: A’G =G” -G* =-2900 + 3.91T

transition o — liq B — lig oa— B
temperature (K) 913 887" 742
heat effects (kJ-mol™) 20.116 23.016 —2900°

" minus sign: a is the high-, and B the low-temperature form
" metastable melting point
stability order: B (742 K) o (913 K) liquid

110:10 diamond out of graphite
The equilibrium pressure (P.) at 1700 K follows from
AG (1700 K, P.) = AG (1700 K, 1 bar) + AV (P, — 1 bar) = 0.
Po=4.810° Pa
Let's say, order of magnitude needed, at least 10" Pa. By the way, the value of P,
for 1700 K, given by Whittaker (1978) is 6:10° Pa.
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110:11 heat capacity change from the shape of the arc
Taylor: F = F, + (X=X,) (dF /dX) + Va(X-X,)A(d*F /dX %) + etc.
For F=Inf
F = Fy = -h; at the top dF /dX = 0; (X=Xo) = ¥ b; d°FIdX? = (ACp/R) (Trmax)

110:12 the water arc
Read from the arc, T =297.6 K; h=0.00605; b = 0.000338 K.
With these numbers, Equation (30) gives ACp = —-39.8 JK " 'mol”

110:13 a different arc
See Exc 11; this time the second derivative of Infis given by [2 BT + (AC,/R)]/T2
Read from the arc, © =297.85K; h=0.0512; b=30K.
With these numbers, ACp=-39.7 JK " 'mol™.

110:14 naphthalene: the assessment of a data set
Among the data for vapour pressures over solids, the set of given data are of a
superior quality (see van der Linde et al. 1998); yet the construction of the arc leaves
some space for a subjective interpretation.
For two extreme arcs (having h = 0.065; b = 0.00075 K‘1; and the other h = 0.040;
b =0.00100 K ™) the calculated properties are (SI units):

AG® AH° ACS T (P =800 Pa)
h=0.065 -6019 72500 -86.5 350.76
h = 0.040 -5957 72500 -30.0 349.90

110:15 second-order transition according to Ehrenfest
From d(AS*) =0, the relationship dP/dT = (ACP/T)/(aAV*/aT)p;
From d(AV') = 0, the relationship dP/dT = — (BAV*3T)s/(dAV 18P);

111 chemical reactions and equilibrium

111:1 the strontium oxides
e lowest G for SrO,
e with 1 mol O,: either 2 mol SrO or 1 mol SrO,;
lowest G for 2 mol of SrO
e now SrO has a lower G then SrOy;
with 1 mol O,: 1 mol SrO and 2 mol O,

111:2 Alexander von Humboldt’s discovery
e atequilibrium AG = AG° + RTInP is equal to zero;
AH® =154 kJ-mol’
AS° =139J - K™ -mol”’
e From Equation (007:7):
AG =AG° + RTIn(X,,P) = AH® —TAS® + RTIn(X,, P)

= 154000-139 T + RTIn0.2
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AG is zero for T= 1014 K: up to 1014 K BaO will absorb O, from the air.

111:3 magnesium carbonate
e straight line, passing zero at about 682 K;

e during the whole experiment the gas in the cylinder is pure CO, at 1 bar :
isothermal decomposition at ~ 682 K.

N
N
[e]
[{e]
hlem ] 2 mol gas
80 |- |
- 1molgas
40 |- -
/
| / |
- |
0 | | | |
0 400 800 T/K

111:4 air as a CO, buffer
ApyH® ==115.4kJ-mol”
Ap,S°=-169.2J - K" -mol™
for the reaction MgCO3; — MgO + CO,; the AG is given by (use Equation (007:7))
AG = —AfOXG,‘\j,gCOQ +RTIn(Xgo," P)

the asked temp is the one for which AG passes zero; the answer is 488 K

111:5 the ammonia equilibrium - the role of pressure
e extrapolated value 6.50-10° atm™ = 6.42:10°° bar”
e RTINK =-{ G}y, -3 G7, -3 Gi,| =-AGR,
result A,Gy,,. (723.15K)=30.35kJ-mol*
o data 700: A;S° =-114J-K"-mol”
e taking, for the extrapolation to 723.15 K, A;H° and A,S° constant, then
A;G° =29.76kJ-mol”

111:6 ammonia’s degree of dissociation
In ideal gas mixture for substance B, Equation (007:7),
g = Gg+RTIn(Xg"P)
Xy, =(1=a)/(1+a) Xy, =(% o)/(1+a); X, =(a)/(1+a)

2
RTIn | 323 ol ) e
4 (1-a?) 3
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1
eAfGO JRT %2

/R L (0.7543) P

P /bar — 1 10 100

0.032 0.010 0.003

0.336 0.112 0.036

0.841 0.441 0.154

0.974 0.805 0.394

111:7 vapour in equilibrium with solid salammoniac
There are two equations (equilibrium conditions) to find P and «
dissociation of salammoniac

YA
NP +In {(1‘“)} --1.07393
2+a)

dissociation of ammonia

InP +1In {(%“)A ' (%“)A}= 3.17537
(1-a) (2+a)

solution « = 0.936; P = 3.96 bar;
mole fractions in the vapour phase:
HCI (0.341) NH; (0.022) N, (0.159) H, (0.478)

111:8 dissociation of water at 1800 K

H,O O H, + 120,

relative amounts 1-« a 12 a

mole fractions (1-a) _a 12 a
(1+1/2a) (1+1/2a) (1+1/2c)

%
1 RTINP+RTIn M = 0G0
(-a)(1+1 a)?

this equation most easily can be solved numerically; solution: « = 0.0023

111:9 the simple model - interdependent reactions

dependent reactions
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111:10 virtual experiments related to Figure 3

CcCD DA AB BC
A+B A+B C C 112A+1/2D
A+C 2A+B A+C A+C 3/2A+1/2D
A+D 2A+2B 2C 2C A+D
B+C A+2B B+C D D
B+D A+3B 2B+C B+D B+D
C+D 2A+3B B+2C C+D C+D
111:11 one of Professor Schuiling’s favourites
(A) AlLSi,05(0H), +2Si0; —  AlSi;010(OH), + H,0
(Q) AlSisO49(OH),; + 2 AlLSiOs + 5 H,O —» 3 AlLSi,05(0H),4
(W) 2ALSIi,0(0OH), — Al,Si,05(0H), + Al,SiOs + 5 Si,0
Aa
/
oy 7,
w / \

oI

355

1
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201 mixtures and partial quantities

201:1 partial volumes from densities

Referred to the same amount = 1 mol of water in each of the two mixtures:

wt % alc  nge/mol mass /g V lem?®
72 1.00621 64.2857 74.1387
73 1.05797 66.6666 77.0980

An,,, =0.05176 mol AV =2.9593 cm®

V.. z[ av j =57.17 cm*-mol”
ANge ),

alc

201:2 from integral volume to partial volumes
2

Vi=Vs+C—T6
(ny +ng)

2
Vp=V5 +C— A
(ny +ng)

201:3 zeroth degree homogeneous functions

From dV = V, dn, + Vg dng it follows [BVAJ = (6\/,3} (a)
Ng ony,

From ngdVy+ngdVg=0itfollows n, % +ng % =0 (b)
ony, on,
Substitute (a) in (b) and there you are!

201:5 molality(m) makes it easy

Vg = v which in this case is simply av realizing that, in the definition of
ong TPm0 dm

the system, the amount of water is constant
V; =(a+2bm+3cm?)-mol”
Next, Vo follows from V =ng-Vg + 0 Vi 0

Vi,o =18.015x10° (V° —b-m? —2¢- m®) - mol”

201:6 partial volumes of sodium chloride and water in their liquid mixture

m \S/NaCI . Vi0 :
cm® -mol cm?® -mol™
0 174 18.05
3.0 21.6 17.94
6.01 23.0 17.84
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202 the open system, chemical potentials

202:1 the ammonia equilibrium from different angles

NH; |=| %N, |+| % H
Ng 1-a Yo %a
1-«a Ya Ya
Xs 1+« 1+« 1+«

1ty = GS +RTIN(X,P)

G= ZB”BWB , which gives rise to (P being 1 bar)

e (a)

:(17a)AfG,‘QH3 +%G,‘\’,2 +% Gf,zo +RT{(1-a)n(1-a)+ Yaln(Ya)+ Y ain(¥a)

-(1+a)in(1+a)}

357

where G,‘\’,2 and G,‘_’,2 are arbitrary constants, which in the following are given the

value zero.

. (b ZBVB'NB = yZﬂNz +%NH2 = Ky

= —AfG,?,Ha + RT{% In(Ya)+%In(3a)-In(1-a)-In(1+ a)}

NB function (b) is obtained when (a) is differentiated with respect to a.

All mixtures of (1 — @) mole of NH3, 2 «
mole of N, and 3 « mole of H, can be
prepared from 1 mole of NH3. Therefore,
« is identical with the “classical” degree
of dissociation. Its equilibrium value
corresponds to the minimum in the plot
of G versus a. For T=400Kand P =1
bar this values is 0.33.

202:2 the electrochemical cell
A:S° =-163.30 JK " 'mol™
AG° =-285830 + 163.30 (T /K)
E(taken positive) = 1.23 V

schematically

G

ZgVp Hp

At increasing temperature the Gibbs energy change becomes less negative; the

temperature coefficient, related to the entropy change, is —-0.00085 VK.

At increasing pressure the Gibbs energies of the reactants increase substantially
more than the Gibbs energy of the product: the Gibbs energy change becomes more

negative and, as a result, the emf increases.

The reversible heat is the product of temperature and entropy change

=-48689 Jmol™; heat is given off.
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202:3

203

203:1

Solutions

the influence of gravity

From the cross-differentiation identity, the change is given by the change of Mg with
ng, the amount of B. This is Mgg, where Mg is B’'s molar mass.
The function recipe is ug = Gg + RTInP + Mg-gh
From one layer to the other:

dug =RT-d(InP)+Mg-gh=0;
with pressure P at altitude h, and pressure P° at h = 0, upon integration and after
rearranging the expression, Equation (002:7) is obtained.
NB:
In atmospheric reality, not only the pressure of the air, but also its composition
changes with altitude, and not to forget temperature.
A better reflection of the atmosphere is a two-component system, for which the
gravitational term has to be added to Equation (5)
Neglecting the role of temperature, you could calculate the change in altitude as a
result of which the percentage of oxygen in a mixture with nitrogen falls from 20% to
19%. Realize that there are two conditions with terms in dP, dX and dh; you can
solve the two ‘unknowns’ dX/dh and dP/dh.

change to molar quantities. Molar Gibbs energy

integral molar quantities are zeroth degree homogeneous functions
Make use of the properties
A) Z,= z and
n,+ng
®) _ n,Z,+ngZg
n,+ng

Zm
n, 9y ng %n \when applied to (A) gives
on, o

Ng
R " S N D N B S -
Alna+ng ony (ng+ng2 | Clna+ng ong (n,+ng)?
:nA-ZA+nB-ZB_ V4 —(B)-(A)=Z, -Z =0
N, +ng N, +ng moom

203:2 recipes for partial quantities in a ternary system

(dZ)T,P =Zpdna+ Zgdng + Zc dne (|)
V4 =np-Za+tng-Zgt+tng-Zc ()
change into (dZp)rp = (Zg — Za) dX + (Zc — Zx) dY  (I')
Zn =(1-X-Y)Zy+XZg+YZ: (I
oz,

from (I'): W:ZB -Z, ()
0z, .
2y =Zc=Zy (V)

Z,, Zg and Z¢ can be solved from (II), (1II') and (IV’).
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203:3 a Gibbs-Duhem exercise

Gibbs-Duhem: (1—X)%+X%:O;
oX oX
from given Z,(X): %—QOX'
g AT ax T ’
so that %:20(1—X)
X
X<Xoz
and Z, (X)=Z5 (X=0)+ [ Z=Ldx
X=0 X
=0 +20 X -10 X? ;

Z, =(1-X)Z,+XZ, =8-8X+10X%.

203:4 water + methanol: volumes, integral and partial
A

H,0 CH,OH
1.334
10}
AV, b -0.70
3 -1 ]
cm -mol
0.0
0O — X 1

for X = 0.591:

V4 = 18.047 — 1.33 = 16.72 cm*>mol”

Vg =40.46 — 0.70 = 39.76

check: 0.409 x 16.72 + 0.591 x 39.76 = 30.34
in agreement with the value given in the table

203:5 the ideal mixture
G=-4808J

204 the ideal mixture

204:1 a Gibbs-Duhem exercise
Yes itis:
from u, =G, +RTInX, =G, +RTIn(1- X)
it follows - Gibbs-Duhem - that
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(2e) AT
X )rp X

so that (T P constant)

x=xRT
(X = X) = ug(X =N+

—dX Gg +RTInX

204:2 mathematical analysis of a function

205

205:1

T

P 1
L S
X 1-X X(1-X)

non ideal behaviour. Excess functions

ideal or not?

Solutions

Not necessarily: GFis composed of HE and SF; (in GF=H - T-SE) HE and T-SF

may compensate each other;
in a really ideal mixture all excess properties are zero

205:2 Gibbs-Duhem and activity

Uy = 15 + RT Ina,
ug = 158 L RT Ina,
da,  X-a,
da,  (1-X)-a,

a, increases when ag decreases and vice versa no matter the choice of standard

states

205:3 NaCl’s activity in saturated solution

Saturated solution corresponds to

lig sol .
Hnaci = Hnac »

substitution of x - recipes:
sol lig *sol .
Grogy +RTIna o= Gy3d

asaresult all =1.

205:4 equality of activities

Equilibrium between phases o and B containing B; condition xg = uf ;

function recipes in terms of activities in terms of activities:
ug = u + RTInag

ut :/4;'5’ +RTInaf;
it follows a2 =af .
NB this is what is done with fugacities; see Prausnitz et al., 1986.
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205:5 heat of mixing and activity coefficients
The molar Gibbs energy of mixing {(1 — X) A + X B} is given by
AnG=RT {(1-X)Inf,(1- X)+ X Infz X}
The reaction for A,H follows from the general property
o6(G/T) _H
{7}” T

205:6 a convenient formula
SF = Axm- X)[1+B(1-2X)] = H®
] ]
cE=0

uf :A(ngxz [1+B(3-4X)]=RTInf,

ut =A(1—8(1—X)Z[1+B(1—4X)]:RTln f,

205:7 alcohol is mixed with water - a classroom experiment
The cylinder contains 2.85 mol of water and 0.835 mol of alcohol, the mole fraction of
the latter being 0.23.
The enthalpy effect, the heat of mixing is negative: after mixing the system gives off
heat to the surroundings, to go back to room temperature. The volume change on
mixing is also negative.
The temperature t, the mixture would have if the heat of mixing were zero follows
from

2.85x (t,—19.2)x 75.3 =0.835x (21.9 - t,) x 111.5 — 1, =20.0 °C

The heat capacity of the homogeneous mixture, assuming C,f =0,is

(2.85x 75.3 + 0.835 x 111.5 = 308) JK ™.
The enthalpy effect is
—(27.3 - 20.0) x 308 J; molar excess enthalpy H* = — 0.61 kJ'mol ™.
VE=-1.1 cm®*mol”

206 magic formulae

206:1 volume properties of supercritical carbon dioxide
V =0.20287 dm*mol”
x=0.0275 bar”
a=0.0143 K"

206:2 Van der Waals and Helmholtz
From dA =-SdT - PdV: (6AloV)r = — P, which means that the curves given
correspond to the derivatives of the curves asked for, with opposite sign.
In all cases A decreases with increasing V. The PV curve for T < T¢ gives rise to an
AV curve with two points of inflexion.
These two points coincide for T = T¢ and are absent for T > T¢.
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206:3 critical coordinates from Van der waals constants
Tc, Pc and V¢ can be solved from the three equations

A P=VR%—%
oP RT 2a
@ [Wj “ oo vl
(3) azi = 2RT _@:
ov? ) (v-by® Vv*

206:4 minimal Helmholtz energy

_ V
Q is the intersection of the line V = Vg with the double tangent line; the lowest
possible A the system can reach is represented by Q and corresponds to
equilibrium between two phases (I) and (ll) of which the molar volumes are the
abscissae of the points of contact;
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206:5 critical temperature for a model system

206:6 spinodal and critical point for a given function
R Topin (X)=2AX(1-X)[1+3B(1-2X)]

(9B+1)—+ 27 B? +1

207

207:1

_ A®
° " A+2RO

X

yes, if the condition 2RO <|A| is satisfied

°c = 18B

dilute solutions

the ideal isothermal vaporus

from (P, =) X**-P = X"-P2  Equ (17)

and (P, =) (1- X" yP = (1- X" )P?

it follows, on elimination of X",

P(Xvap)_ P:PBO

XYY+ (1- XY} P

this is a part of a rectangular hyperbola

207:2 Raoult, Henry, and Gibbs-Duhem

In the vicinity of X = 0, say for 0 < X < a with a <<1, ygis given by

R T In X + constant.
From Gibbs-Duhem, i.e. from

(- x)%Jr N
oX oX

it follows (1 X) 2“4 L RT 0.
oX

So that Ok _RT __ RT _ Ok .
X (1-X) X, X,
Let X, <(1-a), then
Xa=Xa RT .
= 114X, :1)+jX::1 "X—AdxA =G, +RTInX,

=G, +RTIn(1- X)

363

the amounts of the phases (l) and (Il) are b / (a + b) mole and a / (a + b) mole,
respectively.
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207:3 the activity coefficient

207:4 the solute’s chemical potential
We know that the chemical potential of B (ygq) in the “solution phase” has to be

equal to the chemical potential of B in the gas phase (u5™*); the latter is
P =G +RTInP;
asaresult u =G5 +RTInP;
substitution of Henry’s Law:
uy' =Gg"® +RTIn(mg/k)
=constant+RTInmjg
=4l (m=1)+RTInmg
=Gy" +RTInmy

207:5 a strange question (?)
This is almost a trick question: the differential coefficient (U /on;) under the
conditions given is the chemical potential potential x .
The difference, taking the ideal dilute solution, is — R T AX = - 24.8 J-mol”

207:6 a trigonometric excess function

E
Ota | _ a,n’n® X sinnnX
oX

which is zero for X =0

207:7 the ideal solution’s quantities

Gy = s =G, +RTIn(1- X) Gg = g =G +RTInX
S, =S, -RIn(1-X) Sg =S5 -RInX
H,=H, Hg = Hg

V, =V, Vg =Vg

G, = (1- X)G, + XG§ + RT {(1- X)In(1- X)+ XIn X}
S, =(1-X)S, + XSg-R{(1- X)In(1- X)+ XIn X}
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H, =(1- X)H, + XH}
V, =(1- XV, + XV¢

208 the solvent laws

208:1 the solute is present in both phases
Equations of the type G,* = G,” — RTX will change into G,* —-RTY =G,” -RTX,
as a result of which the effect, such as (AP/P;) will stand in relation to (X - Y)

instead of X ; and eventually may change sign (when Y > X).

208:2 chemical potentials of A in liquid and vapour versus pressure

0
A vap
A T=T,
) substance A
lig In reality for straight
| lines: w4 preferably
I against In P
|
|
1 » P
P(T=T),)
Ha vap 1, + non-volatile va
y subst. P
A A
T>T,
) liq
T 1
A A 1 /_ li |
17 _ ALY
|
|
a I
| ;I » P < } » P
PAT>T,) Py

changes with dashed lines
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208:3 chemical potentials of H,0O in liquid and vapour versus temperature

N
0 N\
Uy o \\

lig

elevation
vap
N
BN iq
| N i addition of argon:
y | AN vap lowering
T 1 Temp
100°C
208:4 the molecular formula of a hydrocarbon
2
X =2P 000874 = — M g 177
pP° %’12 + 10%8
177 g contains  167.08 g carbon - 139 - 14
9.91 g hydrogen — 99 o> 10

formula Cq4H+o
for instance anthracene

208:5 the molar mass of the solvent

AH,

. X =-AT > =0.00868 with M; =78

T2

from which M, is calculated as 178
X= =0.01112 with M; = 100
M, is calculated as 178
. the answer is “yes” !

lig i higher pressure:
| elevation of equil. temp

ii  addition of salt:

Solutions
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208:6 initial slope of solidus

The result, indeed, is in full agreement with the calculated solidus in Figure 213:4

208:7 the intervention of a foreign gas
The liquid is put under pressure: its u, increases, because of (6;1A/6P)T =V,.

The u, of gaseous A has to increase; this can be done by “sending” more A into the
gas phase: the partial pressure of A increases.

208:8 an equation for the relative change in partial pressure

increasein 4§ :  V,"""P  (=a)
P+ AP, AP
changein 4 :  RTINAT2TA _RTSiA (_p)
Pg Pg
from a=b
APy i, P
Py RT

if \**% is the volume of the gas phase, then V9*° = n9*° RT as a result

*lig
APA — p9as VA

o gas
P, 74

209 the solute laws

209:1 the Kritchevsky-Kasarnovsky equation
. mB": molality of B in solution in equilibrium whit gaseous B whose
pressure is P;
mjg: likewise, gaseous pressure P%
Vg : partial volume of B in solution phase.
e recipes of g/'s: uf* =Gg"* +RTInP
4l =G3"™ + RTInmg +V2(P-P°)
~Vg-P for P>> P°

substitution of recipes in equil. condition (u = ug):

under high pressure P: G3" + RTInm{, +V2-P =G5** +RTInP"

atlow pressure P°:  G3" +RTInmj = G§"* +RTInP°
my P o
RTIn—- = RTIh—-VgP
mg P
ms _ F;) o VB IRT)P
mg P°

e ) only this P can be replaced by fugacity.
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209:2 helium in deep ocean water
NB helium’s molar mass is unnecessarily given.
e 10 ml of ideal gas at 25 °C, 1 atm is an amount of 0.0004 mol; this amount
dissolves in 1 kg water:
mf, = 0.0004 mol-kg™
e P is about 800 times P°
mb, = mS, - — e “%!RP =012 mol - kg

mf, ~300mg,

209:3 calculation of molality and Gibbs energy

a) G;* =G5+ RTInm™ = m* =0.100 mol kg
X = 0.0099
b) 1l =G, -RTX =-1025
4N =G+ RTInm™ =-2500 (=still G;*)

GM = (1- X)ul + Xy = -1040 J-mol

209:4 simultaneous saturation?
The answer is yes.
The partition of B over the two liquid phases | (mainly A) and Il (mainly C) is
“controlled” by

up =g (1)

The equilibrium between solid B and (saturated) liquid | implies
sol !

Hg = Hgp (2)

From the combination of (1) and (2) it follows that | and Il will be saturated at the
same time; see also Exc 006:12.

209:5 a system for storage of thermal energy
f=M [T! m] -N [/‘decah. = Happ, +10 Hr,05 /llflglzso,, = #ﬁaﬁ‘gg‘, :| =2-2=0
Make a plot of Inm versus 1/T: two straight lines can be distinguished; from the

difference between the slopes the heat effect is calculated as about 58 kJ-mol”.The
point of intersection of the two lines is at about 32.5°C

209:6 mixing of salt and water
The source of the effect is the heat of solution. Apparently, the compiler of the table
in question did not give attention to the solubility of the salts. If the solubility is less
than 50 g per 50 g of water, it may happen that the fall in temperature with less
than 50 g of salt is greater than the figure in the table - owing to the fact that the
heat capacity of the combination is lower than in the 50/50 case.
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210 ideal equilibria

210:1 deviation from ideal vapour pressure
In Scheme 2 insert the excess part of A’s chemical potential in the liquid phase.
Next, with the modified chemical potential(s), repeat the route from Equation (1) to
Equation (3). The diagnostic formulais 2=4 R TIn (P / P*)

210:2 like and unlike
Methanol (A) + 1-propanol (B) Q = 161 J'mol”
Isobutylalcohol (A) + toluene (B) 2 = 2948 J-mol”

210:3 entropies of vaporization from phase diagram data
Equations
(1= X"y = (1= xvo° )exp{As;(T,f - T)/RT}

X" = X exp{ASy(Tg ~T)/RT|

mean values found AS, =9.54 R
AS; =9.80 R

210:4 point of inflexion in ideal liquidus

X _ X[As;-rjj1[As;-T; _2]

d7? R )73 RT
*.T0
point of inflexion if AS“iTA—Z =0
RT
* .70
ie.for T = ASA T
2R

and this Tis < Ty if (AS,/2R)<1

210:5 solubility of anthracene in benzene
Anthracene (A) + benzene (B)
condition 5 = 4
substitution recipes, assuming ideal liquid mixing:
G,*(T)=G,(T)+RTInX,
RTINX, =-AG,(T)=AS (T -T¢)
X =0.0106; 1 mole per cent.
NB This is equivalent to calculating the anthracene liquidus in the system
anthracene + benzene.
Observe that the same result will be obtained for any B that mixes ideally with A.
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210:6 from TX to PX
A =n-pentane B = n-hexane

normal boiling points T, = 308.75K Ty = 341.15K
heat of vaporization AH, =2945 R - K AHp =3343 R-K
equil. vap pressures at 60°C with Clapeyron’s equation:
P; =2.01bar P; = 0.79bar
2.0 L
Plbar
1.0
\
o —= X 1

210:7 narrow two-phase regions?
Assuming ideal-mixing behaviour in each of the three forms one can write, e.g.,
G + RTIn X" =G + RTIn X"
hc * *

which gives rise to In X ﬁp _AGy _ASy (T-T2).

X" RT RT
At the three-phase equil. temp (1456°C) X" is about 0.45, as a result X"* is
calculated as 0.476.
This is really a borderline case of drawing a phase diagram with open two-phase

fields.

210:8 heteroazeotrope
Thermodynamically, the case is analogous to the simple eutectic phase diagram,
Figure 3. The answer is found by means of Equations (18) and (19). The
temperature of the heteroazeotrope given by the Handbook is 84.1 °C.

210:9 the ortho and para forms of H,

e Boiling points: para 20.28 K; ortho (by extrapolation) 20.44 K.
Mole fractions at 20.36 K: vapour 0.4947; liquid 0.5053.

e The introduction of the catalyst has no influence: equality of chemical
potentials was already realized by the liquid+vapour equilibrium.

e The set M contains five variables: pressure, temperature, and, for each of
the three phases, the mole fraction of ortho.
The set N shows five signs of equality between the six chemical potentials:
(ortho sol =para sol) = (ortho liq = para liq) = (ortho vap = para vap).
The system is invariant: f=M-N=5-5=0.
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211 non-ideal systems - geometrically

211:1 validation of linear contributions

AG" G/ (X/=X/y+C. Xl _G* (X = X?)-C-X? AG |

A X X! - Xx¢ A X

(aG""] (86“]
~ = ~ +C
X )y e \OX )ya s

oG'”* _(oG” L0
ox” lax?
xP = xf xP = xp

if the original functions G* and G” satisfy the conditions for XZ and X7, then the

functions G and G” will also satisfy the conditions for X and X”

211:2 from G-curves to phase diagram

211:3 metastable extensions
For instance for the situation below the three-phase equilibrium temperature

the metastable equilibria the stable equilibrium

The points of contact, on the G curves of a and B, of the “metastable common
tangent lines” have inward positions with respect to the points of contact of the
‘stable common tangent line’.
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211:4 isothermal solid+vapour equilibrium

S,+S,

0
NB See also Figure 006:2.

211:5 phase diagram for given ROD and EGC

X 1

211:7 phase diagram for EGC and two ROD’s
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211:8 overlapping two-phase regions

i
tangent p
lines

See also Exc.005:6

211:9 the system formulation for a symmetrical binary system

L
F=MI[T, P, XN - N[Gp* = G (3G"/oX)=0]=3 -2 =1

211:10 azeotropy and Gibbs-Duhem
After subtraction:

(1= X)] dpe® —dud? |+ X[ dp™ —dpf |+ (8" - S"9)dT =0
Along the liquidus and the vaporus A’s chemical potentials change, but invariably
have the same value: the difference between the changes in vap and lig, as a

result, is zero (same for B’s potentials). For the special case of equality of
composition, therefore, dT = 0.

If the compositions are not equal, one has, after subtraction, for A’s potentials

(1= X" )d@ —(1— X" )d % , which is not equal to zero.

212 non-ideal systems - analytically

212:1 spinodal and binodal for a trigonometric excess function
RTein (X)=4-Cn?X(1-X)sin2n X
binodal points at zero Kelvin: X' = 0; X" = 0.715
Tc=948.5K; 0.75 To = 711 K: X' = 0.132; X" = 0.469; X = 0.298
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212:2 small solid-state solubility

Solutions

A B Xg X,
NaCl + KCI 0.042 % 0.56 %
NaCl + RbCI 16 ppb 6 ppm
212:3 conditions imposed on excess enthalpy and entropy
ucp A>0 (positive excess enthalpy); A/6> -2R
lcp A<O0 (negative excess enthalpy); A/l6< -2R
212:4 ‘re-entrant region of demixing’
TIK | @/2RT st H®
B 7 R-X(1-X) | RK-X(1-X)
- R 600 | 1.300 -7.40 -2880
n . 1.125 -5.55 -1815
n 4 500 | 1.000 -4.00 -1000
n | 0.925 -2.75 —405
B i 400 | 0.900 -1.80 0
| i 0.925 -1.15 245
/ 300 | 1.000 -0.80 360
0 —>» X 1 1.125 -0.75 375
200 | 1.300 -1.00 320

w=(5-0.016 T+ 0.00002 T°) RT
The excess heat capacity is given by — X(1-X) ‘RT " (2b + 6¢T)

212:5

212:6

indirect evaluation of heat of mixing

InP vs. X diagram:
T vs. X diagram :

HE (X=0.4; T~323K)=-1783 J-mol’”

GE(X =04; T=308.35K) =-577 J-mol”
GF (X =0.4; T = 337.5K) =-463 J:mol”

isothermal EGC for change from solid to liquid

'DEGC(X):

1 X)Pg-AV, + X-P3-AVj
A A B B +

GE sol (X)

(1= X)AV, + XAV,

(1= X)AV, + XAV,
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212:7 types of phase diagram

type of EGC absence of ROD presence of ROD
0 [0] [P]
+ [+] [P +]
- -] le] [-p]
-+ [-+] le+][-p+][p-+]

For details, and a further extension, see Oonk and Sprenkels (1969)

212:10 the pressure above which mixed crystals are stable
AA’s value is 13 kJ'mol ™.
The EGC in the PX plane runs from —1.07 kbar at X = 0, through its maximum at
X =0.535; P=23.87 kbar to P=0.00 kbar at X = 1.
The stable part of the phase diagram is above P = 0; at the NaCl side, the EGC
intersects P = 0 at X = 0.062, the compositions of the coexisting solid and liquid
phases being about 0.03 and 0.11, respectively (see Exc 213:6).

212:11 heat effects derived from phase diagrams
D, and L, heat of melting about 19 kJ'moI'1;
DL (composed of 0.5 D and 0.5 L), heat of melting about 28 kJ'mol™;
Heat effect of racemization : (-56 +38 = —18) kJ'mol™.

212:12 a rule of thumb for minimum azeotropes
The absence of a minimum is equivalent to the property that the EGC emanates
from the lower boiling point, which is the boiling point of the first component, with a
positive slope. It implies that Q may not exceed a certain value. The non-
interference of the region of demixing comes down to a second condition, which is
0 <2RT, .

213 non-ideal systems — numerically

213:1 Chanh’s data set
g:= (19729 — 9.13853 T /K) Jmol™"; and g,/g,= 0.2.
This result is quite close to the real properties.
The last sentence could be rephrased to “Generally, and in general terms, TX
phase diagrams are capable of providing the true Gibbs energy function for their
mean temperature, but not - or only exceptionally, and probably depending on the
structure of the data set and the mathematical model used - the precise change of
the Gibbs energy with temperature”.
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NB. For the data set by Bunk and Tichelaar, Table 2, a physically realistic solution
is obtained in terms of the model with three h and two s parameters (Oonk 1981).

213:2 excess function constants from critical coordinates
a, = (-1+6X-6X?)/[4X°(1-X) |, &, =(1-2X)/[12X*(1- X)* |, where X is

short for X¢.
The uncertainties in g, and g,reach values of 1 kJ-mol™”.

213:3 analytical check
RTInX" = RTIn X* — AHy + TAS, +(1- X* [ 2135 + 429(1- X*) | Jmol .

The mean absolute difference between the calculated mole fractions of the liquid
phase and those in the first column of Table 4 is just 0.0012.

213:5 elementary analysis of isothermal liquid+vapour data
In rounded values: g,/RT=0.36; g,/RT =-0.10; Ap =1 Pa; Ax=0.006

213:6 an application of LOOP
0.0273 (solid) and 0.1128 (liquid).

213:7 an application of ROD
Starting values 0.005 and 0.968; final values 0.00505 and 0.96795.

213:8 unilateral region of demixing
RTyin(X) = BX(1-X)""(2n-nX-n’X); the critcal mole fraction follows from
dTin /dX=0, which gives rise to an equation which is quadratic in X.

213:9 unilateral ROD in SiO, + MgO
n = 3.5; B(2240 K) = 40.2 kJ'mol™; B(1987 K) = 52.6 kJ'mol”; points of contact at
double tangent X' = 0.021; X" = 0.402; h = 150 kJmol™"; s = 49 JK " 'mol™.

213:10 an amusing side-effect

Obviously, in the vicinity of the two maxima there are two regions of demixing,
separated from one another. The inner boundaries of these two ROD’s, the inner
parts of the two binodals, intersect at a temperature above the spinodal’s
intermediate minimum. That temperature is the one at which three phases are in
equilibrium. Below the three-phase temperature the stable equilibrium is between
the two outer phases.

Instructive GX sections, all having four points of inflexion, are for the three-phase
temperature, and for temperatures just above and below it.
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Liquid + Liquid + Solid
Liquid + Liquid + Vapour
Liquid + Solid + Solid
Liquid + Solid + Vapour
Solid + Solid + Solid
Solid + Solid + Vapour
Liquid + Liquid + Solid + Solid
Liquid + Solid + Solid + Solid
Equilibrium conditions
see also A priori equil. cond.
see also Set N of conditions
Equilibrium constant
change with pressure
change with temperature
Equilibrium curve in PT diagram
Equilibrium vapour pressure
Euler’s criterion
Euler’'s theorem
Eutectic three-phase equilibrium
Eutectic type of phase diagram
Eutectoid
Excess chemical potential

Excess enthalpy; see also Heat of mixing

Excess entropy
Excess Gibbs energy
Excess heat capacity

Excess volume; see also Volume change on

Expansion coefficient
Expansion of ideal gas
Extensive quantity

Subject index

268ff, 279, 284ff, 296, 302ff
287ff, 296

284, 286, 296, 308

92, 123, 126, 137, 146

3ff

128ff, 138, 192ff, 230

18, 52, 60, 63, 72, 290ff, 314

4, 43ff, 53, 54, 57, 68ff, 72, 74, 132,
137, 257, 303ff

6, 10, 15, 18, 19ff, 25, 26, 27, 31, 40,
42ff, 52, 61, 64ff, 72, 73, 138, 158ff,
165, 234, 254, 265ff, 276, 278, 284ff,
296, 312

33, 43ff, 166, 294, 304ff, 311

62, 72, 158ff, 165,167

50

66, 277

38, 39, 49, 50, 53, 68, 74, 277

8, 27,38

38, 50

62ff, 276

278

69

7, 77ff, 168ff, 193, 203

78ff, 160, 177

84

79

134, 151ff, 169ff

15, 38, 158ff

91

186, 191, 204

45, 49, 50, 271ff, 288

45, 258

50

213, 216, 235, 281, 305
209, 212, 220, 221, 280, 295
212, 280, 295

212ff, 220, 279ff, 300ff, 314, 315
293, 295

213

104

101ff

184



Subject index

Extra interaction
Extraction

Fahrenheit temperature

First Law of Thermodynamics
First-order transition

Fixed point

Form

Formation property
Fractionating column

Free energy; see Helmholtz energy
Free enthalpy; see Gibbs energy
Freezing point depression
Fugacity

Function of state

Fundamental equation

Gas constant
Gibbs-Duhem equation
Gibbs energy
as characteristic function
as criterion for equilibrium
- change with pressure
- change with temperature
Extrapolation of -
Molar -
- of ideal gas
Gibbs energy of formation
- from the oxides
Gibbs energy surface
Gibbs energy vs. mole fraction diagram
Gibbs’s Phase Rule
Gibbs triangle
Glass transition
Graphical integration
Gravitational work

Heat

Heat capacity
- at constant pressure, Cp

change with pressure

- at constant volume, C,
- change
Relation between C, and Cp
Specific -

Heat-capacity plot

393

42ff, 293
72

18

94ff, 121

34

11

28

109, 110, 111, 141ff
66, 72

238, 258
137, 250
94, 97,113
121ff, 198

12, 89, 115, 222

186, 191, 198, 205, 210, 220, 236
121ff, 142ff, 206ff, 211ff

123, 126

130ff, 201ff

139, 142ff, 152

139, 142ff, 152
142ff, 148, 149, 150

131, 1971f, 281ff, 300

131

137,142

111,176

151

201ff, 207, 212, 215, 218, 226, 263ff
22

50, 59

35

118

196

93ff, 97ff

34, 97ff, 126

98, 100, 124, 143
126

98, 124

162, 166

102, 127

98

35



394

Heat effect

Heat of combustion

Heat of melting

Heat of mixing

Heat of reaction

Heat of solution

Heat of sublimation / vaporization
Heat of transition

Heat pump

Heat theorem

Helmholtz energy

Henry’s Law; - constant
Henry’s Law region

Hess’s Law
Heteroazeotrope
Heterogeneous chemical equilibrium
Heterogeneous equilibrium
High-pressure form
High-temperature form
Homogeneous function
Homogeneous mixture

Ideal dilute solution
Ideal equilibria
Ideal gas

Ideal-gas equation

Ideal-gas mixture

Ideal-gas temperature / thermometer
Ideal mixture

Idealized model / treatment
Imperfections in phase diagrams
Impurity

Inflexion point

Integral molar quantity

Integral volume

Integrating factor

Intellectual device

Intensive variable / property
Interaction between molecules
Interaction parameter

Intercept of tangent line
International System of Units
International Temperature Scale
Invariant equilibrium

Invariant point

Invariant triangle

Subject index

31, 78ff, 82, 97
112

34, 115, 165, 215, 239
9, 209, 220, 221
82, 85, 107ff, 141
251

34, 82, 158ff

143

104

115

121, 123, 138, 229, 230
234ff, 246

234

108

262, 297

80ff, 134

6

29

30

186, 188, 192, 204
190

231ff, 236, 237ff, 245ff
252ff

12, 31, 89, 92, 93ff, 101ff, 113, 131,
136, 145, 206, 222
12, 89ff, 241

206ff

12

205, 206ff, 208ff, 219, 222, 252ff
31, 82, 158, 253

55

65, 68, 72, 74

258, 260, 281

198, 204

185, 187

91

24

10ff, 77

41ff, 222ff

223, 259

199

13

12

28

172

51



Subject index

lonic radius

Irreversibility

Irreversible change
Isobaric circumstances
Isochoric change
Isodimorphism

Isolated system
Isopolymorphism
Isothermal circumstances
Isothermal compressibility

Joule’s experiment
Joule-Thomson coefficient

Kinetics
Konowalow’s rules
Kritchevsky-Kasarnovsky equation

Lambda transition
Lever rule

Linear contribution
Liquidus

Liquidus equation
Liquidus surface
Lower critical point
Low-pressure form
Low-temperature form

Magic formula

Magnetic transition

Mass fraction

Maximum in phase diagram
Maximum number of phases
Maxwell relations
Mechanical equilibrium
Mechanical potential
Melting curve

Melting point

Mercury thermometer
Mesostate

Metastability

Metastable boiling point
Metastable equilibrium
Metastable extension
Metastable form
Metastable melting loop
Metastable melting point

44ff

32

32, 117, 128ff

23, 41ff

332

48

116, 128

48

23, 41ff

104, 124, 145, 150

101
126

141, 168
47, 55
250

34

24, 25, 69, 202

214ff, 226, 264, 275, 282, 299ff
42, 211, 252ff

253, 255, 259, 260, 290, 292, 296
21, 52, 69

282

29

30

222ff, 231, 279ff
34, 40

15

42,64

28

122,125

3ff

3, 30, 113

7,30

115

81

32

32,153

38

32, 38

32, 38, 39, 50, 56, 155, 174, 276
32,141, 153

49

32, 49, 153

395



396

Metastable transition point
Metastable triple point
Metastable two-phase region
Metatectic

Microscopic configurations
Minimum in phase diagram
Minus one identity
Miscibility gap, see Region of demixing
Mismatch in size

Mixed crystals

Molality

Molar Gibbs energy

Molar mass

Molar quantity

Molar volume

Molecule

Mole fraction

Monatomic ideal gas
Monotectic

Monotropism

Mother liquor
Multicomponent mixture

NaCl-type of structure

Natural variables

Natural zero point

Nernst’s distribution / partition law
Neutral interaction

Non-ideal dilute solution
Non-ideal gas

Non-ideal mixing

Non-ideal mixture

Non-ideal systems
Non-stoichiometric compound
Normal boiling point

Normal freezing point

Number of components
Number of degrees of freedom
Number of phases

Open system

Optical antipodes; Pair of -
Optically active substance
Orientational freedom
Osmotic coefficient
Osmotic laws

Osmotic pressure

Subject index

153

38, 154
49

50

115

42, 64
124,126

44

43, 49, 70, 297
72,233, 250

82, 192, 197ff, 263, 281ff, 300
13, 15, 183, 244

197ff

30, 183ff

28

15, 41ff, 185, 192, 197ff
99, 118

50

33, 39, 156, 164

74

16, 184

43

122, 130, 192
11, 115, 139

63, 247

41ff, 64

233

222

211ff

222

263ff, 279ff, 299ff
48

11, 38

11,37

22ff, 83ff

21ff, 83ff, 2371f, 245ff, 252
22ff, 83ff

190ff

35,47, 64, 278
35, 47

32

234

242

240



Subject index

Overall composition
Overlapping two-phase regions

Partial derivative

Partial differential

Partial molar Gibbs energy
Partial molar quantity

Geometric representation of -

Partial pressure
Partial volume

Partition / distribution; - coefficient; - law
Peritectic type of three-phase equil.

Peritectoid
Phase

Phase diagram; see Equilibrium between

Phase diagram analysis
Phase diagram calculation
Phase rule

Physical significance
Plastic crystals

Plate number

Point of horizontal inflexion
Point of inflexion in G-curve
Polymorphism

Power series

Pressure

Pressure coefficient
Pressure units

Principal law of hydrostatics
Principle of minimal Gibbs energy
Pure substance

Quasiracemate

Racemate, Racemic compound
Raoult’'s Law

Raoult’s Law region

Reaction energy / enthalpy
Reciprocal system
Redlich-Kister expression
Re-entrant behaviour

Region of demixing

Reversibility
Reversible change / experiment
Richard’s rule

397

24,264
44, 49, 58, 278

89ff

90

191

183ff, 190ff, 205
199

78

183ff

63, 72, 160, 247
49, 50, 274, 275, 288
50

6, 19ff, 28

304ff
299ff

22ff, 83ff

306, 311

32

66, 72

296

226, 281

32, 155ff

232

3ff

124

14

15

130ff, 201ff
28ff, 151ff, 231

47

47,271, 273
46, 234ff, 238
234

108

58

214, 299ff
33, 295

43, 60, 224ff, 268ff, 277, 302ff, 311,
314

32
93ff, 113, 121, 190
34, 256



398

Sackur-Tetrode equation
Saddle point
Saturated solution
Saturation
Schreinemakers’s rule / theorem
Schreinemakers analysis
Second Law of Thermodynamics
Second-order transition
Separation
Set M of variables
Set N of conditions
Simple eutectic diagram
Simple model for unary systems
- for chemical reactions
Single-phase field
Sl-unit
Slope of curvein PT phase diagram

Slope of curve in PX/ TX phase diagram

Solid-state miscibility / solubility
Solidus

Solubility curve

Solubility in deep-ocean water
Solubility of gas / solid in liquid
Solute

Solute laws

Solvent

Solvent laws

Spinodal

Spinodal equation
Spontaneous change
Stable form

Stability diagram

Stability field

Standard Gibbs energy change
Standard pressure
Standard state

Stationary point

Steam distillation
Stepwise distillation
Stirling’s formula
Stoichiometric coefficient
Storage of thermal energy
Substance

Subsolidus miscibility
Supercooled liquid

Subject index

116, 118, 148

52, 66

61, 246

18, 61ff, 72, 75, 251
56, 66,174
175,179
12,114,121

34, 167

64

20ff, 131, 151
20ff, 131, 151, 203
258, 271

155ff

172

30, 51

13ff, 95

30, 157ff, 171
45ff, 240, 244, 260
48, 294

71, 244, 303, 307ff, 312
74

250

72, 246ff, 260
231ff, 245ff

245ff

61, 231ff, 237ff
237ff

227, 230, 279, 283ff, 294, 302ff,
315

227, 284

3ff, 29, 32, 116, 128ff, 168, 201
33, 141

174

8,174

78

143

218, 233

47, 55, 266

68, 73

66

119, 208

194

251

13

48, 307

32,35



Subject index

Supercooling
Supercritical fluid

Surface in GPT space
in PTX space
in TXY space

Symmetry

System formulation

Tables

Taylor’s series
Temperature
Temperature scale / unit

Temperature versus volume diagram

Ternary from binaries
Ternary system

Thermal analysis

Thermal equilibrium
Thermal potential
Thermobarometry
Thermochemical calorie
Themodynamic table
Themodynamic temperature
Thermogram

Third Law of Thermodynamics
Three-phase equilibrium
Three-phase equilibrium line
Three-phase triangle

Tie line

Total differential

Total Gibbs energy
Translational freedom
Trigonometric excess function
Triple point

Triple-point coordinates
Trouton’s rule

Two-phase field / region
Type of equal-G curve

Type of phase diagram

Unary system

Unit cell

Unit

Use of superscripts
Upper critical point

399

70
40, 224, 229

151

41

51

278

21, 26,41, 44,51, 77, 81,151,172,
252ff, 262, 269, 290

139ff, 147, 148
145

3ff, 11ff

11ff

57

52ff, 59

50ff, 205

36, 80

3ff

3ff, 30, 113

39

95

139ff, 146

11ff, 30

36

115

44ff, 50, 268ff, 288ff
44ff, 269

52

52, 67

90, 121, 125, 139
205

32

236, 294

7,12, 29ff

38

34, 73, 256, 297
51

289

287ff, 296

28ff, 151ff
149, 304
12ff, 96, 102
249

282



400 Subject index

Vacuum distillation 68, 73

Van der Waals equation of state; - gas 92, 105, 106, 126, 146, 222, 229
Van't Hoff’s equation; - law 79, 240

Vaporus 42, 236, 252ff, 265ff
Vaporus equation 253, 255

Vaporus surface 21,52

Vapour pressure 158ff, 165

Vapour pressure lowering 237

Variables; Intensive - 10ff

Variance 21ff

Variance problem 25, 26, 27, 85, 86, 262, 278
Vessel-with-manometer 24, 26

Virtual experiment / change 192ff

Virtual transition point 154

Volume 28

Volume change at transition 30, 46,170

Volume change on mixing 205, 209, 221
Weight percentage 15

Width of two-phase region 64, 253, 256, 261
Work 93ff, 96, 97, 101, 113
X-ray diffraction 304

Zero Celsius 11, 37

Zero line 286, 308

Zero point 11, 37, 115, 139
Zero point for enthalpy 100, 139, 214

Zero point for entropy 115, 139, 214



SUBSTANCES AND SYSTEMS INDEX

Acetic acid

Acetone + chloroform

Acetone + chloroform + methanol
Alcohol, see Ethanol

Aluminium

Aluminium oxide

Aluminium silicate
1-Aminopropane

Ammonia

Ammonia + hydrogen + nitrogen

Ammonia + ammonium chloride + hydrogen chloride
Andalusite + kaolinite + pyrophyllite + quartz + water
Aniline + cyclohexane

Aniline + water

Anthracene + benzene

Argon

Barium oxide + barium peroxide + oxygen

Benzene

Benzene + ethanol + water

Benzene + n-heptane

Benzene + toluene

Benzoic acid

Benzophenone

1,4-Bromochlorobenzene + 1,4-dibromobenzene
1,4-Bromochloro- + 1,4-dibromo- + 1,4-dichlorobenzene
n-Butane

Caesium chloride
Calcium carbonate
Calcium carbonate + calcium oxide + carbon dioxide
Carbon; see also Diamond, and Graphite
Carbon + carbon dioxide + carbon monoxide
Carbon + carbon dioxide + carbon monoxide +oxygen
Carbon + carbon dioxide + oxygen
Carbon dioxide
Carbon dioxide + carbon monoxide + zinc + zinc oxide
Carbon dioxide + magnesium carbonate

+ magnesium oxide
Carbon disulphide + iodine
Carbon monoxide
Carbon tetrachloride

80, 111
42, 285ff, 293, 295
52

147

147

39, 179

40, 165

137

76ff, 84, 171, 177,
193, 194
80ff, 85, 178
179

60

73

260

12,18, 104

176

243, 244
66

312

236

112

154, 164
48

54

28

166

13,138

80ff, 134ff, 137, 171
13, 140ff, 166

110

171

141ff

38, 111, 147, 229
86

176

63

109, 111, 147
32



402 Substances and systems index

Carbon tetrachloride + iodine 63

Carbon tetrachloride + 1,1,1-trichloroethane 49

Carvone 35

Chlorine 110

Chloroform + methanol 47,52

Chloroform + n-hexane + methylcyclohexane 52

1-Chloro-4-iodobenzene 62

1-Chloro-4-iodobenzene + 1,4-dibromobenzene 62

1-Chloro-4-iodobenzene + naphthalene 62, 72

Copper 12, 99

Copper oxide 147

1-Decanol + 1-dodecanol 42

Diamond 32, 100, 118, 140ff,
166

1,4-Dibromobenzene 62, 165

Dolomite 13

Dysprosium + erbium 261

Ethanol + water 6, 16, 18, 26, 66,
73,187, 221, 240, 293

2-Fluoronaphthalene + naphthalene 48

Gold + palladium 48

Graphite 32, 111, 140ff, 143,
147, 166

Helium 105, 120, 148

Helium + water 250

n-Hexane + methanol + methylcyclohexane 52

n-Hexane + n-pentane 260, 261

Hydrogen 12, 262

Hydrogen + oxygen + water 107ff, 109, 110, 168,
178, 195

Indium 12

Iron 33ff, 40

Isobutylalcohol + toluene 259

(-)- + (+) Isopropylsuccinic acid 45, 47, 297

(-) Isopropylsuccinic acid + (+) methylsuccinic acid 47

(+) Isopropylsuccinic acid + (+) methylsuccinic acid 47

(-)- + (+) Isopropylsuccinic acid + (+) methylsuccinic acid 59
Lithium chloride + potassium chloride 45, 57

Magnesium 147
Magnesium carbonate 13,111,176



Substances and systems index

Magnesium disilicate

Magnesium oxide

Magnesium oxide + silica

Mercury

Methanol

Methanol + 1-propanol

Methanol + water

4-Methylbenzaldehyde + 2-nitro-p-xylene + p-xylene

Naphthalene
Naphthalene + toluene
Nitrogen

Oxygen
Oxygen + strontium oxide + strontium peroxide

Potassium bromide + potassium chloride + sodium

bromide + sodium chloride
Potassium chlorate + potassium permanganate + water
Potassium chloride + sodium chloride

Potassium chloride + water
Potassium permanganate + water

Quartz

Rubidium chloride + sodium chloride
Rubidium fluoride + sodium fluoride

Silica, see Quartz

Silicon

Silver bromide

Silver oxide

Sodium

Sodium bromide + sodium chloride
Sodium chloride

Sodium chloride + water
Sodium sulphate + water
Sugar

Sulphur

Sulphuric acid

Sulphuric acid + water

Toluene + water

403

147, 150

147

314

12,14, 114,118
111

259

205

73

62, 159, 167
27
105, 137

13, 100, 111, 147
175

58

74

43, 48, 280, 293, 297,
304ff, 311, 313

251

72

13, 111, 147, 149

44,294, 312, 314
208

111

100

144, 148 109
34

244, 307ff
118

18, 189, 220, 242
251

61

165

96

9

262



404 Substances and systems index

Water 3ff, 11, 30ff, 37, 38,
40, 61, 66, 72, 110,
120, 138, 149, 160,
165, 166, 243
Wustite 48

Zinc 96



